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Abstract. We examine the regularity properties of solutions to an elliptic free boundary problem near a
Neumann fixed boundary. Consider a nonnegative function u, defined variationally, which is harmonic where
it is positive and satisfies a gradient jump condition weakly along the free boundary ∂{u > 0}. Our main
result is that u is Lipschitz continuous. Additionally, we prove various basic properties of such a minimizer

near a portion of the fixed boundary on which ∂u

∂ν
= 0 weakly. Our results include up-to-the boundary

gradient estimates on harmonic functions with Neumann boundary conditions on convex domains, which
have independent interest.

1. Introduction

Let Ω ⊂ Rn be a domain and let Q be a smooth, bounded, nonnegative function on Ω. The subject of

this paper will be a function u with the following properties:

u(x) ≥ 0 ∀ x ∈ Ω

∆u(x) = 0 ∀ x ∈ {u > 0} ∩ Ω

|∇u(x)| = Q(x) ∀ x ∈ ∂{u > 0} ∩ Ω(1)

The free boundary is the set Λ = ∂{u > 0} ∩ Ω. This free boundary problem has several applications,

particularly to the study of jets and cavities. It is also an excellent model problem for the many free

boundary problems that occur naturally in science and industry. See, for example, the other papers on the

subject by Alt, Caffarelli, and Friedman (particularly [2] and its references), as well as the book on free

boundary problems by Friedman.[7]

The one-phase free boundary problem treated here was first considered by Alt and Caffarelli in [1]. They

first concluded that a minimizer exists for the functional J with nonnegative Dirichlet boundary conditions,

then computed the basic properties of local minima, including that they are globally subharmonic and

harmonic in their positive phase. They also proved that the free boundary condition holds in a weak sense.

Alt and Caffarelli proceeded to examine the question of interior regularity, and concluded that a local

minimum u is locally Lipschitz continuous. They found that, with 0 < m ≤ Q and Q smooth, the free

boundary is a C1,α surface except at a set of 0 surface measure. Moreover, for n = 2 the free boundary

is analytic if Q is. They finally produced a non-minimizing global solution in dimension 3 with a point

singularity in the free boundary at the origin, and several other examples. Fixed boundary regularity of u

has not been approached using variational techniques. However, uniform regularization methods have been

used to study the regularity of solutions near a smooth boundary. In this technique, the free boundary

problem is modeled by a smooth semilinear PDE. This method has the advantage of applying to a larger

class of solutions, but cannot be used if the regularity of ∂Ω is too low, as is the case in the current work.

In [4], Berestycki, Caffarelli, and Nirenberg used these methods to establish uniform Lipschitz continuity

up to a smooth Neumann boundary. They establish that these solutions do indeed converge to a Lipschitz

continuous weak solution to the free boundary problem, and obtain some control over the shape of the free
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boundary as well. In [8], Gurevich examined the uniform regularity of this singular perturbation of the

problem, near a boundary with smooth non-trivial dirichlet data u0. He concluded that an extra condition

(|∇u0| = 0 when u0 = 0) is necessary and sufficient to obtain uniform Lipschitz continuity of the regularized

solutions uǫ, which implies Lipschitz continuity of the uniform limit u. This condition is automatically

satisfied in the one-phase problem if u0 is smooth, so Lipschitz continuity does hold in that case.

In this work, we will study fixed boundary regularity for this problem near a Neumann boundary using

variational techniques. This will allow us to place minimal regularity restrictions on the domain Ω. The

variational approach taken here allows one to consider a u which is a priori not smooth enough for the free

boundary condition in (1) to make sense pointwise. The free boundary condition can be recovered almost

everywhere after some regularity results are obtained, if Q is strictly positive and smooth [1]. This approach

also enables one to obtain existence and basic properties of u fairly easily. The cost is that we consider only

(local) minimizers to a related functional and not general solutions to the problem described above. This

is a nontrivial restriction, as it is known (see above) that nonminimizing solutions sometimes have strictly

lower regularity. Our main result is:

Theorem 1. Suppose that ∂Ω is convex. There exists a constant C depending only on the dimension, the

Lipschitz character of ∂Ω and Q(x) such that if u solves (1) in a variational sense, then for almost every

x ∈ Ω, |∇u(x)| ≤ C.

For a more precise statement of the result, please see Theorem 2 in Section 4.

Remark Ω must be convex. Without this condition the theorem fails. Indeed, even harmonic functions

in non-convex Lipschitz domains fail to be Lipschitz continuous. However, if Ω is non-convex one can still

find a minimizer u, and that minimizer is Hölder continuous for some 0 < α < 1 determined solely by the

Lipschitz character of the fixed boundary, as will be proved in Section 2. If ∂Ω is smooth, then Ω can be

locally transformed to a convex domain. This transformation will change the laplacian to a smoothly elliptic

operator, and the theorem will still hold as stated, with the constant possibly depending on the C2 norm

of ∂Ω. Therefore, as the proof is local in nature, the convexity restriction essentially only prevents us from

looking at boundary regions that are simultaneously nonsmooth and nonconvex.

The structure of this paper is as follows. Section 2 provides the setup of the paper and basic properties

of the solution u, including global Hölder continuity. Section 3 gives some necessary properties of positive

harmonic functions with Neumann boundary conditions. It includes up-to-the-boundary gradient control

lemmas, which will be used significantly in the proof of the main theorem and which have some independent

interest. Section 4 contains the proof of the main theorem.

The author would like to thank her advisor, David Jerison, without whom this work would never have

been completed.

2. Preliminaries

Consider a bounded, connected domain Ω ⊂ Rn, with ∂Ω locally a Lipschitz graph with Lipschitz constant

L. In later sections, Ω will be convex, but for the basic properties proved in this section convexity is not

necessary. Let ν be the outer unit normal to ∂Ω, which is well-defined almost everywhere on ∂Ω.

Let

J [v] =

∫

Ω

(

|∇v|2 + Q2(x)χ{v>0}

)

dx,

where χD represents the characteristic function of the set D ⊂ Ω, and Q(x) is a measurable function with

0 ≤ Q(x) ≤ M for almost every x ∈ Ω. Let S be a closed, proper, nonempty subset of ∂Ω. Let u0 be a

smooth, nonnegative function on Rn. Let A = supS u0. We minimize J over the set

K = {v ∈ H1 : v = u0 on S}.
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We will use the following notation. Let a > 0. Then Ωa will be the open set {x ∈ Ω : d(x, S) > a}. Let

D ⊂ Rn be a domain. For a function f ∈ H1(D), and a measurable set T ⊂ ∂D of positive n−1-dimensional

Hausdorff measure, f |T will denote the trace of the function f along T , which is in L2(T ). The support of

an H1 function f will be denoted by supp(f) . Finally, |D| denotes the n-dimensional Lebesgue measure of

D and

�

∫

D

fdx :=
1

|D|

∫

D

fdx

is the average of f over D.

In this paper we are interested in harmonic functions satisfying Neumann boundary conditions in a weak

sense.

Definition 1. We say that a harmonic function v on a Lipschitz domain D satisfies Neumann boundary

conditions weakly along an open set Γ ⊂ ∂D if
∫

Ω

∇v · ∇φ dx = 0

for every φ ∈ H1(Ω). The test functions may satisfy a Dirichlet boundary condition away from Γ.

Note that this concept of Neumann boundary conditions is local, in that the behavior of v away from a

neighborhood around Γ is irrelevant, and if it is proved to hold for a collection of open sets Γi ⊂ ∂D such

that
⋃

i

Γi = Γ then it holds on Γ.

Let u be a (local) minimizer of J in K. We begin by listing some basic properties of u, as proved in [1],

Lemmas 2.2-2.4.

Lemma 1. A minimizer u exists, and for any such minimizer (or local minimizer):

(1) −∆u ≤ 0 on Ω, in a distributional sense.

(2) 0 ≤ u ≤ A.

(3) ∀ Ω′
⋐ Ω, ∀ 0 < α < 1, u ∈ C0,α(Ω′).

(4) ∀ Ω′
⋐ Ω, {u > 0} is open in Ω′.

(5) ∆u = 0 in {u > 0}.

The minimizer u is also Hölder continuous up to the boundary, although the exponent α is now not

arbitrary, but instead is controlled by the Lipschitz constant of ∂Ω. For this lemma, as with the main

theorem, only points of Ω which are far from S are considered.

Lemma 2. Let r0 > 0. Then ∃α > 0 such that u ∈ C0,α(Ωr0), with α depending on n, and L. ‖u‖Cα

depends on n, L, M , A, and r0.

Proof There exists s > 0 depending only on the Lipschitz character of Ω such that one can cover ∂Ω with

balls of radius s and such that for each such ball B, B ∩ ∂Ω is a Lipschitz graph with Lipschitz constant less

than or equal to L. Let r = 1
2 min(1, r0, s). Cover Ω with a finite number of balls of radius r such that for

each ball Br(x), B2r(x) is either an interior ball in Ω or ∂Ω ∩ B2r(x) is a Lipschitz graph as above. Let x0

be the center of one of these balls. We will show that u ∈ Cα(Br(x0) ∩ Ω) for some α independent of x0,

from which we conclude the same for all of Ωr0 .

First, suppose B2r(x0) ⊂ Ω. Then u ∈ C0,α(Br) for any α < 1, as in Lemma 1. We may therefore suppose

that B2r(x0) 6⊂ Ω. Let x ∈ Br(x0) and let rx = dist(x, ∂B2r(x0)). Let t < rx. Let Dt = Bt(x) ∩ Ω. Let

ΓD,t = (∂Bt(x))∩Ω, ΓN,t = Bt(x)∩∂Ω. If ΓN,t = ∅, let vt be the harmonic function on Dt such that vt = u

on ∂Dt. In this case, as in [3], Theorem 2.1, we may conclude from the minimality of u that, for each t < rx,
∫

Dt

|∇(u − vt)|
2 ≤ C(rx)tn.
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Moreover, we may conclude that

(2)

∫

Dt

|∇(v2t − vt)|
2 ≤ C(rx)tn.

as well.

If ΓN,t 6= ∅, define vt to be the harmonic function on D with vt = u on ΓD,t and ∂v
∂ν

= 0 weakly along

ΓN,t. As above, for each t < rx,
∫

Dt

|∇(u − vt)|
2 ≤ C(rx)tn.

Now, because ∂Ω is a Lipschitz graph, there is a bilipschitz map

F : Dt −→ B+
t (0)

with {x : xn = 0} = F (ΓN,t) and (∂BN,t(0))+ = F (ΓD,t). The Lipschitz constants of F and F−1 are

controlled solely by L. Let

(3)
(

aij(y)
)

= | det(∇F−1(y))|
(

(∇F )T∇F
)

(F−1(y)),

whenever yn ≥ 0. When yn < 0, let

(4)
(

aij(y1, . . . , yn)
)

=











aij(y1, . . . ,−yn) i 6= n and j 6= n

−aij(y1, . . . ,−yn) i = n or j = n but i 6= j

aij(y1, . . . ,−yn) i = j = n

.

Note that aij is uniformly elliptic with bounded, measurable coefficients on all of Bt(0), and that the bounds

on aij depend only on L.

Define ṽt(y) = vt(F
−1y) on Bt when yn ≥ 0. For y ∈ Bt with yn < 0, let ṽ (y1, . . . , yn) = ṽ (y1, . . . , −yn).

Then, on Bt(0), ṽt satisfies the equation

∑

i,j

∂

∂xj

(aij ∂ṽt

∂xi

)dx = 0

in the weak sense, i.e. for every φ ∈ C∞
c (Bt(0)),

∫

Bt(0)

〈aij∇ṽt,∇φ〉 = 0.

Because vt satisfies an elliptic equation of the appropriate form, by Theorem 5.3.6 of [10], there exists C, µ0,

with 0 < µ0 < 1, depending only on n and the aij (which in turn depend only on L) such that, for any

l < t < r,

(5) ‖∇vt‖L2(Bl∩Ω) ≤ C‖∇vt‖L2(Bt∩Ω)

(

l

t

)( n
2 −1+µ0)

.

Now, we return to the consideration of u. Choose some t < rx. Recall that we have
∫

Bt∩Ω

|∇(u − vt)|
2dx ≤ Ctn,

and note that this implies that
∫

B
2(i−1)t

∩Ω

|∇(v2i−1t − v2it)|
2dx ≤ C(2i−1t)n.
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Applying the result of our previous calculation to the function v2i−1t − v2it on B2(i−1)t ∩ Ω, we find that, if

ΓN,2i−1t 6= ∅,
∫

Bt∩Ω

|∇(v2i−1t − v2it)|
2dx ≤ Ctn(2(2−2µ0)i).

Recall that if ΓN,2i−1t = ∅, then we get the bound (2), which is even better.

We have, by the triangle inequality,

‖∇u‖L2(Bt∩Ω) ≤ ‖∇(u − vt)‖L2(Bt∩Ω) +

− log( t
rx

)
∑

i=1

‖∇(v2i−1t − v2it)‖L2(Bt∩Ω) + ‖∇vr‖L2(Bt∩Ω)

≤ Ct
n
2 (1 +

− log( t
rx

)
∑

i=1

(2(1−µ0)i)) + t(
n
2
−1+µ0)

After summation, we conclude that, for every x ∈ Br(x0), for every t < rx
∫

Bt(x)∩Ω

|∇u|2 dx ≤ C(rx)tn−2+2µ0 .1

Therefore, by Theorem 3.5.2 of [10], u ∈ Cµ0 (Br(x0)∩Ω), with µ0 and ‖u‖Cµ0 depending only on the given

constants. 2

Because u is now known to be continuous on Ω, the following result is immediate. Recall that S is closed

in ∂Ω, so Γ = ∂Ω \ S is open.

Corollary 1. {u > 0} ∩ Γ is open in ∂Ω.

Finally, we consider the sense in which Neumann boundary conditions hold for u. Note that ∂u
∂ν

may not

be defined pointwise along ∂Ω, and in fact ν is not defined pointwise.

Lemma 3. ∂u
∂ν

= 0 weakly along Γ ∩ {u > 0}.

Proof Let x0 ∈ Γ with u(x0) > 0. Choose s > 0 such that u > 0 on Bs(x0) ∩ Ω, and Bs(x0) ∩ S = ∅. Let

φ ∈ C∞
0 (Bs(x0)). Since u > 0 on Bs(x0), J is smooth for a general perturbation of u, and hence

0 =

∫

Bs(x0)∩Ω

∇u · ∇φ.

Since this holds for all such x0 and s, we conclude that ∂u
∂ν

= 0 weakly along Γ in the sense defined by

Definition 1. 2

Finally note that, since u is harmonic where it is positive, Lemma 4 in the next section will prohibit u

from being 0 at a point x0 ∈ Γ unless Br(x0) ∩ Ω ∩ {u = 0} 6= ∅ for all r > 0. Additionally, if u = 0

in a neighborhood of x0, then obviously ∂u
∂ν

is 0 there. So the only place in Γ where Neumann boundary

conditions for u might possibly not make sense is at the free boundary interface itself.

3. Properties of Harmonic Functions

The proof of the main theorem will use several properties of harmonic functions on convex domains with

Neumann boundary conditions, which are proven in this section. In Lemma 4, we prove a weak maximum

principle for harmonic functions with mixed boundary conditions on a Lipschitz domain. We also present

a Harnack inequality up to the Neumann boundary in Lemma 5. The section concludes with up-to-the-

Neumann-boundary gradient bounds for harmonic functions in convex domains, in Lemmas 6 and 7.

1Note that, if µ0 = 1 then when we sum we will get C(rx)tn|log( t

r
)|, instead of the quantity computed above. This argument

therefore cannot be used to obtain the estimate with µ0 = 1, i.e. Lipschitz continuity.

5



Lemma 4. Let Ω ⊂ Rn be a bounded, connected Lipschitz domain, and let ΓD ⊂ ∂Ω be a measurable set of

positive Hausdorff measure in ∂Ω. Let u ∈ H1(Ω) satisfy:

(1)
∫

Ω

∇u · ∇φ ≥ 0 ∀φ ∈ P = {f ∈ H1|f ≥ 0 and f |ΓD
= 0}

(2) ∃ u0 ∈ L2(∂Ω) such that u|ΓD
= u0 ≥ 0 on ΓD.

Then u ≥ 0 in Ω.

Proof Consider the function u−(x) = max(0,−u(x)). u− is in H1(Ω) and u−|ΓD
= 0. Therefore, u− ∈ P .

Hence,
∫

Ω

∇u · ∇u− ≥ 0.

and we may conclude that

−

∫

Ω

|∇u−|2 ≥ 0

which implies that ∇u− ≡ 0, so, since Ω is connected, u− is constant. But u−|ΓD
≡ 0, so u− ≡ 0. Therefore,

u ≥ 0. 2

Lemma 5. Let Ω be a bounded Lipschitz domain in Rn, with Lipschitz constant L. Suppose ΓN is an open

subset of ∂Ω. Let u be a positive harmonic function on Ω such that ∂u
∂ν

= 0 along ΓN , in a weak sense. Then,

for any x0 ∈ Ω ∪ ΓN , for any r > 0 such that Br(x0) ∩ ∂Ω ⊂ ΓN ,

sup
B r

2
(x0)

u(x) ≤ C inf
B r

2
(x0)

u(x)

where the constant C depends only on n and the Lipschitz character of ∂Ω.

Proof

Since Ω is bounded and the Harnack inequality holds in the interior of Ω, it suffices to proof this inequality

locally near ΓN . Hence, we may choose x0 ∈ ΓN and s > 0 such that:

(1) B2s(x) ∩ (∂Ω \ ΓN ) = ∅

(2) ΓN is simply connected in B2s and

(3) ΓN is a Lipschitz graph in the xn-direction in B2s, possibly after a rotation of coordinates.

Then, as in Lemma 2 there exists a bilipschitz map F from B2s(x0) ∩ Ω to B+
2s(0) such that F extends

continuously to the boundary and F (ΓN ) = {y||y| ≤ 2s and yn = 0}. The Lipschitz constants of F and F−1

depend only on the Lipschitz constant L of ΓN . As in Lemma 2, the function ũ = u(F−1y) on B2s∩{yn ≥ 0}

and defined by even reflection for negative yn satisfies a uniformly elliptic equation of divergence form with

coefficients given by (3) and (4). Then, by ([9], Theorem 8.20), ũ satisfies

sup
U

ũ ≤ C inf
U

ũ,

for any U ⋐ B2s(0), where C depends only on the eigenvalues of aij and the distance from ∂U to ∂B2s.

Clearly, the same inequality holds when we restrict to the upper half ball because ũ was created by an

even reflection. Choose U = F (Bs(x)). Then, by returning to B2s(x) ∩ Ω along F−1, we conclude that

supBs(x)∩Ω u ≤ C infBs(x)∩Ω u, where C depends only on n and the Lipschitz constant L of ∂Ω. 2

We now provide a gradient control lemma for positive harmonic functions near a Neumann boundary.

The function Φ was introduced in [6], and the idea for using convexity to control the Neumann boundary

is similar to that used in [11]. The result is proven first on smooth domains, then a limiting procedure

generalizes it to all convex domains.
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Lemma 6. Let Ω ⊂ Rn be a domain such that ∂Ω is the graph of a smooth, convex function f . Suppose

0 ∈ Ω and let r = dist(0, ∂Ω). Let R > 2r and let D = BR(0) ∩ Ω. Let Γ = BR ∩ ∂Ω and let S = ∂BR ∩ Ω.

Let u be a nonnegative harmonic function on D bounded by a constant A, with ∂u
∂ν

= 0 along Γ. Then ∃C > 0

depending only on n such that |∇u| ≤ C A
R

on BR
2
.

Proof Clearly, we may assume that u is not constant or else the lemma is trivially verified.

Let

(6) Φ(x) =
(R2 − |x|2)2 |∇u|2

(9A2 − (u − 2A)2)2
.

Then:

(1) Φ = 0 on S.

(2) Φ > 0 inside D.

(3) Φ is smooth in D ∪ Γ because u and ∇u are smooth and the denominator of Φ cannot approach 0.

(4) maxx∈Γ Φ(x) < maxx∈D Φ(x). Note that Γ is open.

Proof

∂Φ

∂ν
= 2

(

(R2 − |x|2)2

(9A2 − (u − 2A)2)2

)

(∇u ·
∂

∂ν
∇u)

− 2

(

|∇u|2(R2 − |x|2)

(9A2 − (u − 2A)2)2

)

(~x ·
∂~x

∂ν
)

− 2

(

|∇u|2(R2 − |x|2)2

(9A2 − (u − 2A)2)3

)

(u − 2A)
∂u

∂ν

= (a) + (b) + (c)

Note that (c) = 0 on Γ because ∂u
∂ν

= 0. By the convexity of Ω, ~x · ∂~x
∂ν

> 0, so (b) < 0. Finally,

consider (a). Since 2 (R2−|x|2)2

(9A2−(u−2A)2)2 > 0, we consider only ∇u · ∂
∂ν

∇u, at a point x. After rotation,

suppose that ν(x) = en, so we can use e1, . . . , en−1 as local coordinates for Γ. Then

∇u ·
∂

∂ν
∇u = ∇u · ∇(

∂u

∂ν
) −

n−1
∑

i,j=1

∂νi

∂xj

∂u

∂xi

∂u

∂xj

= −
n−1
∑

i,j=1

∂νi

∂xj

∂u

∂xi

∂u

∂xj

because ∂u
∂ν

= 0. But the matrix ∂νi

∂xj
is just the second fundamental form of Γ in local coordinates,

and therefore by convexity it is positive definite. So ∇u · ∂
∂ν

∇u < 0 along Γ. We conclude that
∂Φ
∂ν

< 0 along Γ, so the maximum of Φ cannot occur there. 2

By (1) and (4), the maximum of Φ occurs at a point x0 ∈ D. At x0, we have:

(7) 0 = ∇Φ =

(

−2∇(|x|2)

(R2 − |x|2)
+

∇(|∇u|2)

|∇u|2
+

2∇((u − 2A)2)

(9A2 − (u − 2A)2)

)

Φ

and

0 ≥ ∆Φ =
( −2∆(|x|2)

(R2 − |x|2)
+

−2|∇(|x|2)|2

(R2 − |x|2)2
+

∆(|∇u|2)

|∇u|2
−

|∇(|∇u|2)|2

|∇u|4

+
2∆((u − 2A)2)

(9A2 − (u − 2A)2)
+

2|∇((u − 2A)2)|2

(9A2 − (u − 2A)2)2

)

Φ(8)

Note that ∇(|x|2) = 2~x and ∇((u − 2A)2) = 2(u − 2A)∇u. Plugging into (7), we have

0 =
−4~x

R2 − |x|2
+

∇(|∇u|2)

|∇u|2
+

4(u − 2A)∇u

(9A2 − (u − 2A)2)
7



which implies that

(9)
|∇(|∇u|2)|2

|∇u|4
≤

16|x|2

(R2 − |x|2)2
+

16(u − 2A)2|∇u|2

(9A2 − (u − 2A)2)2
+

32|x||u − 2A||∇u|

(R2 − |x|2)(9A2 − (u − 2A)2)

Because ∆u = 0, we have ∆(|∇u|2) = 2
∑

i,j(
∂2u

∂xi∂xj
)2, and

|∇(|∇u|2)|2 = 4
∑

i,j,k

∂u

∂xi

∂u

∂xk

∂2u

∂xi∂xj

∂2u

∂xi∂xk

.

Therefore, comparing 2|∇u|2∆(|∇u|2) with |∇(|∇u|2)|2, we have:

(10)
∆(|∇u|2)

|∇u|2
≥

1

2

|∇(|∇u|2)|2

|∇u|4
.

We also have ∆(|x|2) = 2n and ∆((u − 2A)2) = 2|∇u|2. Plugging these and (10) into 8, we get:

0 ≥
−4n

R2 − |x|2
−

8|x|2

(R2 − |x|2)2
−

1

2

|∇(|∇u|2)|2

|∇u|4
+

4|∇u|2

9A2 − (u − 2A)2
+

8(u − 2A)2|∇u|2

(9A2 − (u − 2A)2)2

≥
−4n

R2 − |x|2
−

8|x|2

(R2 − |x|2)2
−

8|x|2

(R2 − |x|2)2
−

8(u − 2A)2|∇u|2

(9A2 − (u − 2A)2)2
+

−
16|x||u − 2A||∇u|

(R2 − |x|2)(9A2 − (u − 2A)2)
+

4|∇u|2

9A2 − (u − 2A)2
+

8(u − 2A)2|∇u|2

(9A2 − (u − 2A)2)2

Therefore,

4|∇u|2

9A2 − (u − 2A)2
≤

16|x||u − 2A||∇u|

(R2 − |x|2)(9A2 − (u − 2A)2)
+

4n(R2 − |x|2) + 16|x|2

(R2 − |x|2)2
.

Multiplying by (R2 − |x|2)2, dividing by 9A2 − (u − 2A)2, and recalling the definition of Φ given in (6), we

have:

4Φ(x0) ≤
48RA

√

(Φ(x0))

9A2 − (u − 2A)2
+

(4n + 16)R2

9A2 − (u − 2A)2

Note that 5A2 ≤ 9A2 − (u− 2A)2 ≤ 8A2. Let z =
√

Φ(x0). Then the quadratic formula applied to z implies

that there exists a constant C depending only on n such that

Φ(x0) ≤ C
R2

A2
.

Since x0 is the maximum of Φ, we infer that

Φ(x) ≤ C
R2

A2

on all of BR(0) ∩ Ω. Hence, on BR
2
(0) ∩ Ω, where R2 − |x|2 ∼ R2, we find

|∇u|2 ≤ c
A2

R2
.

for some c depending only on n. 2

Lemma 7. Suppose that Ω, r, R, D, Γ, S, and u are as in Lemma 6, except that ∂Ω is no longer required

to be smooth, only convex. Then ∃C > 0 depending only on n such that |∇u| ≤ C A
R

on BR
2
.
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Proof Let Ωi be a nested collection of smooth, convex domains contained in Ω, such that limi→∞ Ωi = Ω

and 0 ∈ Ωi for all i. Let Di = BR(0) ∩ Ωi, and let ui be the function on Di satisfying

∆ui(x) = 0 ∀x ∈ Ωi

ui(x) = u(x) ∀x ∈ ∂BR(0) ∩ Ωi

∂ui

∂ν
(x) = 0 ∀x ∈ BR(0) ∩ ∂Ωi

Note that 0 ≤ infDi
ui and supDi

ui ≤ supD u = A.

Then, there is a subsequence uij
and a u0 such that:

(1) uij
→ u0 uniformly on D ∩ B 3R

4
(0).

By Theorem 5.3.7 of [10], ui ∈ Cβ(Di ∩ B 3R
4

) for some β > 0 depending only on L and moreover

‖ui‖Cβ is bounded by a constant depending only on n, L, and A. Since the ui are uniformly bounded

in Cβ , a subsequence uij
converges uniformly to a function u0 on D ∩ B 3R

4
(0).

(2) Due to interior regularity and (1), we may assume that the uij
converge to u0 in C∞ on compact

subsets of D ∩ B 3R
4

(0).

(3) We have that ‖ũi‖H1(D) ≤ C(n, B, R), which will allow us to assume that the sequence ũij
also

converges weakly in H1(D).

Proof Recall that there exists a bounded extension operator from H1(Di) to H1(D). Consider the

function ũi given by this extension of ui to D; ‖ũi‖H1(D) ≤ C‖ui‖H1(Di).

Consider Ui = Ωi ∩ B2R. Let wi be the minimizer of
∫

Ui

|∇v|2dx

in Ki = {v ∈ H1 : v = u on Ui \ Di}. Then wi = ui on Di because, ∀φ ∈ C∞
0 (BR),

∫

Di

(∇wi · ∇φ)dx,

so wi is harmonic and ∂wi

∂ν
= 0 on ∂Di \ ∂BR. In addition, wi = u on ∂BR ∩ Ω, so wi = ui on Di.

We conclude that ui satisfies
∫

Ui

|∇ui|
2dx ≤

∫

Ui

|∇u|2dx ≤ ‖u‖H1(B2R∩Ω).

Since, in addition,
∫

Ui

u2
i dx ≤ (2R)nB2,

we conclude that ‖ui‖2
H1(Di)

≤ C(n, B, R). 2

Therefore, ‖ũi‖H1(D) ≤ C(n, B, R), so we may assume that the sequence ũij
also converges weakly

in H1(D). Moreover, this weak limit function must also be the weak limit of the ũij
on any fixed

Di0 , but for ij > i0, ũij
= uij

on Di0 . Therefore, since uij
→ u0 uniformly on Di0 , the weak limit

of ũij
must also be u0.

By interior C∞ convergence, we know u0 is harmonic in D, and by construction u0 = u on ∂BR(0) ∩ Ω.

Moreover, for any φ ∈ C∞
0 (BR), we have:

∫

D

∇u0 · ∇φ =

∫

Dij

(∇u0 −∇uij
) · ∇φ +

∫

Dij

∇uij
· ∇φ +

∫

D\Dij

∇u0 · ∇φ

= (1) + (2) + (3)

As ij → ∞, (1) → 0 by weak-H1 convergence of the uij
to u0. By construction of the ui, (2) = 0. Finally,

(3) ≤ ‖u0‖H1‖φ‖H1 |D \ Dij
| → 0 by construction of the Di, since ‖u0‖H1 ≤ ‖u‖H1 .

9



We conclude that ∂u0

∂ν
= 0 weakly along BR ∩ ∂Ω. Hence, by the uniqueness of harmonic functions with

this type of domain and boundary condition (from the maximum principle, Lemma 4), u0 = u on D. So, u

is the uniform limit of the uij
on D ∩ B 3R

4
(0). Note that, by Lemma 6, the uij

satisfy the gradient bound

|∇uij
|2 ≤ c

A2

R2

for each ij on D ∩ BR
2
(0). Therefore, by uniform convergence, u also satisfies the bound

|∇u|2 ≤ c
A2

R2
.

almost everywhere on D ∩ BR
2
(0). 2

These two lemmata also hold if u is not nonnegative, with A replaced by the total variation of u on D.

Note that this lemma has some interest in its own right, as a boundary regularity result for harmonic

functions. One example of an application of this is to the size of the first nontrivial Neumann eigenvalue of

the spherical laplacian on (geodesically) convex subsets of the sphere. Let f(θ) be such an eigenfunction on

V ⊂ Sn−1, with eigenvalue λ. Let α be given by α(α + n − 2) = λ. Then the function f̃ = |x|αf( x
|x|) is

harmonic in the set Ṽ = {x ∈ Rn : |x| ≤ 1, x
|x| ∈ V }. The geodesic convexity of V implies that Ṽ is convex

in Rn, and the Neumann boundary conditions on V in Sn−1 correspond to Neumann boundary conditions

for f̃ along ∂Ṽ ∩ {x : |x| < 1}. Therefore, the above lemma applies to f̃ on Ṽ , so f̃ must be Lipschitz up to

the boundary on 1
2 Ṽ , including the origin. But Lipschitz continuity of f̃ at 0 is equivalent to α ≥ 1, which

is equivalent to λ ≥ n − 1.

This lower bound for eigenvalues is known on manifolds of positive Ricci curvature with convex boundary

([12], [5]). However, as the above lemma is proved using a maximum principle argument, it represents a new,

entirely non-variational proof of this result for the special case of the sphere.

4. Lipschitz Regularity for the Free Boundary Problem

This section contains the proof of the main result of this paper, namely that solutions of the free boundary

problem are Lipschitz continuous up to convex Neumann boundaries. The problem is as defined in Section

2. The main tool is a lemma that gives an average growth rate of u away from the free boundary which is

compatible with Lipschitz regularity. This result follows from a generalization of the techniques used in [1],

so that they apply close to a convex boundary with Neumann boundary conditions. In particular, we adapt

the argument of [1] Lemma 3.2. The next step is to prove Lipschitz regularity on the Neumann boundary

itself, which is done by application of the gradient control result of the previous section. Using these tools,

we give a complete proof of Lipschitz continuity via the maximum principle.

Lemma 8. There is a C depending only on n, L, and M such that ∀x ∈ ∂Ω, ∀Br(x) ⊂ Rn such that

B2r(x) ∩ S = ∅ and Br(x) ∩ ∂Ω is a Lipschitz graph,

1

r
(u(x)) > C ⇒ u > 0 in Br(x) ∩ Ω.

Proof Without loss of generality, we may assume that x = 0. Define D = Br(0)∩Ω. Let ΓD = ∂Br(0)∩Ω

and ΓN = Br(0)∩ ∂Ω. Then, let v ∈ H1(Br ∩Ω) be the harmonic function satisfying v = u on ΓD and with

weak Neumann boundary conditions along ΓN . Note that v minimizes the functional
∫

Br∩Ω

|∇f |2 on the set

K = { f ∈ H1(D)|f = u on ΓD}.

We can conclude by Lemma 4 that v ≥ 0 on Br ∩Ω, and therefore, by the usual strong maximum principle,

v > 0 on the interior.

Moreover, v is a valid competitor for u as minimizer of J , so:
10



∫

D

(|∇v|2 + Q2) ≥

∫

D

(|∇u|2 + Q2χ{u>0}),

which implies that

(11)

∫

D

|∇(v − u)|2 ≤

∫

D

Q2χ{u=0}.

Now, we need to obtain an estimate in the opposite direction. Namely, we claim that

(12) (
1

r
u(x))2

∫

D

χ{u=0} ≤ C

∫

D

|∇(v − u)|2.

Comparing this estimate with (11) will imply the claim of the lemma.

Note that if we dilate by the formula ur(y) = 1
r
u(ry), and similarly for v,then both sides of (12) are

unaffected, so we may assume that r = 1, i.e. we may assume that D = B1(0) ∩ Ω. In addition, we assume

(possibly after a rotation) that ∂Ω ∩ B1(0) is a Lipschitz graph in the xn-direction, with Lipschitz constant

L. Then, there exists an ǫ(L) such that B2ǫ(0, 0, . . . , 0, 1
2 ) ⊂ D. Note that ǫ ≤ 1

4 . Because D is convex, for

each z ∈ Bǫ((0, 0, . . . , 0, 1
2 )), D is star-shaped with respect to z.

0

z

Λ

1

ε

(0,...,1/2)

u > 0u = 0

rξ

Rξ

Figure 1. The shape of the domain near the intersection of free and fixed boundary

Note that since 0 ∈ ∂Ω and Ω is convex, ∂Ω ∩ B1(0) is simply connected, and Ω ∩ B1(0) is contained in

{x ∈ B1(0) : xn > 0}. Let F be a bilipschitz map from D = Ω ∩ B1(0) to D′ = B1(0) \ D, such that F

extends continuously to a map from D to D′ with F
∣

∣

∣

∂Ω
= Id, and F (Ω ∩ ∂B1(0)) = (∂B1(0)) \ Ω . The

Lipschitz constants of F and F−1 depend only on L. Define the function ũ on B1(0) by

ũ(x) =

{

u(x) ∀x ∈ Ω ∩ B1(0)

u(F−1x) ∀x ∈ B1(0) \ Ω

and define ṽ similarly.
11



For every ξ ∈ Sn−1, we define

Rξ = sup{r | rξ + z ∈ B1(0)}

rξ = inf{r |
ǫ

2
≤ r ≤ Rξ and ũ(rξ + z) = 0}

If {r | ǫ
2 ≤ r ≤ Rξ and ũ(rξ + z) = 0} = ∅, let rξ = Rξ. Define τξ(t) = z + tξ for rξ ≤ t ≤ Rξ, and

denote the entire curve by τξ. Note that ṽ(τ(Rξ)) = ũ(τ(Rξ)) because this point is on the boundary of

B1(0). (If y ∈ ∂(B1(0) \ D), F−1(y) ∈ ∂(B1(0) ∩ D), so ṽ(y) = v(F−1(y)) = u(F−1(y)) = ũ(y) and we

have ṽ(τ(Rξ)) = ũ(τ(Rξ)) as before.) Also note that the path τ has unit speed at all times, and recall that

ũ(τ(rξ)) = 0 (unless rξ = Rξ, in which case |τξ| = 0). Then

ṽ(rξξ + z) = ṽ(rξξ + z) − ũ(rξξ + z)

= ṽ(τ(rξ)) − ũ(τ(rξ))

= ṽ(τ(Rξ)) − ũ(τ(Rξ)) −

∫

τξ

∂

∂t
((ṽ − ũ)(τξ(t))) dt

= 0 +

∫

τξ

∂

∂t
((ũ − ṽ)(τξ(t))) dt

≤

∫

τξ

|∇(ṽ − ũ)|dt

≤
√

|τξ|

(

∫

τξ

|∇(ṽ − ũ)|2dt

)
1
2

.(13)

Recall that |τξ| = Rξ − rξ. Define sξ to be the unique (due to convexity) s < Rξ such that τ(s) ∈ ∂Ω if such

an s exists. Otherwise, let sξ = Rξ.

Now we will estimate ṽ(rξξ + z) from below. We claim that there exists c > 0 so that v(x) ≥ c(1 − |x|)

for all x ∈ D. We know that v is harmonic on B 1
4
(0) ∩ Ω and moreover that this domain is far from any

Dirichlet boundary pieces of D. Hence, by the modified Harnack inequality (Lemma 5), there exists c > 0

so that v(x) ≥ cv(0) for every x in B 1
8
(0) ∩ D. Now, let V = D \ B 1

8
(0), and on V define

H(x) =
cv(0)

1 − 82−n
(|8x|2−n − 82−n)

for n > 2 and

H(x) =
−cv(0)

log 8
log |x|

for n = 2. Then, on V , the function v − H has the following properties:

∫

V

∇(v − H) · ∇φ ≥ 0 ∀φ ∈ {f ∈ H1(V ) | f ≥ 0 and f = 0 on (∂B 1
8
(0) ∪ ∂B1(0)) ∩ Ω)}

v − H ≥ 0 on ∂B 1
8
(0) ∩ Ω and ∂B1(0) ∩ Ω

The first property holds because v−H is weakly harmonic on V , and in addition ∂H
∂ν

< 0 along ∂V ∩(B1(0)\

B 1
8
(0)) by the convexity of D, so ∂(v−H)

∂ν
≥ 0 weakly there. Hence, by Lemma 4, v−H ≥ 0 on V . Note that,

for x ∈ V , there exists c > 0 so that H(x) ≥ cv(0)(1 − |x|), because H reaches 0 with nontrivial derivative

at |x| = 1 and H is strictly decreasing in the radial variable. Hence, for |x| > 1/8, v(x) ≥ cv(0)(1 − |x|).

Note also that, for |x| ≤ 1/8, the same holds simply because, by Lemma 5, v(x) ≥ cv(0) ≥ cv(0)(1 − |x|).

Therefore, v(x) ≥ cv(0)(1 − |x|) for all x ∈ D as claimed.

If rξ ≤ sξ, we immediately conclude that

ṽ(rξξ + z) ≥ cv(0)(1 − |rξξ + z|).
12



On the other hand, if rξ > sξ, then ṽ(rξξ + z) = v(F−1(rξξ + z)) ≥ cv(0)(1 − |F−1(rξξ + z)|). Because F is

a bilipschitz map, this implies that ṽ(rξξ + z) ≥ cv(0)(1 − |rξξ + z|) for a perhaps smaller c. In either case,

we have that ṽ(rξξ + z) ≥ cv(0)(1 − |rξξ + z|).

Additionally, 1 − |rξξ + z| ≥ c(Rξ − rξ). To check this we may assume that (1 − |rξξ + z|) < 1
4 , because

otherwise, since Rξ − rξ ≤ 2 we are trivially done, with c = 1/8.

1 − |z + r    |

R  − r

0

z

ξ ξ

ξ         ξ

τ

Figure 2. Comparision of Rξ − rξ and 1 − |rξξ + z|.

Because |z| ≤ 3
4 , there exists τ0 < 90◦ such that if |rξξ + z| > 3

4 , the ray from 0 to the point rξξ + z and

the ray from z to that point must meet at an angle τ < τ0. But then, by definition of cosine on the triangle

shown in the figure, Rξ − rξ ≤ 1
cos(τ) (1− |rξξ + z|) ≤ 1

cos(τ0)
(1− |rξξ + z|) ≤ C(1 − |rξξ + z|). Therefore, we

conclude that

cv(0)(Rξ − rξ) ≤ ṽ(rξξ + z).

Combining this equation with (13), we obtain:

cv(0)(Rξ − rξ) ≤ C′(Rξ − rξ)
1
2 (

∫

τξ

|∇(v − u)|2dt)
1
2 ,

which implies that

(14) C v(0)2(Rξ − rξ) ≤

∫

τξ

|∇(ṽ − ũ)|2dt

Integrating in ξ, we obtain, for the left-hand side of (14):

∫

Sn−1

(Rξ − rξ)dξ =

∫

Sn−1

∫ Rξ

rξ

drdξ ≥
1

2n−1

∫

Sn−1

∫ Rξ

rξ

rn−1drdξ(15)

≥
1

2n−1

∫

B1(0)\B ǫ
2
(z)

χ{ũ=0}dx ≥
1

2n−1

∫

D\B ǫ
2
(z)

χ{u=0}dx.
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For the right-hand side of (14) we have to consider two cases. If sξ ≥ rξ we have:
∫ sξ

rξ

|∇(ṽ − ũ)|2dr =

∫ sξ

rξ

|∇(v − u)(rξ + z)|2dr

and
∫ Rξ

sξ

|∇(ṽ − ũ)|2dr ≤

∫ Rξ

sξ

|∇F−1|2|∇(v − u)(F−1(rξ + z))|2dr

≤ C(L)

∫ Rξ

sξ

|∇(v − u)(F−1(rξ + z))|2dr.

If sξ < rξ, we have
∫ Rξ

rξ

|∇(ṽ − ũ)|2dr ≤

∫ Rξ

rξ

|∇F−1|2|∇(v − u)(F−1(rξ + z))|2dr

≤ C(L)

∫ Rξ

rξ

|∇(v − u)(F−1(rξ + z))|2dx.

In either case we have
∫ Rξ

rξ

|∇(ṽ − ũ)|2dr ≤

∫ sξ

rξ

|∇(v − u)(rξ + z))|2dr + C(L)

∫ Rξ

sξ

|∇(v − u)(F−1(rξ + z))|2dr.

where we take the first term to be zero if rξ ≥ sξ. Recall that, by definition, rξ ≥ ǫ(L)/2, and sξ ≥ 2ǫ(L) by

the domain geometry discussed above. Integrating in ξ, we get
∫

Sn−1

∫ Rξ

rξ

|∇(ṽ − ũ)|2drdξ ≤
2n−1

ǫ(L)n−1

∫

Sn−1

∫ sξ

rξ

|∇(v − u)(rξ + z)|2rn−1drdξ

+
C(L)

(2ǫ(L))n−1

∫

Sn−1

∫ Rξ

sξ

|∇(v − u)(F−1(rξ + z))|2rn−1drdξ

Clearly,

2n−1

ǫ(L)n−1

∫

Sn−1

∫ sξ

rξ

|∇(v − u)(rξ + z)|2rn−1drdξ ≤ C(L)

∫

D

|∇(v − u)|2dx.

Moreover,

C(L)

(2ǫ(L))n−1

∫

Sn−1

∫ Rξ

sξ

|∇(v − u)(F−1(rξ + z))|2rn−1drdξ ≤ C(L)

∫

D′

|∇(v − u)(F−1(rξ + z))|2dx

≤ C(L)

∫

D

|∇(v − u)(y)|2|Det(∇F (y))|dy

≤ C(L)

∫

D

|∇(v − u)|2dy,

making the substitution y = F−1(x). Therefore, we conclude that

(16)

∫

Sn−1

∫

τξ

|∇(ṽ − ũ)|2drdξ ≤ C(L)

∫

D

|∇(v − u)|2dx

which controls the right hand side of (14).
14



We combine (14), (15), and (16) to find that:

v(0)2
∫

D\B ǫ
2
(z)

χ{u=0} ≤ C

∫

D

|∇(v − u)|2.

Finally. we integrate over z ∈ Bǫ(L)((0, . . . , 0, 1
2 )) to conclude that

v(0)2
∫

D

χ{u=0} ≤ C(L)

∫

D

|∇(v − u)|2

which, when we combine with equation (11), yields:

v(0)2
∫

D

χ{u=0} ≤ C(n, L, M)

∫

D

χ{u=0}.

and we conclude that if v(0) >
√

C(n, L, M) then {u = 0} has measure zero in D. But then (11) implies

that u is identical with v in D, i.e. u is a positive harmonic function in D, so u is strictly positive in D.

Recall that, because u is globally subharmonic, u(0) ≤ v(0), so we may conclude that, if {u = 0} ∩ Br 6= ∅,

then u(0) ≤ C. 2

The next step is to check the Lipschitz gradient bound on the fixed boundary, near the free boundary.

This lemma depends upon the gradient estimate in Lemma 7 as well as the average growth control from

Lemma 8.

Lemma 9. Let Ω ⊂ Rn be a bounded, convex domain. Suppose that x ∈ ∂Ω with d(x, Λ) < d(x, S), where

Λ = ∂{u > 0} is the free boundary. Then there exists C > 0 depending only on n, L, and M so that

|∇u(x)| ≤ C.

Proof Define rx = inf{r > 0 : Br(x) ∩ {u = 0} 6= ∅}. Note that u is a positive harmonic function on

Brx
(x) ∩ Ω. Therefore, by Lemma 5, there is a C > 0 such that supB rx

2

(x) ≤ Cu(x).

Now, for any δ > 0, Brx+δ(x) ∩ {u = 0} has positive measure. So by Lemma 8

u(x) ≤ C(n, L, M)
1

rx + δ
.

Therefore,

u(x) ≤
C(n, L, M)

rx

.

So, ∀y ∈ B rx
2

,

u(y) ≤
C(n, L, M)

rx

.

Now, u is again a positive harmonic function on B rx
2
∩Ω. Moreover, 0 ≤ u ≤ C(n, L, M) rx on B rx

2
∩Ω.

We may therefore apply Lemma 7, with A = C(n, L, M)rx to conclude that

|∇u(x)| ≤ C
C(n, L, M)rx

rx

≤ C(n, L, M)

as claimed. 2

Finally, we arrive at the main theorem.

Theorem 2. Let Ω ⊂ Rn be a bounded domain. Let S be a closed subset of ∂Ω and let Γ = ∂Ω \S. Suppose

∂Ω is convex in a neighborhood of Γ. Let r0 > 0. Then there is a constant C(n, L, r0, M, A) such that for

almost every x ∈ Ωr0 , |∇u(x)| ≤ C.
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Proof

Recall that U = { x ∈ Ω|u(x) > 0 } and let Λ = Ω ∩ ∂U be the free boundary. Let x ∈ Ωr0 . There are

five cases, as illustrated in Figure 4 (These cases may partially overlap.):

(1)

   u > 0

(2)

(5)

(3)

(4)
S

Λ

Γ

     u = 0

Figure 3. The subsets of the domain Ω which form the cases in Theorem 2

(1) x ∈ (Ω \ U). |∇u| = 0 for almost every such x.2

(2) x ∈ U and d(x, ∂U) ≥ 1. Then, by the interior regularity of harmonic functions on B1(x),

|∇u(x)| ≤ sup
Ω

u ≤ sup
S

u = A.

(3) x ∈ U and d(x, ∂Ω) > d(x, Λ). Then, let r = d(x, Λ). As in ([1], Corollary 3.3), we can conclude

that

|∇u(x)| ≤
C

r

∫

∂Br(x))

� u ≤ C(M).

(4) x ∈ U and d(x, Λ) ≥ 1. Let r = min(r0, 1). Then u is a positive, harmonic function on Br(x) ∩ Ω,

bounded by A. Therefore, by Lemma 7, |∇u(x)| ≤ C(n, L) A
r0

.

(5) Finally, consider x ∈ U ∩ Ωr0 such that d(x, Γ) ≤ d(x, Λ) ≤ 1.

Recall from Case 3, that, ∀x ∈ U with dist(x, Λ) < dist(x, ∂Ω), |∇u| ≤ C(n, M). Therefore, by

slightly shrinking U and applying Case 3, we can find a set U ′ such that x ∈ U ′, ∂U ′ ∩Ω is smooth,

and |∇u| ≤ C(n, M) on (∂U ′) ∩ Ω.

Since u is in H1, ∇u is in L2. Therefore, by Fubini’s Theorem, there exists a radius r such that
3
4r0 ≤ r ≤ r0 and ∇u ∈ L2(∂Br(x) ∩ U) with rn−1‖∇u‖L2(∂Br(x)) ≤ ‖u‖H1 .

Consider, D = Br(x)∩U ′. Then u is a positive harmonic function on D. Moreover, ∂D has three

parts: Γ1 = Br ∩ Γ ∩ ∂U ′, Γ2 = Br ∩ Ω ∩ ∂U ′, and Γ3 = U ′ ∩ ∂Br. These parts may not each be

connected, but they are disjoint and the union of their closures is the entire boundary of ∂D.

Note that Γ1 is a convex Lipschitz hypersurface and, by Lemma 9, |∇u| ≤ C on Γ1. Note also

that Γ2 is a Lipschitz curve on which |∇u| ≤ C by construction. Finally, Γ3 is a smooth curve.

2Λ itself has measure zero, so we do not need to consider |∇u| there.
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We define the function v on Br(x) by:

∆v = 0 on Br(x)

v = C2 + (|∇u|)2χΓ3 on ∂Br(x).

Then, on Γ1 and Γ2, v ≥ C2 ≥ |∇u|2, and on Γ3, v = C2 + |∇u|2 > |∇u|2. Hence, since |∇u|2 is

subharmonic, by the maximum principle v ≥ |∇u|2 on D ⊆ Br. So v(x) > |∇u(x)|2.

But, using the Poisson kernel, we find that

v(x) =

∫

∂Br(x)

P ∗ v(y) dσ(y)

=

∫

∂Br(x)

�v(y)dσ(y)

= C2 +
1

ωnrn−1







∫

∂Br(x)

v(y) χΓ3(y)dσ(y)







≤ C2 +
1

ωnrn−1
‖v‖L2(Γ3)|Γ3|

1
2

≤ C2 +
1

ωnrn−1
rn−1‖∇u‖L2(Ω)|Γ3|

1
2

≤ C2(n, L, M, r0, A)

And we conclude that |∇u(x)| ≤ C(n, L, M, r0, A).

So, we can finally conclude that for almost every x ∈ Ωr0 , |∇u(x)| ≤ C(r0, A, M, L), and, hence u ∈

C0,1(Ωr0). 2
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