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Abstra ct. We study soliton solutions to a nonlinear Schr¬odinger equation with a satu-
rated nonlinearity. Such nonlinearities are known to possess minimal masssoliton solu-
tions. We considera small perturbation of a minimal masssoliton, and identify a system
of ODEs similar to thosefrom [16], which model the behavior of the perturbation for short
times. We then provide numerical evidencethat under this systemof ODEs there are two
possibledynamical outcomes,which is in accord with the conclusionsof [31]. For initial
data which supports a soliton structure, a generic initial perturbation oscillates around
the stable family of solitons. For initial data which is expected to disperse, the Þnite
dimensional dynamics follow the unstable portion of the soliton curve.

1. Intr oduction

We considerthe initial value problem for the nonlinear Schr¬odinger equation (NLS) in
Rd ! R+ :

(1.1)

!
iu t + ! u + g(|u|2)u = 0,

u(x, 0) = u0(x),

wherethe nonlinearity g(s) is a saturated nonlinearity of the form

(1.2) g(s) = s
q
2

s
p! q

2

1 + s
p! q

2

,

where2+ 4
d! 2 > p > 2+ 4

d > 4
d > q > 0 for d " 3 and # > p > 2+ 4

d > 4
d > q > 0 for d < 3.

For |u| large, (1.1) behavesas though it were L2 subcritical while for |u| small, it behaves
as though it wereL2 supercritical. This guaranteesboth existenceof soliton solutionsand
global well-posednessin H 1.

For our purposes,p must be chosensubstantially larger than the L2 critical exponent,
4
d, in order to allow su"cien t regularity when linearizing the equation. For our numerical
analysis,we work in onespatial dimension,with the speciÞcnonlinearity

(1.3) g(s) =
s3

1 + s2
.
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The equation (1.1) is globally well-posedin H 1 $ L2(|x|2) with the usual norm

%u%2
H 1" L 2(|x|2) = %u%2

H 1 + %u%2
L 2(|x|2) ,

whereH 1 is the usual Sobolev spacewith norm

%u%2
H 1 = %u%2

L 2 + %&u%2
L 2

and L2(|x|2) is the weighted Sobolev spacewith norm

%u%2
L 2(|x|2) = %|x|u%2

L 2 .

This is commonlyreferredto asthe spaceH 1 with Þnitevariance. The globalwell-posedness
initial data in H 1 ' L2(|x|2) follows from the standard well-posednesstheory for semilinear
Schr¬odinger equations. Additionally , we assumethat u0 is spherically symmetric, which
implies u(x, t) is alsosphericallysymmetric for all t > 0. Proofs can be found in numerous
referencesincluding [15] and [43].

A soliton solution of (1.1) is a function u(t, x) of the form

(1.4) u(t, x) = ei! t ! ! (x),

where" > 0 and ! ! (x) is a positive, sphericallysymmetric, exponentially decaying solution
of the equation:

(1.5) ! ! ! ( " ! ! + g(! 2
! )! ! = 0.

For our parti cular nonlinearity, for any " > 0 there is a uniquesolitary wave solution ! ! (x)
to (1.5), see[8] and [29].

For large" the solitonsarestable,while for small " they areunstable. A precisestabilit y
criterion identifying stable and unstable regionsis provided in [22] and [36], generalizing
earlier work on stabilit y in [44], [45]. This amounts to examining the relation " )* %! ! %2

L 2 ,
deÞninga soliton curve. Where it is increasing(decreasing)asa function of " , the solitons
are stable(unstable). Several such curvesappear in Figure 1.

As can be seennumerically in Figure 1, the nonlinearity g spawns a soliton of minimal
mass. Though certain asymptotic methods can be usedto describe the increasingnature
of the curve as " * 0 (multiscale methods) and " * # (variational methods), we forego
an analytic description of the soliton curve and focus on the minimal masssoliton shown
to exist in the numerical plot. In [16], Comech and Pelinovsky demonstrated that the
minimal masssoliton possessesa fundamentally nonlinear instabilit y. They accomplished
this by Þndinga small perturbation that forcesthe solution a Þxeddistanceaway from the
minimal masssoliton in Þnite time. Their technique reducesto studying an ODE modeling
the perturbation for short times. For appropriate data, the ODE is unstable.

We conjecture that though the minimal masssoliton may be unstable on short time
scales,on a longer time scale the solution will ultimately relax to the stable branch of
the soliton curve. This conjecture is part of a larger conjecture that solutions which do
not disperseas t * # must eventually convergetowards the stable portion of the soliton
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Figure 1. Plots of the soliton curves (! (" ) with respect to " ) for a sub-
critical nonlinearity, critical nonlinearity, supercritical nonlinearity, and the
saturated nonlinearity (1.3). The curvesfor the monomial nonlinearities are
found analytically, while the curvesfor the saturatednonlinearitiesare found
numerically usingthe method discussedin Section4.1. All are in d = 1. Here
" " .001,as the supercritical and saturated casesdivergeas " * 0.

curve. For nonlinearities with a speciÞctwo power structure, dynamics of this type were
observed by Pelinovsky, Afanasjev, and Kivshar, who modelled the behavior of solutions
near a minimal masssoliton by a secondorder ODE via adiabatic expansionin " [31]. By
contrast, our method usesthe full dynamical systemof modulation parametersto Þnd a
4-dimensionalsystemof ODEs which is structured to allow for eventual recoupling to the
continuousspectrum. This conjecturehas also beenexplored numerically by Buslaevand
Grikurov for two power nonlinearities in [12], where they found that a solution which is
initially a perturbation of an unstablesoliton tends to approach and then oscillate around
a stable soliton.

The purposeof this work is to numerically explore this conjecture. Following [16], we
break the perturbati on into the discreteand continuousparts relative to the linearization of
the Schr¬odingeroperator around the soliton. The discreteportion yieldsa four dimensional
system of nonlinear ODEs. We further simplify the system expanding the equations in
powers of the dependent variables and dropping cubic and higher terms.

An obstaclein studying theseODEs is that the signsand magnitudesof the coe"cien ts
are not self-evident, necessitatingnumerical methods. We compute thesenumbers, which
are intimately related to the minimal masssoliton, using the sinc spectral method. The
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useof the sinc function for numerically solving di#erential equations datesto Stenger[39].
It has been successfullyused in a wide variety of linear and nonlinear, time dependent
and independent, di#erential equations, [4,7,10,14,19,25,32,42]. In this work, we Þrst
numerically solve (1.5) for the soliton asa nonlinear collocation problem. We then use this
information to compute the generalizedkernel of the operator after linearization about the
soliton.

With thesecoe"cien ts in hand, we numerically integrate the ODE system,plotting the
results. We Þnd that there are two di#erent types of behavior for the Þnite dimensional
system,depending on the initial data. If the initial data represents a solution which our
nonlinearsolver indicatescansupport a soliton, then weÞndthat the solution is oscillatory.
It is initially attracted to the stable side of the curve, and, over intermediate time scales,
proceedsto oscillate around the minimal masssoliton. If we initialize with this type of data
but with the unstable conditions found in [16], the ODEs initially move in the unstable
direction but quickly reverse, before commencingoscillation. On the other hand, if we
begin with initial conditions which are expected to disperseas t * # , our data indicate
that the Þnite dimensional dynamics push the solution along the unstable soliton curve
towards the value " = 0 rather quickly. This solution matches well to the solution for
(1.1) with corresponding initial data for as long as the massconservation of the solution
allows, after which our model continuesto follow the unstablesoliton curve but the actual
solution disperses. In [31], the authors observed similar dynamics, with both oscillatory
and dispersive regimes.

These ODEs are an approximation valid on a short time interval. This study is the
beginning of an analysis to show that perturbations of the minimal masssoliton are at-
tracted to the stable side of the soliton curve. In a forthcoming work we hope to show
how the continuous-spectrum part of the perturbation interacts with the discrete-spectrum
perturbation. Basedon the work of So#erand Weinstein, [38] we expect coupling to the
continuousspectrum to causeradiation damping, which will ultimately causethe solution
to have damped oscillationsand selecta soliton on the stable sideof the curve.

This paper is organizedasfollows. In section2, we introducepreliminariesand necessary
deÞnitions. In section 3, we derive the system of ODEs. In section 4, we explain our
numerical methods for Þnding the coe"cien ts of the ODEs. In section 5, we show the
numerical solutions of the ODEs and explain our results. Finally, in section6 we present
our conclusionsand plans for future work. An appendix contains details of our numerical
method for computation of the soliton and related coe"c ients.

Ackno wl edgments This project beganout of a conversation with Catherine Sulem
and JM. JM waspartially funded by an NSF Postdoc at Columbia University and a Haus-
dor# Center Postdoc at the University of Bonn. In addition, JM would like to thank the
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work. SR would like to thank the University of Chicagofor their hospitality while someof
this work wascompleted. GS wasfunded in part by NSERC. In addition, the authors wish
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2. Definitions and Setup

For data u0 + H 1 $ L2(|x|2), there are several conserved quantities. Particularly impor-
tant invariants are:

Conservati on of Mass (or Char ge):

Q(u) =
1
2

"

Rd
|u|2dx =

1
2

"

Rd
|u0|2dx.

Conservati on of Ener gy:

E(u) =
"

Rd
|& u|2dx (

"

Rd
G(|u|2)dx =

"

Rd
|& u0|2dx (

"

Rd
G(|u0|2)dx,

where

G(t) =
" t

0
g(s)ds.

Detailed proofsof theseconservation lawscanbeeasilyarrivedat by usingenergyestimates
or NoetherÕsTheorem, which relatesconservation laws to symmetries of an equation. See
[43] for details.

With this type of nonlinearity, it is known that soliton solutions to NLS exist and are
unique. Existenceof solitary waves for nonlinearities of the type (1.2) is proved by in [8]
in R1 using ODE techniquesand in higher dimensionsby minimizing the functional

T(u) =
"

|& u|2dx

with respect to the functional

V(u) =
"

[G(|u|2) (
"
2

|u|2]dx.

Then, using a minimizing sequenceand Schwarz symmetrization, one infers the existence
of the nonnegative, spherically symmetric, decreasingsoliton solution. Oncewe know that
minimizers are radially symmetric, uniquenesscan be establishedvia a shooting method,
showing that the desiredsoliton occursat only one initial value, [29].

Of great importance is the fact that Q! := Q(! ! ) and E! := E(! ! ) are di#erentiable
with respect to " . This can be determined from the works of Shatah, namely [34], [35].
Di#erentiating (1.5), Q and E all with respect to " , we have the relation

#! E! = ( " #! Q! .

Numerics show that if we plot Q! with respect to " for the saturated nonlinearity, the
soliton curve goesto # as" goesto 0 or # and hasa global minimum at some" = " # > 0;
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seeFigure 1. This will be explored in detail in a subsequent numerical work by Marzuola
[27].

We are interested in the stabilit y of theseexplicit solutions under perturbations of the
initial data.

DeÞni ti on 2.1. The soliton is said to be orbi tal ly stabl e if, , $ > 0, - %> 0 such that,
for any initial data u0 such that %u0 ( ! ! %< %, for any t < 0, there is some& + R such
that %u(x, t) ( ei" ! ! (x)%< $.

DeÞni ti on 2.2. The soliton is said to be asympto ti cally stabl e, if, - %> 0 suchthat if
%u0 ( ! ! %< %, then for large t, - ÷" , ÷& > 0 such that u(x, t) ( ei ÷! t+ ÷" ! ÷! (x) dispersesas a
solution to the corresponding linear problemwould.

Variational techniquesdevelopedin [44],[45]and generalizedto an abstract setting in [22]
and [36] tell us that when %(" ) = E! + " Q! is convex, or %$$(" ) > 0, we are guaranteed
stabilit y under small perturbations, while for %$$(" ) < 0 we are guaranteedthat the soliton
is unstable under small perturbations. For brief referenceon this subject, seeChapter
4 of [43]. For nonlinearities that are twice di#erentiable at the origin and of monomial
type at inÞnity (which would include our saturated nonlinearities), asymptotic stabilit y
hasbeenstudied for a Þnite collection of strongly orbitally stable solitons by Buslaevand
Perelman[13], Cuccagna[17], and Rodnianski, So#er and Schlag [33].

At a minimum of Q! , soliton instabilit y is more subtle, becauseit is duesolelyto nonlin-
ear e#ects.See[16], wherethis purely nonlinear instabilit y is proved to occur by reducing
the behavior of the discrete part of the spectrum to an ODE that is unstable for certain
initial conditions.

2.1. Li near izati on about a Soli to n. Throughout this section,we usevector notation, 'á,
to represent complex functions. Any function written without vector notation is assumed

to be real. For example, the complexvaluedscalarfunction u + iv will be written
#

u
v

$
. In

this notation, multiplication by i is represented by the matrix J =
#

0 ( 1
1 0

$
. We denote

by '! ! the complexvector
#

! !

0

$
, where ! ! is the real proÞleof the soliton with parameter

" . For simplicity, we suppressthe " subscript, writing ! in placeof ! ! .

For later reference,wenow explicitly characterizethe linearization of NLS about a soliton
solution. First considerthe linear evolution of the perturbation of a soliton via the ansatz:

(2.1) 'u = eJ ! t ( '! ! (x) + '( (x, t))

with '( =
#

( Re

( I m

$
. For the purposesof Þnding the linearized hamiltonian at ! omega we do

not needto allow the parameters&and " to modulate, but whenwedevelopour full system



A SYSTEM OF ODES FOR A PERTUR BATION OF A MINIMAL MASS SOLITON 7

of equationsin Section3 parametermodulation will be taken into account. Inserting (2.1)
into the equation we know that since! is a soliton solution we have

(2.2) J ('( )t + !( '( ) ( " '( = ( g(! 2)'( ( 2g$(! 2)! 2

#
( Re

0

$
+ O(|'( |2).

(This calculation is explained in more detailed at the start of Section 3.) Here we have
usedthe following calculation of the nonlinear terms of the perturbation equation:

(g(|! + ( |2)( ! + ( ) ( g(|! |2)! ) = (g(! 2 + 2! ( Re + ( 2
Re + ( 2

I m)( ! + ( Re + i( I m ) ( g(! 2)! )

= g$(! 2)(( 2
Re + 2! ( Re + ( 2

I m)( ! + ( Re + i( I m )

+
1
2

g$$(! 2)(( 2
Re + 2! ( Re + ( 2

I m)2(! + ( Re + i( I m ) + h.o.t.s.(2.3)

The linear terms will be absorbed into the linearized operator JH ! , while the quadratic
terms are handled explicitly; the O(( 2) terms in the expansionof the equation around ! !

will be denotedby N (" , ( ) in the sequel. In this work, after expansionin powers of ( , we
drop all terms of order greater than two.

We are interestedin linearizing this equation:

(2.4) #t

#
( Re

( I m

$
= JH

#
( Re

( I m

$
+ h.o.t.s,

where

H =
#

0 L!

( L+ 0

$
,(2.5)

L ! = ( ! + " ( g(! ! ),(2.6)

L+ = ( ! + " ( g(! ! ) ( 2g$(! 2
! )! 2

! .(2.7)

DeÞni ti on 2.3. A Hamiltonian, H is called admissibleif the following hold:
1) There are no embedded eigenvaluesin the essentialspectrum,
2) The only real eigenvaluein [( " , " ] is 0,
3) The values± " are non-resonant.

DeÞni ti on 2.4. Let (NLS) be taken with nonlinearity g. We call g admissibleif there
exists a minimal mass soliton, ! min , for (NLS) and the Hamiltonian, H , resulting from
linearization about ! min is admissiblein terms of DeÞnition 2.3.

The spectral propertiesweneedfor the linearizedHamiltonian equationin order to prove
stabilit y results are preciselythosefrom DeÞnition 2.3. However note that it is sometimes
possibleto numerically solve this sort of problem even if DeÞnition 2.3 doesnot hold; see,
for example, [12]. Notationally, we refer to Pd asthe projection onto the Þnite dimensional
discrete spectral subspaceD! of H 1 $ L2(|x|2) relative to H . Similarly, Pc represents
projection onto the continuousspectral subspacefor H .



8 J. MA RZUOLA, S. RAYNOR , AND G. SIMPSON

In this work, we must simply assumethat g is an admissiblenonlinearit y. However, this
assumption is justiÞed by the observed dynamics. Great care must be taken in studying
the spectral properties of a linearizedoperator; although admissibility is expected to hold
generically, certain algebraicconditions on the soliton structure itself must factor into the
analysis, often requiring careful numerical computations. See[18] as an introduction to
such methods and the di"culties therein. To this end, in the forthcoming work [28], two
of the authors will look at analytic and computational methods for verifying thesespectral
conditions.

2.2. The Di screte Spectr al Subspace. We approximate perturbations of the minimal
masssoliton by projecting onto the discrete spectral subspaceof the linearized operator.
We now describe, in detail, the discretespectral subspaceat the minimal mass.

Let " # be the value of the soliton parameterat which the minimal masssoliton occurs.
It is proved in [16] (Lemma 3.8) that the discretespecral subspaceD! of H at " # has real

dimension4. The functions 'e1 =
#

0
! !

$
and 'e2 =

#
! $

!
0

$
are in the generalized kernel of H

at every " . Clearly, 'e1 is purely imaginary and 'e2 is real. In addition to 'e1 and 'e2, at " #

there are two more linearly independent elements of D! , the purely imaginary 'e3 and the
purely real 'e4.

Applying [16] (Lemma 3.9), 'e3 and 'e4 can be extendedas continuous functions of " in
such a way that 'e3(" ) is purely imaginary, 'e4(" ) is purely real. We write

'e3(" ) =
#

0
) (" )

$

and

'e4(" ) =
#

* (" )
0

$
,

with ) and * real-valued functions. The linearizedoperator, restricted to this subspace,is

(2.8) JH(" )|D ! =

%

&
&
'

0 1 0 0
0 0 1 0
0 0 0 1
0 0 a(" ) 0

(

)
)
* ,

wherea(" ) is a di#erentiable function that is equal to 0 at " #.

Before proceedingto the derivation of the ODEs, it is helpful to make a minor change
of basis. Our goal is that, in the new basis,

+
'÷e1, '÷e2, '÷e3, '÷e4

,
,

-
'÷e1, '÷e3

.
= 0, which will make
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it easierfor us to compute the dual basis. Replace'e3 by

'÷e3 = 'e3 (
.'e1, 'e3/
%'e1%2

'e1

=
/

0
÷)

0
.

To preserve the relationship 'e3 = JH! 'e4, we need to replace'e4 by

'÷e4 = 'e4 (
.'e1, 'e3/
%'e1%2

'e2

=
/

÷*
0

0
.

To preserve the relationship JH! 'e3 = 'e2 + a(" )'e4, we replace'e2 by

'÷e2 =
#

1 +
.'e1, 'e3/
%'e1%2

$
'e2

=
/

÷e2

0

0
.

To preserve JH! 'e2 = 'e1, we get that 'e1 must be replacedby

'÷e1 =
#

1 +
.'e1, 'e3/
%'e1%2

$
'e1

=
/

0
÷e1

0
.

With these substitutions, the JH! matrix on D! remains the sameand we obtain the
relationship

-
'÷e3, '÷e1

.
= 0. From here on we will assumethat we are working with this

modiÞedbasisand simply take 'ej := '÷ej for j = 1, 2, 3, 4.

We will deÞne'+i to be the dual basis to the revised 'ei within D! . That is, the '+i are
deÞnedby '+i + D! and

. '+i , 'ej / = %ij .
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If we make the changeof basis described above, then we can compute the '+j as follows.
DeÞneD = %'e2%2%'e4%2 ( .'e2, 'e4/ 2. Then:

'+1 =
1

%'e1%2
'e1,

'+2 =
%'e4%2

D
'e2 (

.'e2, 'e4/
D

'e4,

'+3 =
1

%'e3%2
'e3,

'+4 = (
.'e2, 'e4/

D
'e2 +

%'e2%2

D
'e4.

As with the 'ej Õs,

'+j =
/

0
+j

0

for j = 1, 3 and

'+j =
/
+j

0

0

for j = 2, 4 to distinguish betweenvectorsand their scalarcomponents.

3. Deriv atio n of the ODEs

To derive the ODEs we start with a small spherically symmetric perturbation of the
minimal masssoliton, then project onto the discrete spectral subspace.Here, we closely
follow [16].

We begin with the following ansatz,which allows theta and " to modulate:

(3.1) 'u(t) = e(
Rt

0 ! (t ")dt "+ " (t )) J ( '! ! (t ) + '( (t)) .

Recall,we have assumedu to be spherically symmetric, sono other modulation parameters
occur. Unlike in [16] we do not assumethat the rotation variable &(t) is identically zero, so
we needto include &modulation in our full ansatz. Note that the derivation which follows
appliesfor all nonlinearities in any dimension;specialization is requiredonly to get explicit
numerical results. This model includesthe full dynamical systemfor sphericallysymmetric
data and is designedin such a way that coupling to the continuousspectral subspacecould
easily be reintroduced. The authors plan to analyzethe e#ect of that coupling, which is
expectedto be dissipative, in a future work.

Di#erentiating (3.1) with respect to t, we get

'ut = [(" + ú&)J ( '! + '( ) + ú" '! + ú'( ]ei (
Rt

0 ! (t ")dt "+ " (t )) ,
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wherewe represent di#erentiation with respect to t by úáand di#erentiation with respect to
the soliton parameter " by á$. Plugging the above ansatz into the equation and cancelling
the phaseterm yields

(3.2) ( (" + ú&)( '! + ( ) + ú" J '! $+ J ú'( + ! '! + ! '( + g(|! + ( |2)( '! + '( ) = 0.

Recall that since! is a soliton solution, ( " ! + ! ! + g(|! |2)! = 0, yielding

(3.3) ( ú&'! ( (" + ú&)( '( ) + ú" J '! $+ J ú'( + ! '( + g(|'! + '( |2)( '! + '( ) ( g(! 2)! = 0.

We multipl y by J , solve for '( , and simplify. At the same time, we collect the ! '( and
( " '( terms with the linear portion of g(|'! + '( |2)( '! + '( ) ( g(! 2) '! , which yields JH! as
deÞnedin (2.5). The remaining terms of the nonlinearity are at least quadratic in ( ; recall
that the quadratic terms are described in (2.3) and denotedN (" , ( ).

DeÞning( j (t) as the coe"cien t of 'ej (t) in ( , we have

'( =
/

( Re

( I m

0
= ( 1'e1 + ( 2'e2 + ( 3'e3 + ( 4'e4 + '( c.

Then, the above calculationsgive us

(3.4) ú'( = JH! '( ( ú&
#

0
!

$
( ú&J '( ( ú"

#
! $

0

$
+ 'N (" , '( ).

Taking the inner product of (3.4) with each of the '+i as deÞnedin Section 2.2, and
applying (2.8) yields the following system:

. '+1, ú'( / = ( 2 ( ú&( ú&. '+1, J '( / + . '+1, 'N / ,

. '+2, ú'( / = ( 3 ( ú" ( ú&. '+2, J '( / + . '+2, 'N / ,

. '+3, ú'( / = ( 4 ( ú&. '+3, J '( / + . '+3, 'N / ,(3.5)

. '+4, ú'( / = a(" )( 3 ( ú&. '+4, J '( / + . '+4, 'N / .

From this point forward in our approximation we drop the '( c component asa higher order
error term. Using the product rule, we solve the left hand side for ú( i and put the extra
terms from the derivative of the operator that projects onto the discretespectral subspace
onto the right hand side.

We have, as in [16], that

Pd
ú'( =

1
'ej ú( j + ú"

1
'ei $ij ( j ( ú" PdP$

d'(,

wherewe have implicit y deÞned

$ij = .+i , e$
j /

and usedthat

Pd
d
dt

Pc'( = ( ú" PdP$
d'(.
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This gives

ú( 1 + ú&= ( 2 ( ú&. '+1, J '( / + . '+1, 'N / + ú" (. '+1, P$
d'( / (

1
$1j ( j ),

ú( 2 + ú" = ( 3 ( ú&. '+2, J '( / + . '+2, 'N / + ú" (. '+2, P$
d'( / (

1
$2j ( j ),

ú( 3 = ( 4 ( ú&. '+3, J '( / + . '+3, 'N / + ú" (. '+3, P$
d'( / (

1
$3j ( j ),(3.6)

ú( 4 = a(" )( 3 ( ú&. '+4, J '( / + . '+4, 'N / + ú" (. '+4, P$
d'( / (

1
$4j ( j ).

There is alsocoupling to the continuousspectrum through terms such as. '+1, J '( / which we
omit. This can be included in the error term and is not analyzedin our Þnite dimensional
system.

To make the systemwell-determined, we must introduce two orthogonality conditions.
The Þrst is . (, e2/ = 0, and the secondis . (, e1/ = 0. Theserepresent the choiceof " (t) and
&(t) respectively that minimize the sizeof ( . Theseyields ( 2 = ú( 2 = 0, and ( 1 = ú( 1 = 0,
respectively.

The reducedsystemis then:

ú&= ( ú&. '+1, J '( / + . '+1, 'N / + ú" (. '+1, P$
d'( / (

1
$1j ( j ),

ú" = ( 3 ( ú&. '+2, J '( / + . '+2, 'N / + ú" (. '+2, P$
d'( / (

1
$2j ( j ),

ú( 3 = ( 4 ( ú&. '+3, J '( / + . '+3, 'N / + ú" (. '+3, P$
d'( / (

1
$3j ( j ),(3.7)

ú( 4 = a(" )( 3 ( ú&. '+4, J '( / + . '+4, 'N / + ú" (. '+4, P$
d'( / (

1
$4j ( j ).

In [16], the authors further reduce this system to prove there is an initi al nonlinear
instabilit y. (Note that they have a slightly di#erent system becausethey have assumed
that & 0 0.) We are interested in the dynamics on an intermediate time scale; thus, we
retain quadratically nonlinear terms in our equations.

Our notation is as follows. First, we have

. '+1, J '( / = .+1, ( 2! $+ ( 4* /

= ( 4.+1, * / ,

since( 2 = 0. Denote

c14 = .+1(" #), * (" #)/ ,

which is the highestorder term and the only onethat will Þgureinto our quadratic expan-
sion. Notice that this is a real inner product of functions that normally do not appear in
the samecomponent of the complexvectors,becauseof the J in the equation.
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Similarly, we have

. '+2, J '( / = .+2, ( ( 1! ( ( 3) /

= ( ( 3.+2, ) / ,

since( 1 = 0. Denote

c23 = .+2(" #), ) (" #)/ ,

which is again the highest order term.

Then we have

. '+3, J '( / = .+3, ( 2! $+ ( 4* /

= ( 4.+3, * / ,

since( 2 = 0. Denote

c34 = .+3(" #), * (" #)/ .

Finally, we have

. '+4, J '( / = .+4, ( ( 1! ( ( 3) /

= ( ( 3.+4, ) / ,

since( 1 = 0. Denoteby

c43 = .+4(" #), ) (" #)/ .

We alsowrite gij for the term $ij (" ) = . '+i , 'e$
j / at " = " #.

Next, considerthe terms . '+j , P$
d'( / . Theseterms are the ej components of P$

d'( . We have:

PdP$
d'( = Pd

2
41

j =1

. '+$
j , '( /'ej +

41

j =1

. '+j , '( /'e$
j

3

=
41

j =1

41

k=3

. '+$
j , 'ek/ ( k'ej + ( 3Pd'e$

3 + ( 4Pd'e$
4

=
41

j =1

41

k=3

. '+$
j , 'ek/ ( k'ej + ( 3($13'e1 + $33'e3) + ( 4($24'e2 + $44'e4)

= . '+$
1, 'e3/ ( 3'e1 + . '+$

2, 'e4/ ( 4'e2 + . '+$
3, 'e3/ ( 3'e3 + . '+$

4, 'e4/ ( 4'e4

( 3($13'e1 + $33'e3) + ( 4($24'e2 + $44'e4)

= (. '+$
1, 'e3/ + $13)( 3'e1 + (. '+$

2, 'e4/ + $24)( 4'e2

+ (. '+$
3, 'e3/ + $33)( 3'e3 + (. '+$

4, 'e4/ + $44)( 4'e4.
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Therefore,the relevant nonzeroterms are

. '+1, P$
d'( / = (. '+$

1, 'e3/ + $13)( 3,

. '+2, P$
d'( / = (. '+$

2, 'e4/ + $24)( 4.

We denote

p13 = . '+$
1(" #), 'e3(" #)/ ,

p33 = . '+$
3(" #), 'e3(" #)/ ,

and

p24 = . '+$
2(" #), 'e4(" #)/ ,

p44 = . '+$
4(" #), 'e4(" #)/ .

Note that somecancellation will occur with the $ij terms that appear separately in the
systemof ODEs, leaving only thesepij terms in the Þnally system.

Finally, the terms . '+i , 'N (" , '( )/ must be computed. We are only interested in the qua-
dratic terms, which, according to (2.3) are:

(3.8) 3Jg$(! 2)! ( 2
Re + 2Jg$$(! 2)! 2( 2

Re + Jg$(! 2)! ( 2
I m + 2g$(! 2)! ( Re( I m .

Recall that, since( 1 and ( 2 are 0, the projection onto the discrete-spectrum of ( Re is just
( 3'e3 and the projection onto the discrete-spectrum of ( I m is just ( 4'e4. We now have to
compute the lowest-orderterms of

. '+1, 'N (" , '( )/ .

The multiplier of ( 2
3 in . '+1, 'N (" , '( )/ is

n133 = .+1, (3g$(! 2)! + 2g$$(! 2)! 2)e2
3/ .

Similarly, we deÞne

n144 = .+1, g$(! 2)! e2
4/ ,

n234 = .+2, ( 2g$(! 2)! e3e4/ ,

n333 = .+3, (3g$(! 2)! + 2g$$(! 2)! 2)e2
3/ ,

n344 = .+3, g$(! 2)! e2
4/ ,

n434 = .+4, ( 2g$(! 2)! e3e4/ .

Notice that, as in the computation of the cij , theseare real inner products betweenreal
functions that normally appear in di#erent components of the complexvectors.
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Lastly, we needto estimate a(" ). Recall that a(" #) = 0, and that a(" ) appearsin (3.7)
multiplied by ( 3, so we are seekingonly the linear term, a(" ) 1 a0(" ( " #). We calculate:

a0 = a$(" #) = (
2

. ! ! # , * /
(. ! $

! # , ! $
! # / ( . ! ! # , ! $$

! # / ).

With theseassumptions,we concludethe following:

Propositi on 3.1. The quadratic approximation for the evolution of a perturbation of the
minimal masssoliton, (3.3), ignoring coupling to the continuous spectrum, is

ú&= ( c14
ú&( 4 + n133( 2

3 + n144( 2
4 + ú" p13( 3,

ú" = ( 3 + c23
ú&( 3 + n234( 3( 4 + ú" p24( 4,

ú( 3 = ( 4 ( c34
ú&( 4 + n333( 2

3 + n344( 2
4 + ú" p33( 3,(3.9)

ú( 4 = a0(" ( " #)( 3 + c43
ú&( 3 + n434( 3( 4 + ú" p44( 4.

In this system we implicitly assumethat &, (" ( " #), ( i and their time derivativesare
all of the sameorder.

4. Numerical Methods

From here on, we usenumerical techniques to analyzesolutions to (3.9). We will work
in one spacedimension,with the speciÞcsaturated nonlinearit y g(s) = s3

1+ s2 as described
in the introduction. Though we have a completedescription of the generalizedkernel of
JH , including its sizeand the relation among the elements, nothing is expressiblein terms
of elementary functions. As this kernel determinesthe coe"cien ts in our ODE system,we
numerically compute it, permitting us to subsequently integrate the ODEs numerically.

The sinc function, sin(, x)/ (, x) was usedto computesolitary wave solutions when ana-
lytical expressionswerenot readily available in [26]and in the forthcoming [37]. It hasalso
beenusedto study time dependent nonlinear wave equations,[4,32,7,14], and a variety of
linear and nonlinear boundary value problems,[9,10,20,21,19,30].

We will usethe sinc function to estimate the coe"cien ts in three steps:

¥ Compute a discrete representation of the minimal masssoliton, ! ! # .
¥ Compute discreterepresentations of the generalized kernel of H , i.e. the derivatives

with respect to " .
¥ Compute necessaryinner products for the coe"cien ts.

4.1. Sinc Di screti zati on. The problemof Þnding a soliton solution of (1.5) is a nonlinear
boundary value problem posedon R. We respect this description in our discretization
by approximating functions with the sinc spectral method. Thi s technique is thoroughly
explained in [25,41,40, 42] and brießy in Appendix A.1. In the sinc discretization, the



16 J. MAR ZUOLA, S. RAYNOR , AND G. SIMPSON

problem remains posedon R and the boundary conditions, that the solution vanish at
±# , are naturally incorporated.

Given a function u(x) : R * R, u is approximated using a superposition of shifted and
scaledsinc functions:

(4.1) CM ,N (u, h)(x) 0
N1

k= ! M

uksinc
#

x ( xk

h

$
=

N1

k= ! M

ukS(k, h)(x),

wherexk = kh for k = ( M , . . . , N are the nodesand h > 0. There are three parametersin
this discretization, h, M , and N , determining the number of and spacingof lattice points.
This is commonto numerical methods posedon unbounded domains;see[11].

A usefuland important featureof this spectral method is that, whenevaluatedat a node,

(4.2) CM ,N (u, h)(xk) = uk.

Additionally , the convergenceis rapid both in practice and theoretically. SeeTheorem 1
in Appendix A.1 for a statement on optimal convergence.

Sincethe soliton is an even function, we may take N = M . We will thus write

(4.3) CM (u, h)(x) 0 CM ,M (u, h)(x).

The symmetry implies u! k = uk for k = ( M , . . . M . We take advantage of this constraint
in our computations. In addition, we slave h to M in accordancewith (A.8).

To compute a discrete sinc approximation of the ground state, we frame the soliton
equation as a nonlinear collocation problem. Approximating ! (x) as in (4.1), we seek
coe"cien ts { Rk} such that

#2
x CM (! , h)(xk) ( -C M (! , h)(xk)

+ g(|CM (! , h)(xk)|2)CM (! , h)(xk) = 0, for k = ( M , . . . , M .
(4.4)

By satisfying (4.4), the discrete approximation solves the soliton equation in the strong
senseat the nodes, also known as collocation points. Thi s is in contrast to a Galerkin
formulation, which solvesthe equationin the weaksense.However, for the onedimensional
under consideration,sinc-Galerkinand sinc-collocation lead to the samealgebraic system.

(4.4) yields a system of nonlinear algebraic equations. Let '! be the column vector
associated with the discreteapproximation of ! :

(4.5) CM (! , h)(xk) )* '! =

%

&
&
'

! ! M

! ! M +1
...

! M

(

)
)
* .

Di#erentiation of a sinc approximated function that is evaluated at the collocation points
corresponds to matrix multiplication:

(4.6) #2
x CM (! , h)(xk) )* D (2) '! .
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Explicitly , D (2) is

(4.7) D (2)
j k =

d2

dx2
S(j , h)(x)|x= xk =

!
1

h2
! #2

3 j = k
1

h2
! 2(! 1)k ! j

(k! j )2 j 2= k
.

Using 4.2,

g(|CM (! , h)(xk)|2)CM (! , h)(xk) = CM (g(|! |2)! , h)(xk) = g(|! k |2)! k .

Thus

g(|CM (! , h)(xk)|2)CM (! , h)(xk) )* g(|'! |2) '! 0

%

&
'

g(|! ! M |2)! ! M
...

g(|! M |2)! M

(

)
* .

With theserelations, the discretesystemis

(4.8) D (2) '! ( " '! + g(|'! |2) '! = 0.

It is this equation to which we apply a nonlinear solver, subject to an appropriate guess.
We discussan important subtlety in Appendix A.2.

4.2. Computi ng the Mi ni mal Mass. Now that we have an algorithm for Þnding a
discrete representation of a soliton, we seekto Þnd the value of the soliton parameter for
the one possessingminimal mass,along with the corresponding discretized soliton. The
sinc discretization has the property that the L2(R) inner product is well approximated by

. f , g/ =
"

f gdx 3
M1

! M

hf kgk = h( 'f á'g).

Thus, the massof the soliton can be estimated by

%! %2
L 2 3 h|'! |2.

Recognizingthat '! = '! (" ), we seekto minimize the functional h|'! (" )|2 with respect to
" . The argument " for which the minimum occurswill be " #. To Þnd the minimal mass,
we take the derivative, getting a discrete representation of the minimal massorthogonality
condition:

(4.9) 2h'! á'! $ = 0.

We solve (4.9) to Þnd " #, computing '! ! # in the process.

The value " # can be obtained by other algorithms. In the one-dimensionalcase,the
soliton equation possessesa Þrst integral, permitting the minimal massto be computed
by numerical quadrature and minimization; a comparisonof our results and this approach
appears in Appendix A.4. Though these approaches are quite accurate for the task of
computing the minimal mass, they are inadequateat computing the generalizedkernel.
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Thus, we seek to solve the problem consistently by Þnding the minimal massfor a given
2M + 1 dimensionalapproximation of the problem.

4.3. Di screti zed Gener alized Ker nel . Formally, at the minimal masssoliton ! ! # , there
are four functions associated with the kernel satisfying the secondorder equations:

L ! ! ! # = 0,(4.10)

L+ (( ! $
! # ) = ! ! # ,(4.11)

L ! ) = ( ! $
! # ,(4.12)

L+ * = ) .(4.13)

Thesefour functions can alsobe discretizedwith sinc, as in (4.1). The operators,L± , have
discretespectral representations:

L+ )* L + 0 ( D (2) + " I ( diag{ g( '! 2
! # )} ,(4.14)

L ! )* L ! 0 ( D (2) + " I ( diag{ g( '! 2
! # ) ( 2g$( '! 2

! # ) '! 2
! # } .(4.15)

Taking 'u = '! , we successively solve for '! $, ') , and '* . A singular value decomposition must
be usedto get ') sinceL ! hasa non-trivial kernel.

Furthermore, we compute discreteapproximations of the derivativesof ! , ! $, ) , and *
taken with respect to " at " #. The relevant operatorsare formedanalogouslyto (4.14) and
(4.15).

4.4. Convergence. Amongst the many calculations made, the most important is of " #,
the parameterof the minimal masssoliton. We summarizethe results in Table 1. We see
that h|'! |2 robustly converges,achieving twelve digits of precisionand " # appearsto achieve
eleven digits of precision. Theseare consistent with the valuesin Table 4 from Appendix
A.4, wherethey werecomputedusing a di#erent methods.

For the purposesof our simulations, webelievewehavesu"cien t precision,approximately
ten signiÞcant digits, for the time integration of our systemof ODEs. Somedata for the
convergenceof the coe"c ients appearing in (3.9) is given in Appendix A.3.

5. Numerical Resul ts

We explore here the dynamicsof the Þnite dimensionalsystem(3.9) and comparewith
solutions for the full nonlinear PDE (1.1) with corresponding initial data.

To solve (3.9), we usethe sti# solver ode45from Ma tlab after properly preparing the
initial data using the soliton Þnding codesin Section 4.1.
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Table 1. The convergenceof the sinc discretization to the minimal masssoliton.

M h|'! |2 " #

20 3.8207714176333980.177000229690401
40 3.8211454718688530.177576993694258
60 3.8211489302021350.177587655985074
80 3.8211490184229330.177588043323139

100 3.8211490224938140.177588063805561
200 3.8211490227806180.177588065432740
300 3.8211490227804390.177588065432795
400 3.8211490227808960.177588065433095
500 3.8211490227802750.177588065432928

5.1. No nl inear Solver. In order to determine the accuracy of our results, we also use
a nonlinear solver to approximate the solutions with a perturbed minimal-mass soliton
as init ial data. For this nonlinear solver, we use a Þnite element scheme in space and a
Crank-Nicholson scheme in time. This is similar to the method usedin [23]. In brief, we
discretizeour (1.1) by method of lines, using Þnite elements in spaceand Crank-Nicholson
for time-stepping. This method is L2 conservative, though it is not energyconserving. A
similar schemewas implemented without potential in [3], where the blow-up for NLS in
several dimensionswas investigated.

We require the spatial grid to be large enough to ensure negligible interaction with
the boundary. As absorbing boundary conditions for cubic NLS currently require high
frequencylimits to apply successfully, we choosesimply to carefully ensurethat our grid is
large enoughin order for the interactions to be negligible throughout the experiment. For
the convergenceof such methods without potentials seethe referencesin [3], [1] and [2].

We selecta symmetric region about the origin, [( R, R], upon which we placea meshof
N elements. The standard hat function basis is usedin the Galerkin approximation. We
allow for a Þnergrid in a neighbourhood of length 1 centered at the origin to better study
the e#ectsof the soliton interactions.

In terms of the hat basisthe PDE (1.1) becomes:

.ut , v/ + i .ux , vx / / 2 ( i .g(|u|2)u, v/ = 0,

u(0, x) = u0 , u(t, x) =
1

v

cv(t)v ,

where .á, á/ is the standard L2 inner product, v is a basis function and u, u0 are linear
combinations of the vÕs.
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Since the vÕsare hat functions, we have a tridiagonal linear system. Let ht > 0 be a
uniform time step, and let

un =
1

v

cv(nht )v

be the approximate solution at the nth time step. Implementing Crank-Nicholson, the
systembecomes:

.un+1 ( un, v/ + ih t . ((un+1 + un)/ 2)x , vx /

= ih t
4
g(|(un+1 + un)/ 2|2)(un+1 + un)/ 2, v

5
, u0 =

1

v

) vv.

By deÞning
yn = (un+1 + un)/ 2,

we have simpliÞedour systemto:

.yn, v/ + i
ht

4
. (yn)x , vx / = i

ht

2
.| yn |2yn, v/ + .un, v/ .

An iteration method from [3] is now used to solve this nonlinear system of equations.
Namely, we set,

.yk+1
n , v/ + i

ht

4
. (yk+1

n )x , vx / = i
ht

2
.| yk

n |2yk
n , v/ + .un, v/ .

We take y0
n = un and perform three iterations in order to obtain an approximate solution.

For our problem, we have taken (1.1) with the nonlinearity

|u|6

1 + |u|4
u.

Then, the minimal masssoliton occursat

" # = .177588065433.

5.2. Resul ts. With the numerical schemesoutlined above, we then compare our Þnite
dimensional model to the numerically integrated solution with appropriate initial data
" 0 = " (0), ) 0 = ( 3(0), * 0 = ( 4(0) and &0 = &(0) = 0 for simplicity. In Figures 2, 3, 4, we
take * 0 > 0 and vary ) 0, " 0. Similarly, in Figures5, 6, 7, we take * 0 < 0 and onceagain
vary ) 0, " 0. Note that we are comparing solutions to the ODEs to solutions of (1.1) with
the correct init ial parametersso that the initial proÞlesare identical.

In the situation where * 0 > 0, the initial data is expected to allow the admissionof
a solution with a soliton component as t increases.The Þnite dimensionalsystemshows
that if we initially perturb the system either towards the stable or the unstable side of
the curve, the systemproducesimmediate oscillations. SpeciÞcally, if the dynamics begin
to diverge,the higher order nonlinear correctionsin (3.9) arrest the solution, resulting in
fairly uniform oscillations about the minimal masssoliton. SeeFigures 2, 3, 4. As one
can see,for initial values " 0 3 " #, we seea good Þt for several oscillations of our Þnite
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dimensionalapproximation to the dynamicsof the full solution. As expected,this weakens
as" 0 divergesfrom " # due to the nature of our approximations in Section3. We conjecture
that such oscillations about the minimal masswhen coupled to the continuous spectrum
will lead generically to a damped convergenceof the solution towards the minimal mass
soliton on a long time scale.

For * 0 < 0, and other initial parameters su"cien tly small, the initial data is below the
minimal massand thereforeis expected to disperseas t increases.In this regime, we see
an interesting phenomenon,which is that the motion of our Þnite dimensionalsystemis a
march along the unstable soliton curve towards the value " = 0. Clearly, the conservation
laws of (1.1) forbid this from happening for the nonlinear solution on long time scales,and
we seedivergenceof the nonlinear solution from our solution as t increases.However on
shorter time scaleswe seea good Þt of the full solution to the predicted Þnite dimensional
dynamics; seeFigures 5, 6, 7. Note that this occurs regardlessof whether we initially
perturb in the stable or unstable direction. Our ÞndingsconÞrmthe regimespredicted by
the dynamical system model in [31].

It remainsto brießy comment on the convergenceof our numerical methods. The sti#
ODE solver, ode45, for the Þnite dimensionalsystemof ODEs is a standard Runge-Kutta
method with known stong convergenceresults documented in a number of introductory
texts on numerical methods. In addition, the Þnite element solver for the full nonlinear
problem haswell-establishedanalytic convergenceresults, see[1]. Hence,the solutions for
the corresponding systemsare known to be accuraterepresentations of the actual contin-
uoussolutions. Though we have not fully justiÞed in this work the spectral decomposition
used to derive (3.9), the fact that the inÞnite dimensionaldynamics are so well approx-
imated by the Þnite dimensional system constructed from these spectral assumptionsis
quite good evidencethat this approximation is a valid one. However, as mentioned in
Section2.1, investigating the validit y of spectral assumptionswill be an important topic of
future research.

6. Conclusions and Discussion of Future Work

In this work, we have useda sinc discretization method to compute the coe"cien ts of
the dynamical system(3.9), which is valid near the minimal masssoliton for a saturated
nonlinear Schr¬odingerequation. We Þnd that the dynamical systemis an accurateapprox-
imation to the full nonlinear solution in a neighborhood of the minimal mass. Moreover,
we seethat there are two distinct regimesof the dynamical system.

The Þrst regime represents oscillation along the soliton curve. The Þnite dimensional
oscillationsare valid solutions on long time scalesin the conservative PDE, hencewe may
observe long time closenessof our Þnite dimensional approximation to the full solution of
(1.1).
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Figure 2. A plot of the solution to the systemof ODEÕsas well as the full
solution to (1.1) derived for solutions near the minimal soliton for ( 3(0) > 0
and ( 3(0) < 0, ( 4(0) > 0 for " 0 = .177588,N = 1000.
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Figure 3. A plot of the solution to the systemof ODEÕsas well as the full
solution to (1.1) derived for solutions near the minimal soliton for ( 3(0) > 0
and ( 3(0) < 0, ( 4(0) > 0 for " 0 = .17, N = 500.

The secondregimerepresents a strong forcing in our Þnite dimensionalsystemtowards
the point " = 0 in Þnite time. As " * 0, the soliton proÞle becomessmall and broad,
which is essentially indistinguishable from dispersion. Hence,it is Þtting that we observe
theseÞnite dimensionaldynamics preciselywhen the full solution is expected to become
completely dispersive. The strong forcing regime is only valid on a Þnite time scale,since
%! ! %L 2 * # as " * 0 and (1.1) is conservative. Our numerical evidencesuggeststhat
dispersivedynamicsinitially movea solution alongthe unstableportion of the soliton curve,
until conservation no longer allows such motion.
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Figure 4. A plot of the solution to the system of ODEÕsas well as the
full solution to (1.1) derived for solutions near the minimal soliton for ) 0 =
( 3(0) > 0 and ) 0 = ( 3(0) < 0, * 0 = ( 4(0) > 0 for " 0 = .15, N = 500.
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Figure 5. A plot of the solution to the system of ODEÕsas well as the
full solution to (1.1) derived for solutions near the minimal soliton for ) 0 =
( 3(0) > 0 and ) 0 = ( 3(0) < 0, * 0 = ( 4(0) < 0 for " 0 = .177588,N = 1000.

We cannot numerically verify our conjecture that soliton preserving perturbations of
unstable solitons dynamically selectstable solitons. However, when we begin wit h pertur-
bations that areexpectedto continueto havea soliton component, weseeoscillationsabout
the minimal mass; this strongly suggeststhat, through coupling to the continuous spec-
trum, the oscillations will damp towards a near-minimal-massstable soliton. This would
be quite satisfying from a physical perspective as the systemwould be moving towards the
conÞgurationof lowest energyin somesense.
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Figure 6. A plot of the solution to the system of ODEÕsas well as the
full solution to (1.1) derived for solutions near the minimal soliton for ) 0 =
( 3(0) > 0 and ) 0 = ( 3(0) < 0, * 0 = ( 4(0) < 0 for " 0 = .17, N = 500.
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Figure 7. A plot of the solution to the system of ODEÕsas well as the
full solution to (1.1) derived for solutions near the minimal soliton for ) 0 =
( 3(0) > 0 and ) 0 = ( 3(0) < 0, * 0 = ( 4(0) < 0 for " 0 = .15, N = 500.

In this result, we felt it worthwhile to Þrst understandthe underlying Þnite dimensional
dynamics of (3.7), even in an asymptotic setting. However, in the future, we hope to
give analytic descriptionsof the dynamics of small perturbations of unstable solitons on
global or near global time scales by looking at the Þnite dimensional dynamics coupled
to the continuous spectrum dynamics. In the oscillatory regime, this should result in a
damped decay of the oscillations to a near minimal masssoliton. In the strong forcing
regime, this should provide a mechanism for masstransfer into the purely dispersive part
of the spectrum. Likely, using current techniques this analysis can only be truly done
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Figure 8. A plot of the maximum amplitude with respect to the L2 norm
for a saturated nonlinear Schr¬odinger equation. Computed at M + 1 = 101
collocation points for " + [0.01, 1.5].

in a perturbative setting, though we believe that initial conditions near strongly unstable
solitonsshouldexhibit similar behavior. Hopefully morepowerful techniqueswill eventually
be developed for the global study of the stable soliton curve as an attractor of the full
nonlinear dynamics.
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Appendix A. Det ails of Numerical Methods

A.1. Sinc Appr oxi mati on. Here we brießy review sinc and its properties. The texts
[25,41] and the articles [40,6,42] provide an excellent overview. As noted, sinc collocation
and Galerkin schemeshave beenusedto solve a variety of partial di#erential equations.

Recall the deÞnition of sinc,

(A.1) sinc(z) 0

!
sin(#z)

#z , if z 2= 0
1, if z = 0

.

and for any k + Z, h > 0, let

(A.2) S(k, h)(x) = sinc
#

x ( kh
h

$
.

The sinc function can be usedto exactly represent functions in the Paley-Wienerclass.
We spectrally represent functions with sinc in a weaker function space.First, we deÞnea
strip in the complexplane,

(A.3) Dd = { z + C | | Im z| < d} .
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Then we deÞnethe function space:

DeÞni ti on A. 1. B p(Dd) is the set of analytic functions on Dd satisfying:

%f (t + iá)%L 1(! d,d) = O(|t|a), as t * ±# , with a + [0, 1),(A.4a)

lim
y% d!

%f (á+ iy)%L p + lim
y% d!

%f (á( iy)%L p < # .(A.4b)

Then, we have the following

Theo rem 1. (Theorem 2.16 of [25])

Assumef + B p(Dd), p = 1 or 2, and f satisÞesthe decay estimate

(A.5) |f (x)| 4 Ce! $ |x|.

If h is selected suchthat

(A.6) h =
6

, d/ () M ) 4 min
+

, d, , /
5

2
,

,

then
%#n

x f ( #n
x CM (f , h)%L $ 4 CM (n+1) / 2e((!

&
#d$M )).

d identiÞes a strip in the complex plane, of width 2d, about the real axis in which f is
analytic. This parametermay not be obvious; othershave found d = , / 2 su"cien t.

For the NLS equation of order 2. + 1,

dNLS =
,

5
2" .

.

Saturated NLS ÒinterpolatesÓbetween secondand seventh order NLS. We thus reasonit
is fair to take d = , /

5
6" . Though we do not prove that the soliton and the associated

elements of the kernel lie in theseB p(Dd) spacesor satisfy the hypothesesof Theorem 1,
we use (A.6) to guide our selection of an optimal h. Since the soliton has ) =

5
" , we

reasonthat it should be acceptableto take

(A.7) h =

7
, d

) M
=

7
, 2

6" M
.

(A.7) is dependent on both M and " . Were we to use (A.7) as is, it would complicate
approximating, amongstother things, the derivative with respect to " of the soliton. To
avoid this, we usea prior i estimateson " #, given in Appendix A.4. Sincewe know that
" # 1 .18 < .25, it is su"cien t to take

d = ,
6

2/ 3.

Likewise,since" # > .1, we may take

) =
6

1/ 10.
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Thus, instead of (A.7), we use

(A.8) h = ,

8 6
20/ 3
M

.

We conjecture that this is a valid grid spacingfor all " + (.1, .25); our computations are
consistent with this assumption.

A.2. Numer ical Conti nuati on. As discussedin Section4.1, the discretesystemapprox-
imating (1.5) is

(A.9) 'F ( '! ) = D (2) '! ( " '! + g( '! ) '! = 0.

The multiplication in g( '! ) '! is performedelementwise. In order to solvethis discrete system,
we needa good starting point for our nonlinearsolver. We producethis guessby numerical
continuation.

DeÞnethe function

ög(x; / ) =
x3

1 + / x2
.

Note that ög(x, 0) is 7th order NLS and ög(x, 1) = g(x), saturated NLS. We now solve

(A.10) 'G( '! ; / ) = D (2) '! ( - '! + ög( '! ; / ) '! = 0.

At / = 0, the analytic NLS soliton servesas the initial guessfor computing '! %=0 . '! %=0 is
then the initia l guessfor solving (A.10) at / = ! / . We iterate in / until we reach / = 1.
This is numerical continuation in the artiÞcial parameter/ , [5]. This processsucceedswith
relatively few stepsof ! / ; in fact only O(10) stepsare required.

A.3. Convergence Data. Table 2 o#erssomeexamplesof the robust and rapid conver-
genceseenin the coe"cien ts of (3.9). Thesevaluesare all computedat the minimal mass
soliton. Also seeTable 1.

A.4. Compar isons wi th Quadr atur e Metho ds. The soliton equation may be inte-
grated onceto get

(A.11)
1
2

(#x ! )2 (
1
2

-! 2 +
1
4

9
! 4 ( log

:
1 + ! 4

;<
= 0.

Equation (A.11) yieldsan implicit algebraicexpressionfor the amplitude, ! (0),

(A.12) (
1
2

-! (0)2 +
1
4

9
! (0)4 ( log

:
1 + ! (0)4

;<
= 0.

Using (A.11) and (A.12), we can expressthe massas

%! %2
L 2 =

" '

!'
! (x)2dx = 2

" '

0
! (x)2dx = 2

" &(0)

0
( 2

=
-( 2 (

1
2

9
( 4 ( log

:
1 + ( 4

;<
> ! 1/ 2

d(.
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Tabl e 2. The convergenceof several coe"cien ts for the ODE system,com-
puted at " #.

M a0 c14 p13 n133
20 -0.54851448504 6.04829942099-6.048299420998.79376331231
40 -0.5535771386626.12521927361-6.125219273618.81625889017
60 -0.5535551639336.12811479039-6.128114790398.81709463059
80 -0.5535504416536.12827391288-6.128273912888.81713847275

100 -0.5535499896036.12828576495-6.128285764958.81714173314
200 -0.5535499347976.12828700415-6.128287004158.81714206225
300 -0.5535499347936.12828700423-6.128287004238.81714206227
400 -0.5535499347956.12828700421-6.128287004218.81714206223
500 -0.5535499347946.12828700423-6.128287004238.81714206227

Table 3. Value of the coe"cien ts in (3.9) computedwith M = 200.

Coe"cien t Value
g33 -6.61999411752
g44 -12.4582451458
c14 6.12828700415
c23 1.46358108488
c34 4.0422919871
c43 0.131304385722
p13 -6.12828700415
p24 -17.9305799071
p33 6.61999411752
p44 12.4582451458

n133 8.81714206225
n144 1.84068246508
n234 1.45559877602
n333 -0.792198288158
n344 0.013887281387
n434 -0.0822482271619

a0 -0.553549934797

Thus, the massof the soliton with parameter " is

(A.13) %! ! %2
L 2 = 2

" &(0;! )

0
( 2

=
" ( 2 (

1
2

9
( 4 ( log

:
1 + ( 4

;<
> ! 1/ 2

d(.

Equations (A.12) and (A.13) can be used to approximate " # by numerically minimizing
(A.13). To computethe amplitude of the soliton, wesolve(A.12) usingBrentÕsmethod with
a tolerance of 1.0e-14. We usethe singular integral integrator QAGS from QUADPACK,
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Table 4. The soliton parameterand massof the minimal masssoliton com-
puted by quadrature. Also included is someof the data for the sinc method
appearing in Table 1.

Algorithm " #
?

|! |2 dx
fminbound 0.1775883687452613.821149022780204

Brent 0.1775879638268643.821149022778472
golden 0.1775879258537613.821149022776717

sinc with M = 100 0.1775880638055613.821149022493814
sinc with M = 200 0.1775880654327403.821149022780618
sinc with M = 400 0.1775880654330953.821149022780896

which for this problem is, unfortunately, limited to a relative error of 5.0e-12and an
absoluteerror of 1.0e-15.Trying di#erent routines from the optimization module of SciPy,
[24], we summarizeour results in Table 4. There is a spread of O(1e-12) amongst the
computedminimal massesand a spreadof O(1e-7) amongstthe " #. Thesedi#erencesare
consistent wit h the prescribed relative error of the quadrature, suggestingthe precisionof
this approach to computing the minimal massand associated " is limited by the quadrature
algorithm. We summarize thesecomputations in Table 4, which also contains data from
our sinc computations. The sinc method is consistent with thesequadrature methods.
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