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tralMaterial Identi�
ationFang Li∗, Mi
hael K. Ng†and Robert J. Plemmons‡November 27, 2009Abstra
tA 
ru
ial aspe
t of spe
tral image analysis is the identi�
ation of the materialspresent in the obje
t or s
ene being imaged and to quantify their abundan
e in themixture. An in
reasingly useful approa
h to extra
ting su
h underlying stru
ture is toemploy image 
lassi�
ation and obje
t identi�
ation te
hniques to 
ompressively repre-sent the original data 
ubes by a set of spatially orthogonal bases and a set of spe
tralsignatures. Due to the in
reasing quantity of data usually en
ountered in hyperspe
traldatasets, e�e
tive data 
ompressive representation is an important 
onsideration, andnoise and blur 
an present data analysis problems. In this paper, we develop imagesegmentation methods for hyperspe
tral spa
e obje
t material identi�
ation. We also
ouple the segmentation with a hyperspe
tral image data denoising/deblurring modeland propose this method as an alternative to a tensor fa
torization methods proposedre
ently for spa
e obje
t material identi�
ation. The model provides the segmentationresult and the restored image simultaneously. Numeri
al results show the e�e
tivenessof our proposed 
ombined model in hyperspe
tral material identi�
ation.Keywords: Hyperspe
tral image analysis, segmentation, denoising, deblurring, 
ompressiverepresentation, tensors.1 Introdu
tionHyperspe
tral remote sensing te
hnology allows one to 
apture images using a range ofspe
tra from ultraviolet to visible to infrared. Multiple images of a s
ene or obje
t are
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reated using light from di�erent parts of the spe
trum. These hyperspe
tral images 
an beused, for example, to dete
t and identify obje
ts at a distan
e, to identify surfa
e minerals,obje
ts and buildings from spa
e, and to enable Spa
e Obje
t Identi�
ation (SOI) from theground. In this parti
ular study within the domain of SOI, we 
on
entrate on hyperspe
tralimage deblurring, segmentation, and obje
t material identi�
ation.Three major obje
tives in pro
essing hyperspe
tral image data of an obje
t (target) aredata 
ompressive representation, spe
tral signature identi�
ation of 
onstituent materials,and determination of their 
orresponding fra
tional abundan
es. Note that a hyperspe
tralimage 
an be 
onsidered as a 3D tensor, e.g. [29℄. Zhang, et al. [31℄ have proposed a novelapproa
h to pro
essing hyperspe
tral data (tensors) using Nonnegative Tensor Fa
torization(NTF) for 3-D arrays, whi
h redu
es a large tensor into three nonnegative fa
tor matri
es,the Khatri-Rao produ
t whi
h approximates the original tensor, see e.g. [18℄. This approa
hpreserves physi
al 
hara
teristi
s of the data su
h as nonnegativity and is a natural exten-sion of nonnegative least squares approximate nonnegative matrix fa
torization, see e.g. [10℄.However, the use of NTF was only partially su

essful in [31℄. Hyperspe
tral data is typi
allynoisy and su�ers for both spatial and spe
tral blurring, e.g. [5, 11, 15, 30℄. Those problemswere also reported in [31℄. Also, analyzing tensors is 
hallenging. Algorithms �tting tensormodels depend heavily upon the initial set-up, i.e., number of 
omponents, and the initial-ization of the 
omponent matri
es. See the NSF Workshop report by Van Loan [29℄ for adis
ussion of tensor 
omputations and resear
h needed for these problems.Here, we propose an alternative to the use of NTF for hyperspe
tral data analysis withspa
e obje
t material identi�
ation appli
ations. We apply a 
oupled segmentation anddeblurring model to the problem of hyperspe
tral material (sometimes 
alled endmember)identi�
ation. This approa
h is tested with data used in [31℄ for spa
e obje
t identi�
ationappli
ations. In Se
tion 2 a 
oupled segmentation and deblurring model is proposed, and thenumeri
al implementation of the proposed method is given in Se
tion 3. We then des
ribethe hyperspe
tral data used for our numeri
al tests and its relationship to the spa
e obje
tidenti�
ation problem in Se
tion 4. Numeri
al experiments are provided in Se
tion 5, andsome 
omments and open problems are given in Se
tion 6.2 Coupled Segmentation and Denoising/DeblurringFor multi-mode data hyper
ubes, the enormity of dire
t data storage and pro
essing tasks isoften too daunting to permit a reasonable dire
t 
omputational approa
h. This is parti
ularlytrue in the 
ontext of 
omputing information measures for highly-multi-parametri
 statisti
aldistributions, and where the data are blurred and noisy a
ross the spe
tral bands. A di�erentand more pra
ti
al approa
h in this 
ase is one that stresses physi
s in the spe
i�
 sense thatthe underlying physi
al model is often based on a rather mu
h smaller set of parameters. Apowerful strategy in handling what are naively large data sets is thus to devote 
onsiderableattention to the underlying physi
al model and to identify the small set of parameters that
an explain the underlying stru
ture of the otherwise intra
table data volume. The viabilityof this approa
h is guaranteed very generally, sin
e physi
al problems of any interest veryoften admit a 
omplete des
ription in terms of a relatively small set of parameters.An in
reasingly useful approa
h to extra
ting su
h underlying stru
ture is to employ im-2



age segmentation and obje
t identi�
ation te
hniques to 
ompressively represent the originalhyperspe
tral 
ubes by a set of spatially orthogonal bases and a set of spe
tral tra
es, i.e.
T (x, y, λ) ≈

∑

i

µi(x, y)fi(λ), (x, y) ∈ Ω (1)where Ω is the domain of the observed hyperspe
tral 
ubes, µi(x, y) is a binary supportfun
tion for the ith obje
t and fi(λ) is the spe
tral tra
e of the ith obje
t. This is the simpler
ase of assuming no overlapping between obje
ts in the spatial dimensions, i.e. {µi} areorthogonal, but it 
an be extended to the mixing 
ase by 
hanging the range of µi frombinary to the interval of [0, 1].Thus, we anti
ipate a de
omposition of the data into a sum of elementary images, ea
h
orresponding, e.g., to a spe
i�
 material 
onstituent of the surfa
e of an obje
t whi
h 
an beexpe
ted to be spatially sparse in our appli
ations. For example, in hyperspe
tral imaging ofsatellites from the ground, the µi 
ould 
orrespond to the solar panels whi
h are lo
alized to
ertain surfa
e regions and are thus sparse over the full 2D array and the ve
tor fi(λ) 
ould
orrespond to a solar panel material spe
tral signature [31℄. Variational PDE methods, e.g.the Chan-Vese model [9℄ and its extensions [25℄, 
an be employed to segment out 
ertainregions of a single image to identify µi.However, from a pra
ti
al standpoint hyperspe
tral data is generally noisy and blurred,espe
ially in ground-based imaging through the atmosphere, see [4, 5, 6℄. This situation 
an
ompli
ate any attempt to segment and analyze the data, as was observed in [31℄. We �rstdes
ribe a denoising/deblurring model that will be used to prepro
ess the hyperspe
tral dataalong with segmentation.2.1 A Fast Denoising/Deblurring Model using Total VariationDigital image restoration and re
onstru
tion play an important part in numerous areas ofapplied s
ien
es su
h as medi
al and astronomi
al imaging, image and video 
oding. Inour parti
ular appli
ation we are 
on
erned with the degradation e�e
ts of imaging throughatmospheri
 turbulen
e [27℄.Assume the observed gray s
ale image I0 : Ω → R is blurred with a known point spreadfun
tion (psf) h and 
ontaminated by some noise n, that is
I0(x, y) = (h ∗ I)(x, y) + n(x, y). (2)We assume h satis�es 0 ≤ h ≤ 1 and ∫

Ω
h(x, y)dxdy = 1. In order to re
over the 
leanimage I from I0, a total variation regularization with ℓ2 �t-to-data term deblurring modelminimizes the following energy fun
tional

E(I) =

∫

Ω

|∇I|dxdy + γ

∫

Ω

(h ∗ I − I0)
2dxdy.The �rst term in the right hand side is the total variation of I. Huang et al. [16℄ proposedto introdu
e an auxiliary variable J , and to approximate the energy E(I) by

E(I, J) =

∫

Ω

|∇J |dxdy +
1

2θ

∫

Ω

(I − J)2dxdy + γ

∫

Ω

(h ∗ I − I0)
2dxdy.3



Then they solve the minimizer by an alternative minimization method: Fixing I, J 
an besolved by Chambolle's [8℄ fast dual proje
tion method; Fixing J , I 
an be solved in variousways, for example using the FFT when h is spatially invariant. The overall algorithm isfaster than gradient des
ent methods [16℄. Here, θ and γ are �xed parameters de�ned bythe user. The parameters 
an be determined by using the strategy studied in [19℄.2.2 A Fuzzy Pie
ewise Constant Segmentation ModelImage segmentation, an important problem in image analysis, is to partition a given imageinto disjoint regions, su
h that the regions 
orrespond to the obje
ts in the image. Thereare a wide variety of approa
hes to the segmentation problem. Based on the Mumford-Shah[22℄ fun
tional for segmentation, Chan and Vese [9℄ proposed a level set model for a
tive
ontours to dete
t obje
ts whose boundaries are not ne
essarily de�ned by a gradient.As in the Chan-Vese model as des
ribed in [9℄, we assume the image 
an be approximatedby a pie
ewise 
onstant fun
tion ∑N

i=1 ciχi where χi is the 
hara
teristi
 fun
tion of set Ωiand ci are 
onstants, i.e.,
I(x, y) ≈ ci, (x, y) ∈ Ωi,where {Ωi}

N
i=1 is a partition of the image domain Ω. Then the pie
ewise 
onstant segmen-tation problem be
omes to re
over the 
lean image I, c = (c1, ..., cn) and the partition fromthe observed data I0. A

ording to (1), we determine Ωi and ci to mat
h the λth frequen
yimage of the hyperspe
tral tensors as follows:

ci =

{

fi(λ), (x, y) ∈ Ωi with µi(x, y) = 1
0, otherwise.For 
onvenien
e, we label the ba
kground to be one region or one material. In the followingdis
ussion, we 
onsider segmentation and deblurring model for the λth frequen
y image ofthe hyperspe
tral 
ubes. In Se
tion 4, the extension of the model to the whole hyperspe
traltensor with all frequen
ies will be 
onsidered.Let ∂Ωi be the boundary of region Ωi. Let Γ =

⋃N

i=1 ∂Ωi be the segmentation boundariesof the entire image. The segmentation is usually given by minimizing the pie
ewise 
onstantMumford-Shah energy fun
tional
E(c, Γ) = |Γ| +

N
∑

i=1

τ

∫

Ωi

(I − ci)
2dxdy (3)In terms of 
hara
teristi
 fun
tions χ = (χ1, ..., χN), where χi denotes the 
hara
teristi
fun
tion of region Ωi, energy (3) 
an be rewritten as

E(c, χ) =
N
∑

i=1

∫

Ω

|∇χi|dx +
N
∑

i=1

τ

∫

Ω

(I − ci)
2χidxdy (4)In the last term ∫

Ω
|∇χi|dxdy equals the perimeter of ∂Ωi. There is a s
aling of fa
tor 2sin
e we add ea
h boundary twi
e. For simpli
ity, we negle
t it.4



The binary valued fun
tion χi gives a hard segmentation of Ω. In the following, we usea fuzzy membership fun
tion ui(x, y) to substitute for the hard membership fun
tion χi in(4). As a fuzzy membership fun
tion, ui must satisfy the 
onditions:(i) 0 ≤ ui ≤ 1, and (ii) N
∑

i=1

ui = 1. (5)Then we get the 
onstrained fuzzy pie
ewise 
onstant segmentation model of minimizingenergy fun
tional
E(U, c) =

N
∑

i=1

∫

Ω

|∇ui|dxdy +
N
∑

i=1

τ

∫

Ω

(I − ci)
2up

i dxdy (6)where p is a parameter to determine the fuzziness of segmentation and U = (u1, ..., uN).For image without noise and/or blur, the fuzzy pie
ewise 
onstant segmentation modelgenerally works quite well, e.g. [3, 21℄.2.3 The Combined ModelHere we 
ombine the denoising/deblurring model and the fuzzy pie
ewise 
onstant segmenta-tion model together with p = 2. We then obtain a 
oupled model for deblur and segmentationwhi
h is to minimize
E(U, c, I) =

∫

Ω

|∇I|dxdy +
N
∑

i=1

∫

Ω

|∇ui|dxdy +
γ

2

∫

Ω

(h ∗ I − I0)
2dxdy +

N
∑

i=1

τ

2

∫

Ω

(I − ci)
2u2

i dxdy (7)subje
t to 
onstraints (i) and (ii) in (5).Assume the observed image I0 ∈ BV (Ω) ∩ L∞(Ω) and α = ess infΩ I0, β = ess supΩ I0.Then we are aimed to �nd the minimizer of E(U, c, I) in a restri
ted spa
e
A =

{

(U, c, I) |
ui ∈ BV (Ω), i = 1 : N, satis�es (i) and (ii), c ∈ R

N ,
I ∈ BV (Ω) ∩ L∞(Ω), α ≤ I ≤ β.

}where the 
onstraint α ≤ I ≤ β is natural.Theorem 2.1. For �xed parameters N, τ, γ, there exists a minimizer of the energy E in therestri
ted spa
e A .Proof. It is easy to derive from the Euler-Lagrange equation of energy E that
ci =

∫

Ω
I(x, y)u2

i (x, y)dxdy
∫

Ω
u2

i (x, y)dxdy5



if ∫
Ω

u2
i (x)dxdy > 0. If ∫

Ω
u2

i (x)dxdy = 0 (i.e., ui(x, y) = 0 a.e. (x, y) ∈ Ω), we de�ne ci = 0.For su
h 
ase, the fuzzy membership fun
tion is not employed, the number N 
an be redu
ed
orrespondingly.Now, we 
an take I = α, ui = 1
N

, ci = α, i = 1 : N , then E(U, c, I) = γ

2

∫

Ω
(α − I0)

2dxdy <
+∞. Together with the fa
t E ≥ 0 in A , we dedu
e that the in�mum of the energy mustbe �nite. To show the existen
e of a minimizer of the energy, we let (Un, cn, In) ⊆ A bea minimizing sequen
e for energy (7), that is, E(Un, cn, In) → inf E(U, c, I) as n → +∞.Then there exists a 
onstant M > 0, su
h that

E(Un, cn, In) =
∫

Ω
|∇In|dx +

∑N

i=1

∫

Ω
|∇un

i |dxdy + γ

2

∫

Ω
(h ∗ In − I0)

2dx

+
∑N

i=1
τ
2

∫

Ω
(In − cn

i )2(un
i )

2dxdy ≤ M.Then we have ea
h term of E(Un, cn, In) is bounded, i.e.
∫

Ω

|∇In|dxdy ≤ M (8)
∫

Ω

|∇un
i |dxdy ≤ M (9)

γ

2

∫

Ω

(h ∗ In − I0)
2dxdy ≤ M (10)

τ

2

∫

Ω

(In − cn
i )2(un

i )2dxdy ≤ M (11)Sin
e un
i satis�es 
ondition (i), ‖un

i ‖L1(Ω) =
∫

Ω
un

i dxdy ≤ |Ω|. Together with (9) we get {un
i }is uniformly bounded in BV (Ω) for ea
h i = 1 : N . By the 
ompa
tness property of BVspa
e, up to a subsequen
e also denoted by {un

i } after relabelling, there exists a fun
tion
u∗

i ∈ BV (Ω) su
h that
un

i → u∗

i strongly in L1(Ω)

un
i → u∗

i a.e. (x, y) ∈ Ω

∇un
i ⇀ ∇u∗

i in the sense of measure.Then by the lower semi
ontinuity of total variation,
∫

Ω

|∇u∗

i |dxdy ≤ lim inf
n→∞

∫

Ω

|∇un
i |dxdy (12)Meanwhile sin
e un

i satis�es 
onstraints (i) and (ii), by the 
onvergen
e result, u∗

i also satis�es(i) and (ii).If cn
i is given by

cn
i =

∫

Ω
I(un

i )
2dxdy

∫

Ω
(un

i )
2dxdy

,then we have α ≤ cn
i ≤ β; Otherwise, cn

i = 0. Hen
e we get
min(α, 0) ≤ cn

i ≤ β.6



>From the boundedness of the sequen
e {cn
i }, we 
an extra
t a subsequen
e, also denotedby {cn

i }, and a 
onstant c∗i su
h that
cn
i → c∗i uniformly.Sin
e un

i → u∗

i , a.e. x ∈ Ω and cn
i → c∗i , the Fatou Lemma gives

∫

Ω

(I − c∗i )
2(u∗

i )
2dxdy ≤ lim inf

n→∞

∫

Ω

(I − cn
i )2(un

i )
2dxdy (13)The inequality (8) says that the total variation of In is uniformly bounded. Sin
e α ≤ In ≤ β,we have the L1 norm of In is uniformly bounded. Then In is uniformly bounded in BV (Ω),and thus there exists a subsequen
e {In} and a fun
tion I∗ ∈ BV (Ω) and α ≤ I∗ ≤ β su
hthat

In → I∗ strongly in L1(Ω)

In → I∗ a.e. (x, y) ∈ Ω

∇In ⇀ ∇I∗ in the sense of measure.Then by the semi-
ontinuity of total variation and L2 norm, we obtain
∫

Ω

|∇I∗|dxdy ≤ lim inf
n→∞

∫

Ω

|∇In|dxdy (14)
∫

Ω

(h ∗ I∗ − I0)
2dxdy ≤ lim inf

n→∞

∫

Ω

(h ∗ In − I0)
2dxdy (15)Combining inequalities (12)-(15) for all i, on a suitable subsequen
e, we have establishedthat

E(U∗, c∗, I∗) ≤ lim inf
n→∞

E(Un, cn, In) = inf E(U, c, I) (16)and hen
e (U∗, c∗, I∗) must be a minimizer. This 
ompletes the proof.3 The Numeri
al MethodFor e�
ien
y, we 
hoose to follow [7, 16, 21℄ and use Chambolle's dual proje
tion algorithm[8℄. Adding auxiliary variables V = (v1, ..., vN) and J , we approximate E by
Er(I, J, U, V, c) =

∫

Ω
|∇J |dx +

∑N

i=1

∫

Ω
|∇vi|dxdy + 1

2η

∫

Ω
(I − J)2dxdy

+ 1
2θ

∑N

i=1

∫

Ω
(vi − ui)

2dxdy + γ

2

∫

Ω
(h ∗ I − I0)

2dxdy +
∑N

i=1
τ
2

∫

Ω
(I − ci)

2u2
i dxdy

(17)where θ and η are 
hosen small enough so that I and J , ui and vi are almost identi
al.Sin
e (17) is 
omponentwise 
onvex in ea
h variable I, J, U, V, c, we 
an minimize it by analternative method as follows.3.1 Solve for the Ve
tor of Constants cTaking the derivative of Er with respe
t to ci and setting the result to zero, we obtain
ci =

∫

Ω
I(x, y)u2

i (x, y)dxdy
∫

Ω
u2

i (x, y)dxdy
. (18)7



3.2 Solve for the Auxiliary Variable VWe solve vi by minimizing
∫

Ω

|∇vi|dxdy +
1

2θ

∫

Ω

(vi − ui)
2dxdyThis problem 
an be e�
iently solved by a fast duality proje
tion algorithm. The solutionis given by

vi = ui − θdiv pi, i = 1 : N (19)where the ve
tor pi 
an be solved by a �xed point method: initializing p0
i = 0 and iterating

pn+1
i =

pn
i + φ∇ (div pn

i − ui/θ)

1 + φ |∇ (div pn
i − ui/θ)|

.with φ ≤ 1/8 to ensure 
onvergen
e. See [8℄ for more details.3.3 Solve for the Membership Fun
tion UWe 
onsider the minimization problem
min

U

τ

2

N
∑

i=1

∫

Ω

diu
2
i dx +

1

2θ

N
∑

i=1

∫

Ω

(vi − ui)
2dx (20)subje
t to 
onstraints (i) and (ii), where di = (I − ci)

2 refers to the di�eren
e in between thedenoised/deblurred image and the ith spe
tral obje
t. In order to give the lo
ation of the ithspe
tral obje
t, the term u2
i is used with di in the 
al
ulation. Sin
e the obje
tive fun
tionis stri
tly 
onvex and the feasible region is 
onvex, there exists a unique global minimizer

U∗ of problem (20). However, it is hard to get the exa
t solution [21℄. In order to give anapproximate numeri
al solution, �rstly we do not 
onsider the inequality 
onstraints (i). Byadding pointwise Lagrange multipliers δ(x) to handle the equality 
onstraints (ii), we needto minimize
τ

2

N
∑

i=1

∫

Ω

diu
2
i dx +

1

2θ

N
∑

i=1

∫

Ω

(vi − ui)
2dx −

∫

Ω

δ(x)

(

N
∑

i=1

ui − 1

)

dxThe optimal 
ondition is
τdi(x)ui(x) +

1

θ
(ui(x) − vi(x)) = δ(x).Then the 
losed form solution of ui is given by

ui =
vi − θδ

1 + τθdi

.Using the 
onstraints ∑N

i=1 ui = 1, we have
N
∑

i=1

vi − θδ

1 + τθdi

= 1,8



then
δ =

∑N

i=1
vi

1+τθdi
− 1

θ
∑N

i=1
1

1+τθdi

. (21)Substituting δ into the formula of ui gives
ui =

vi

1 + τθdi

−

∑N

j=1
vj

1+τθrj
− 1

∑N

j=1
1+τθdi

1+τθrj

.Se
ondly we 
an apply the inequality 
onstraints by proje
ting ui onto [0,1℄,
ûi := min{max{ui, 0}, 1}. (22)Finally ûi gives our approximate numeri
al solution.3.4 Solve for the Auxiliary Variable J

J 
an be solved for by minimizing
∫

Ω

|∇I|dxdy +
1

2η

∫

Ω

(I − J)2dxdyUsing the fast dual proje
tion method as in Se
tion 3.2, the solution is given by
J = I − ηdiv p (23)where the ve
tor p 
an be determined by a �xed point method. See se
tion 3.2 for details.3.5 Solve for ITaking the derivative of Er with respe
t to I and setting the result to zero, we obtain

δEr

δI
=

1

η
(I − J) + γh−1 ∗ (h ∗ I − I0) + τ

N
∑

i=1

(I − ci)u
2
i = 0.Then I 
an be determined by

I = F−1

(

F(J) + γηF(h)∗ ◦ F(I0) + τη
∑N

i=1(ciF(ui)
2)

1 + γηF(h)∗ ◦ F(h) + τη
∑N

i=1(F(ui)2)

)

, (24)where F denotes the Fourier transform.We remark that in the deblurring pro
ess, the parameter η is 
hosen to be a sequen
ethat goes to zero. In fa
t, we 
hoose the initial value of η be 0.1 and then de
rease it by
η = η./1.2 during the evolution. The evolution of I, J is stopped when η < 1e − 8.

9



3.6 Algorithm DetailsThe algorithm for minimizing Er in (17) 
an be summarized in the following six steps.
• Step 1) Initialize the membership fun
tions ui su
h that the 
onstraints (i) and (ii) areboth satis�ed. Set I = I0, J = I, vi = ui, η = 0.1.
• Step 2) Cal
ulate ci by formula (18).
• Step 3) Update vi by formula (19).
• Step 4) Update the membership fun
tions ui using formula (22).Set η = η/1.2.
• Step 5) Update J by formula (23).
• Step 6) Update I by formula (24).If η < 1e − 8, end steps 5) and 6).Repeat Steps 2)-6) until termination. The termination 
riterion is as follows:

‖cnew − cold‖ ≤ ǫwhere c = (c1, ..., cN) is the ve
tor of intensity values of N spe
tral obje
ts and ‖ · ‖denotes the Eu
lidean distan
e and ǫ is a small positive number de�ned by the user.3.7 Extending the Algorithm to Hyperspe
tral Image DataIn this subse
tion, we present the extension of our algorithm to three-dimensional tensors,spe
i�
ally hyperspe
tral data 
ubes. Let I(x, y, λ) : Ω × W → R denote the tensor imagewhere x and y denote spatial variables and λ, is the spe
tral variable. In dis
rete form, we
an view I as a ve
tor-valued image as follows: I = (I1, ..., Im) : Ω → R
m. Here m is thenumber of spe
tral frequen
ies (wavelengths in spe
tral terminology) to be 
onsidered. Thenthe pie
ewise 
onstant image model 
hanges to

Ij(x, y) ≈ cij, j = 1 : m, (x, y) ∈ Ωiwhere {Ωi}
N
i=1 is a partition of the image domain Ω, and ci = (ci1, ..., cim) is a spe
tral ve
torof the ith obje
t (or the spe
trum of the ith obje
t). Then we 
an formulate a matrix

C = [cij ] whi
h denotes the spe
tral tra
es of all the segmented obje
ts in the hyperspe
traldata 
ube. Note that these spe
tral tra
es, sometimes 
alled endmembers, are determinedhere without mat
hing with a spe
tral library as is often used, e.g, [14℄.Similarly, 
onsider the matrix U = (u1, ..., uN). The rows ui(x, y) of U represent the hardmembership fun
tions χi in (4), and must satisfy (5).
10



Denote the observed hyperspe
tral tensor by I0. We 
ombine the denoising/deblurringmodel and the fuzzy pie
ewise 
onstant segmentation model together with p = 2, and 
on-sider a 
oupled model for denoising/deblurring and segmentation, whi
h is to minimize
E(U, C, I) =

m
∑

j=1

∫

Ω

|∇Ij|dxdy +
N
∑

i=1

∫

Ω

|∇ui|dxdy +
γ

2

∫

Ω

(h ∗ I − I0)
2dxdy +

N
∑

i=1

τ

2

∫

Ω

1

m

m
∑

j=1

(Ij − cij)
2u2

i dxdy, (25)subje
t to 
onstraints (i) and (ii) in (5). Here dij = (Ij − cij)
2 refers to the the di�eren
ein the jth spe
tral band between the denoised/deblurred tensor image and the ith spe
tralobje
t. We 
an set the di�eren
e between the denoised/deblurred tensor image and the ithspe
tral obje
t to be the average of the m spe
tral bands:

di =
di1 + · · ·+ dim

m
.In order to give the lo
ation of the ith spe
tral obje
t, the term u2

i is used with di in the
al
ulation. The algorithm in the previous subse
tion 
an now be employed to the hyper-spe
tral tensor 
ase. For example, it is easy to obtain the new formulas for the 
omponentsof the matrix C, i.e.,
cij =

∫

Ω
Iju

2
i dxdy

∫

Ω
u2

i dxdy
.Then the formulas for Ii, Ji are similar to I, J in the grays
ale image 
ase. The unknowns
an be updated similarity a

ording to the pro
edures in Algorithm 1.Here we would like to remark that similar to a tensor de
omposition of I, we 
an alsointerpret our de
omposition of I by using the 
ompressive representation matri
es U and Cas follows:

I(x, y, j) =

N
∑

i=1

ui(x, y)cij, ∀(x, y) and 1 ≤ j ≤ m.4 Hyperspe
tral Dataset Simulating Spa
e ObservationsFor safety and other 
onsiderations in spa
e, non-resolved spa
e obje
t 
hara
terization isan important 
omponent of Spa
e Situational Awareness (SSA). The key problem in non-resolved spa
e obje
t 
hara
terization is to use spe
tral re�e
tan
e data to gain knowledgeregarding the physi
al properties (e.g., fun
tion, size, type, status 
hange) of spa
e obje
tsthat 
annot be spatially resolved with normal pan
hromati
 teles
ope te
hnology. Su
hobje
ts may in
lude geosyn
hronous satellites, ro
ket bodies, platforms, spa
e debris, ornano-satellites. Spe
tral re�e
tan
e data of a spa
e obje
t 
an be gathered using ground-based spe
trometers, su
h as the SPICA system, see [2, 23, 24℄, lo
ated on the 1.6 meterGemini teles
ope and the ASIS system, see [4, 5, 6℄, lo
ated on the 3.67 meter teles
ope atthe Maui Spa
e Surveillan
e Complex (MSSC), and 
ontains essential information regarding11



Figure 1: The original simulated image of the Hubble Spa
e Teles
ope [4℄, representative ofthe data 
olle
ted by the Maui ASIS system.the makeup or types of materials 
omprising the obje
t. Di�erent materials, su
h as alu-minum, mylar, paint, plasti
s and solar 
ell, possess fairly unique 
hara
teristi
 wavelength-dependent absorption features, or spe
tral signatures, whi
h mix together in the spe
tralre�e
tan
e measurement of an obje
t.Spe
tral unmixing is a problem that originated within the hyperspe
tral imaging 
om-munity and several 
omputational methods to solve it have been proposed over the last fewyears. A thorough study and 
omparison of various 
omputational methods for endmemberor spe
tral signature 
omputation, in the related 
ontext of hyperspe
tral unmixing, 
an befound in the work of Plaza et al., [26℄. An information-theoreti
 approa
h has been providedby Wang and Chang [30℄.In an earlier proje
t on spe
tral data analysis for SOI, some of the authors have employedNon-negative Matrix Fa
torization (NMF) algorithms for unmixing of spe
tral re�e
tan
edata from a single pixel imaged by the SPICA spe
trometer at MCSS to �nd endmember
andidates. In that work, regularized inverse problemmethods for determining 
orrespondingfra
tional abundan
es were developed [23, 24℄.A new spe
tral imaging sensor, 
apable of 
olle
ting hyperspe
tral images of spa
e ob-je
ts, has been installed on the 3.67 meter Advan
ed Ele
tro
al-Opti
al System (AEOS) atthe MSSC. The AEOS Spe
tral Imaging Sensor (ASIS) is used to 
olle
t adaptive opti
s
ompensated spe
tral images of astronomi
al obje
ts and satellites. In a series of papers,Blake et al., [4, 5, 6℄, have developed model-based spe
tral image de
onvolution methods that
an simultaneously remove some of the spatial and imaging system-
aused spe
tral blurringintrodu
ed by the ASIS sensor. See Fig. 1 for a simulated hyperspe
tral image of the HubbleSpa
e Teles
ope from [4℄, similar to that 
olle
ted by ASIS.For our numeri
al tests, we use the data developed by Zhang, et al. in [31℄, where theauthors 
onstru
ted a dataset of simulated spe
tral data using a 3-D model of the HubbleSpa
e Teles
ope and a NASA library of material spe
tral signatures [1℄. These are lab-measured re�e
tan
e ratios obtained by 
omparing the measured re�e
tan
e of ea
h materialto a known re�e
tan
e of a white referen
e. The 3-D model was dis
retized into a 128× 12812



Figure 2: Spe
tral signatures of eight materials assigned to simulated Hubble Spa
e Teles
opemodel.array of pixels for whi
h a spe
i�
 mixture of 8 materials was assigned based on orientationof the Hubble teles
ope. Figure 2 shows the spe
tral signatures of these materials. Thesignatures 
over a band of spe
trum from .4µm to 2.5µm for 100 evenly distributed samplingpoints, leading to a hyperspe
tral data 
ube, or 3D tensor, T 0 of size 128 × 128 × 100.Table 1: Materials, 
olors and fra
tional abundan
es used for Hubble satellite simulation.Material Color Fra
tional Abundan
e (%)Bolts red 3Copper Stripping 
yan 13Hubble Honey
omb Side blue 3Hubble Honey
omb Top white 4Hubble Aluminum light gray 19Hubble Green Glue dark gray 12Solar Cell gold 37Bla
k Rubber Edge dark gray 8Three other hyperspe
tral (3D tensor) datasets, T 1, T 2, and T 3 were then 
onstru
tedfrom the T 0 by 
onsidering: (i) spatial blur (Gaussian point spread fun
tion with standarddeviation of 2 pixels), (ii) noise (independent Gaussian, and signal-dependent Poisson noiseasso
iated with the light dete
tion pro
ess), and (iii) a mixture of blur and noise. We simulatethe pra
ti
al situations of observing hyperspe
tral data in a simple way, i.e. to simulate the13



Figure 3: Materials assigned to pixels in Hubble Satellite Teles
ope image.opti
al blurring with a Gaussian PSF and the various noises present in the atmosphere andin the imaging system with a noise model. These simpli�
ations 
an easily be repla
ed byfor example, more advan
ed turbulen
e models, for future studies. We adopt a widely usednoise model [17℄ for modifying our tensor T to T̃ , spe
i�ed by:
t̃ijk = tijk + n

(1)
ijk

√

tijk + n
(2)
ijk, (26)where n(1) ∈ N(0, σ1) and n(2) ∈ N(0, σ2). Here we set σ1 = .05 and σ2 = .005.As an illustration of original material signatures assigned to ea
h image pixel, we renderan image of Hubble Spa
e Teles
ope, Figure 3, using the 
olor map de�ned in Table 1.5 Experimental ResultsWe test our algorithm on the four hyperspe
tral tensor images with size 128×128×100: theoriginal 
lear image; the noisy image; the blurred image; the blurred and noisy image. In the�rst row of Figure 4, the �rst band of the tensor image is shown. The se
ond 
olumn showsthe deblurred image using the fast denoising/deblurring model and our 
oupled model. It is
lear that our 
oupled model has a similar performan
e as the denoising/deblurring modelin the aspe
t of deblurring. In Figures 5 through 12, we test the four tensor images. We set

N = 9, and give the segmentation results and the nine membership fun
tions (in
luding theba
kground) in Figures 5, 7, 9 and 11. For instan
e, in Figure 5(a), the segmentation resultrefers to di�erent regions based on the matrix U . In Figures 5(b)-5(j), we show the valuesof the membership fun
tions ui ex
ept the ba
kground. When the pixel intensity is white inthe �gures, this indi
ates that this pixel belong to a parti
ular region in an image. Similarly,when the pixel intensity is bla
k in the �gures, this indi
ates that this pixel does not belongto the region formed. There may be some pixel intensities grey, whi
h indi
ates that thepixel may or may not belong to the segmented region. As is usual, we 
hoose the maximalvalue among all the membership fun
tions to de
ide to whi
h region this pixel belongs.In Figures 6, 8, 10 and 12, we show the original spe
tral signatures and the estimatedspe
tral signatures for the membership fun
tions. In these �gures, the values of cij areshown with respe
t to region i of an image. In the 
lean and blurred tensor images, we�nd in Figures 6 and 10 that the estimated spe
tral signatures for Bolts and Bla
k Rubber14



Edge are not mat
hed well with the original spe
tral signatures. The reason is that they arethe smaller and thinner parts: they get mixed with surrounding materials whi
h make themdi�
ult to extra
t. However, the proposed method estimates the other materials very well.In the noisy image, the estimated spe
tral ve
tors are mat
hed with the original spe
tralve
tors ex
ept the Bla
k Rubber Edge, see Figure 8. In the blurred and noisy tensor image,there are three materials (Bolts, Honey
omb Side and Bla
k Rubber Edge) that are notmat
hed very well, but the estimated spe
tral signatures of the other materials are quitegood. We observe in these �gures that there are some 
hannels of the spe
tral signatures(Copper Stripping, Hubble Honey
omb Top, Hubble Aluminum, Hubble Green Glue, andSolar Cell) that are estimated 
onsistently well in the four situations: the 
lear image, thedenoised image, the deblurred image and the deblurred and denoised image.6 Con
lusions and Future WorkIn this paper, we have developed a 
ombined variational image restoration and segmentationmodel for hyperspe
tral spa
e obje
t unsupervised material identi�
ation in the presen
e ofnoise and blur. Mathemati
ally, the existen
e of solution to the proposed energy fun
tionalminimization is proved in a restri
ted spa
e. Numeri
ally, the model is solved by a 
onver-gent alternating minimization method. We add new variables in the energy fun
tional tominimize so that two of the subproblems 
an be solved by fast dual proje
tion methods. Themodel provides the segmentation result and the restored image simultaneously. Numeri
alresults show that our proposed method is a promising approa
h to hyperspe
tral materialidenti�
ation asso
iated with spa
e obje
t identi�
ation.In future work, 
omparisons of our variational method will be made with the re
entdevelopment of multilevel iterative methods for deblurring, denoising, and segmentation byMorigi, Rei
hel, and Sgallari [20℄. It will be interesting to 
ompare the overall e�e
tivenessand 
omputational e�orts of these related approa
hes, using an extension of their methodto hyperspe
tral data.Another, rather di�erent, approa
h to obtaining 
ompressive representation of hyperspe
-tral data has been re
ently investigated by Gillis and Plemmons [12℄, who propose the use ofmatrix and tensor fa
torization methods in the spirit of PCA. Nonnegative Matrix Fa
toriza-tion (NMF) and its variants have re
ently been su

essfully used as dimensionality redu
tionte
hniques for identi�
ation of the materials present in hyperspe
tral images. In their paper,the authors present a new variant of NMF 
alled Nonnegative Matrix Underapproximation(NMU), based on the introdu
tion of underapproximation 
onstraints whi
h enables one toextra
t features in a re
ursive way, like PCA, but preserving nonnegativity. These additional
onstraints appear to make NMU parti
ularly well-suited to a
hieve a parts-based and sparserepresentation of the data, enabling it to re
over the 
onstitutive elements in hyperspe
traldata. A 
omparison will between our methods proposed here with the methods in [12℄ interms of 
ompressive representation 
apabilities on a variety of hyperspe
tral data 
ubes.Future work also in
ludes re�nement of our 
ombined deblurring, denoising, and segmen-tation model to in
lude supervised learning (
lassi�
ation) 
apabilities. We are interested inapplying our method to analyze remote sensing hyperspe
tral data obtained from airborneimagery for studying e
ologi
al 
onditions and 
hanges, as the work of Goodwin, et al. [13℄,15



and the work of Saat
hi, et al. [28℄.Testing will also be made on geospatial hyperspe
tral data obtained from the ArmyGeospatial Center. This will in
lude the HYDICE data 
ubes Urban and Terrain1, 
onsideredre
ently by Guo, Wittman, and Osher [14℄.Referen
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(a) (b) (
) (d)
(e) (f) (g) (h)Figure 4: Band 1 of the hyperspe
tral tensor image. (a) the original 
lean image; (b)image with noise; (
) image with blur; (d) image with blur and noise; (e) deblurred imagefor (
) with our fast denoising/deblurring algorithm; (f) deblurred image for (d) with ourfast denoising/deblurring algorithm; (g) deblurred image with 
oupled segmentation anddeblurring algorithm for (
); (h) deblurred image with our denoising/deblurring algorithmfor (d).

19



(a)
(b) (
) (d)
(e) (f) (g)
(h) (i) (j)Figure 5: Segmentation of the 
lean tensor image; (a) the segmentation result; (b)-(j) themembership fun
tions u1 to u9.
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(h)Figure 6: (The 
lean tensor image) The original material spe
tral signatures: red and -.and the estimated spe
tral signatures: blue and � : (a) Bolts; (b) Copper Stripping,; (
)Hubble Honey
omb Side; (d) Hubble Honey
omb Top; (e) Hubble Aluminum; (f) HubbleGreen Glue; (g) Solar Cell and (h) Bla
k Rubber Edge.

21



(a)
(b) (
) (d)
(e) (f) (g)
(h) (i) (j)Figure 7: Segmentation of the noisy tensor image using the 
oupled segmentation and de-noising/deblurring algorithm; (a) the segmentation result; (b)-(j) the membership fun
tions

u1 to u9.
22
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(h)Figure 8: (The noisy tensor image) The original material spe
tral signatures: red and -.and the estimated spe
tral signatures: blue and � : (a) Bolts; (b) Copper Stripping,; (
)Hubble Honey
omb Side; (d) Hubble Honey
omb Top; (e) Hubble Aluminum; (f) HubbleGreen Glue; (g) Solar Cell and (h) Bla
k Rubber Edge.
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(a)
(b) (
) (d)
(e) (f) (g)
(h) (i) (j)Figure 9: Segmentation of the blurred tensor image with the 
oupled segmentation and de-noising/deblurring algorithm; (a) the segmentation result; (b)-(j) the membership fun
tions

u1 to u9.
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(h)Figure 10: (The blurred tensor image) The original material spe
tral signatures: red and-. and the estimated spe
tral signatures: blue and � : (a) Bolts; (b) Copper Stripping,; (
)Hubble Honey
omb Side; (d) Hubble Honey
omb Top; (e) Hubble Aluminum; (f) HubbleGreen Glue; (g) Solar Cell and (h) Bla
k Rubber Edge.
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(a)
(b) (
) (d)
(e) (f) (g)
(h) (i) (j)Figure 11: Segmentation of the blurred and noisy tensor image with the 
oupled segmentationand denoising/deblurring algorithm; (a) the segmentation result; (b)-(j) the membershipfun
tions u1 to u9.
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(h)Figure 12: (The blurred and noisy tensor image) The original material spe
tral signatures:red and -. and the estimated spe
tral signatures: blue and � : (a) Bolts; (b) CopperStripping,; (
) Hubble Honey
omb Side; (d) Hubble Honey
omb Top; (e) Hubble Aluminum;(f) Hubble Green Glue; (g) Solar Cell and (h) Bla
k Rubber Edge.
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