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ABSTRACT
The Biot-Savart operator and electrodynamics on bounded shdomains of the three-sphere
R. Jason Parsley

Dennis M. DeTurck and Herman R. Gluck

We study the generalization of the Biot-Savart law from eledrodynamics in the presence of
curvature. We de ne the integral operator BS acting on all vector elds on subdomains of the three-
dimensional sphere, the set of points irR* that are one unit away from the origin. By doing so, we
establish a geometric setting for electrodynamics in posive curvature. When applied to a vector
eld, the Biot-Savart operator behaves like a magnetic eld; we display suitable electric elds so that
Maxwell's equations hold. Speci cally, the Biot-Savart operator applied to a \current" V is a right
inverse to curl; thus BS is important in the study of curl eigenvalue energy-minimization problems
in geometry and physics. We show that the Biot-Savart operabr is self-adjoint and bounded. The
helicity of a vector eld, a measure of the coiling of its ow, is expressed as an inner product of
BS(V) with V. We nd upper bounds for helicity on the three-sp here; our bounds are not sharp but
we produce explicit examples within an order of magnitude. h all instances, the formulas we give
are geometrically meaningful: they are preserved by oriergtion-preserving isometries of the three-
sphere. Applications of the Biot-Savart operator include gdasma physics, geometric knot theory,

solar physics, and DNA replication.
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Chapter 1

Introduction

n.b., This is an updated version as of November 2005; it is that version submitted to Penn's faculty

in April 2004. The update consists of correcting a few mingpographical errors.

The Biot-Savart law in electrodynamics calculates the magrtic eld B arising from a current
ow V in a smoothly bounded region of R®. Taking the curl of B recovers the ow V, provided
there is no time-dependence for this system. The Biot-Savarlaw can be extended to an operator
which acts on all smooth vector eldsV de ned in . Cantarella, DeTurck, and Gluck investigated
its properties in [5] and have found numerous connections ta@leas in geometric knot theory, to energy
minimization problems for vector elds, to plasma physics, and to DNA structure [4, 6, 8, 9, 10].
This dissertation investigates how this story changes in tle presence of curvature by looking at
subdomains of the three-dimensional sphere,S3.

In this work, we develop an approach to electrodynamics on sth bounded subdomains via
the Biot-Savart operator, which we de ne on S3. We provide integral formulas for Maxwell's
equations and derive a useful correlation between the BioSavart and curl operators. We investigate

applications to the helicity of vector elds and provide upp er bounds on helicity values. We conclude



by mentioning possible applications to energy-minimizaton problems for vector elds and also to a
problem in solar physics.

Our formulas are geometrically meaningful, in that their integrands are preserved by orientation-
preserving isometries ofS3. Though verifying that Maxwell's equations hold on orientable 3-
manifolds is an elementary exercise in di erential forms, reither a literature search nor a search
via Google uncovered any geometric formulas for electrodyamics in the presence of curvature.

The Biot-Savart operator in Euclidean space is de ned, forx;y 2 R® as

4
BS(V)(y)= V(X) r (xy)dvok ;

for a current ow V on a compact subdomain . The function (x;y) = is the funda-

1
40y X
mental solution to the Laplacian.

The integral formula for the Biot-Savart operator in Euclid ean space requires the addition of
vectors lying in dierent tangent spaces. To obtain an analogous formula on the 3-sphere, we
must decide how to move tangent vectors among tangent spacegwo natural choices exist: parallel
transport along a minimal geodesic or left translation (or right translation) using the group structure
of S® viewed as the group of unit quaternions orSU(2). Each method has its advantages and
disadvantages; wherever convenient, we use the more illusttive method. We de ne the Biot-Savart

operator on the 3-sphere as an integral using each transpornethod.
z

BS(V)(y) PyxV(x) 1 () dx
z z z

LV(X r o )dx 4—12 L V(x)dx+2r LV r 1 )dx

BS(V)(y)

Here, Py, denotes parallel transport fromx to y and L denotes left-translation from x to y. Let

(x;y) be the distance on the three-sphere betweew and y; then the potential functions above are

(v = g5 ese()
o (6y) = g0 )eor)
(oY) = e @)



Electrodynamics on the entire 3-sphere was developed in [L4with applications to geometric
knot theory and to the helicity of vector elds. Electrodyna mics on compact subdomains (with
boundary) of S® is the correct analogue of the Euclidean setting, and it raigs a rich and interesting

set of issues:

The Hodge Decomposition Theorem for vector elds is more corplicated than for the three-
sphere, because curl is no longer a self-adjoint operator andivergence is no longer the (neg-

ative) adjoint of gradient.

Current ows on bounded domains can deposit electric charg®n boundaries and thereby a ect

Maxwell's equations.

Nonsingular current ows can be restricted to tubular neighborhoods of knots, enabling con-
nections between the writhing number of the core knot and boh the helicity and ux of these

Oows.

Using these explicit formulas, we obtain integral versionsof Maxwell's equations; in particular,

Theorem 1.1. The divergence ofBS(V) is zero.

Theorem 1.2.

0 1

V(y) inside
ry BS(V)(y) = % &

0 outside
Z

ry (rx V(x)) odvoly
Z

+ry (V(x) n) o darea,
@

A useful consequence of this theorem is that fo divergence-free and tangent to the boundary,
the curl operator acts as a left inverse to the Biot-Savart ogerator. Any such V in this space that
is also an eigen eld ofBS must furthermore be an eigen eld of curl. The eigenvalue forcurl is

precisely the reciprocal of the eigenvalue for Biot-Savarti.e., if BS(V)= V ,thenr V = 1V,



We also show thatBS is a bounded, self-adjoint operator. We describe its imagerad nd its

kernel.

Theorem 1.3. The kernel of the Biot-Savart operator on is precisely the subspace of gradients

that are always orthogonal to the boundary@ .

The helicity of a vector eld measures the extent to which the eld lines wrap and coil around
each other. It was introduced by Woltjer [28] in 1958 and nameé by Mo att [19] in 1969. Helicity
is conveniently expressed in Euclidean space as the? inner product H(V) = h;BS(V)i. We
present the corresponding integral formula for the heliciy of vector elds on S3; the formula is
again invariant under isometries.

The helicity of a vector eld is bounded by its L? energy:

Theorem 1.4. Let R be the radius of a ball inS® with the same volume as . Then for any vector

eld V2 VF() , we have bounds oBS(V) and the helicity of V as follows:

JH(V)] N(R)WV;Vi

whereN (R) = 1 [2(1 cosR) +( R)sinR].



Chapter 2

Background and history

This chapter begins with a brief history of the 19th century experiments that led to the Biot-Savart
law in electrodynamics. Next is a description of the extenan of this law to an operator on all vector
elds on R®; we mention several results about the Biot-Savart operatorin Euclidean space. In the
next section, we discuss the helicity of vector elds onR® and its connections to the Biot-Savart
operator. Again several results about helicity are descriled for Euclidean vector elds. Finally, the
chapter ends with a section on electrodynamics results on th three-sphere and hyperbolic three-

space.

2.1 Electrodynamics history: Biot and Savart's work

Little was known until 1820 about the interplay between eledric current and magnetism. That year,
Oersted discovered that moving an electric charge generatean e ect on compass needles; indeed
compass needles had been previously observed to wobble cwgithunderstorms. His discovery was
communicated to the French Academie des Sciences on Septesrill, 1820. Within a week, Ampere
showed that two parallel wires carrying currents would attract each other if the currents owed in

the same direction, and would repel each other if the currerd owed in opposing directions.



On October 30, 1820, Jean-Baptiste Biot (1774-1862) and higinior colleague Felix Savart (1791-
1841) performed a landmark experiment, described in [3]. Sirting with a long vertical wire and a
magnetic needle some horizontal distance apart, they showkthat running a current through the
wire caused the needle to move. After a suitable transient tine, the needle settled into a stable
position resulting from the magnetic force induced by the curent. They showed that this force
was perpendicular to the plane spanned by the wire and the lie connecting needle to wire, and
furthermore that the intensity of the force was inversely proportional to the distance between wire
and needle.

After these observations, Biot shared them with Laplace, anl they deduced the force exerted by
each small section of the wire. Biot and Savart conducted a s®mnd experiment to test these ideas.
This time they used a bent wire in their setup. They knew that the force intensity at the needle
location y due to the current through a point x was fF(Q—Z) whereR is the distancejx vyj, and is
the angle between the wire and the vectoix .

In modern times, this result carries their names as the BiotSavart law: For a steady current
J inside a region R3, where could represent a curve, surface, or volume, the magetic eld
associated toJ is

z

) L% dx 2.1)

B = - -
() RRE

0
4
See Figure 2.1 for a depiction of the integrand. The constant o represents thepermeability of free

4 10 "N=A? (Newtons per amp squared). Magnetic force is measured in tems of

space o

Teslas, T = N=(A m). The earth's magnetic eld is approximately 5 10 5T; one Tesla represents
a strong magnetic eld one might encounter in a laboratory. We choose to work in units such that

o = 1. In addition, we will always think of as being three-dime nsional, whether it is considered
as a subset oR® as in this section or as a subset 082 as in later chapters.

Ampere conjectured, correctly, that all magnetic e ects are due to a current ow. Another of his

contributions is Ampere's Law, which we state in two di erent versions. Viewed as a di erential,



J(X)

magnetic field
at y due to J(x)

Figure 2.1: The integrand of the Biot-Savart law.

Ampere's Law says

r B= oJ

Integrating both sides over the domain and invoking Stokes' Theorem produces the integral version

of Ampere's Law:
I z

B ds= o, J ndx
C=@

In other words, the circulation of the magnetic eld around a closed curveC is equal to the ux of
the current J through any surface bounded by C.

Speci cally for a closed curve C° on the boundary of , we may choose as a surface lying
outside ; then the right-hand side of Ampere's Law vanishes. Thus, a magnetic eld has zero

circulation about a curve on the boundary,
I
B ds=0
co
Electrodynamics continued to develop in the early 19th cenury. In 1831, Faraday discovered
that moving a magnetic eld generates an electric eld; 11 years earlier Oersted had discovered that

the motion of electric charge generates a magnetic eld. Mawell and Lorentz added further results

and polish to the subject. Maxwell's equations describe thecurl and divergence of electric and



magnetic elds. The di erential version of Ampere's Law app ears as one of them. We list Maxwell's
equations in section 4.5 and show that through our de nitions they hold on the three-sphere and its
subdomains.

For a more thorough history of electrodynamics, see Trickes book [25]; this book along with
an unpublished historical report by Cantarella, DeTurck, and Gluck are the primary sources for the

material in this section.

2.2 The Biot-Savart operator on ~ R3

Let J be a smooth current contained in a subdomain of R®. Currents obey the continuity equation,

r J= %t ;

where (x;t) is the volume charge density. The continuity equation implies that all steady currents
are divergence-free. To be contained in , the current is al® tangent to the boundary. We call
uid knots those vector elds that are both divergence-free and tangento the boundary. The
current J then is a uid knot. Fluid knots cannot have any gradient comp onent due to the Hodge
Decomposition Theorem for vector elds; see [7] for a recengxposition. We make use of this theorem
on S2 later in section 3.4.

Cantarella, DeTurck, and Gluck [5] extended the Biot-Savait formula on currents to be an integral
operator acting on all smooth vector elds de ned on , a spac e we denoteV F(). This Biot-Savart
operator, BS : VF() ! VF(), is expressed as

1 z y X
BS(V)(y) = 7 V(x) ——=dx : (2.2)

iy xj3

They prove four main theorems and provide explicit versionsof Maxwell's equations.



Proposition 2.1 (CDG, [5]). Let V2 VF() .
0

1
V(y) inside
ry BS(V)y) = % &
0 outside
r« V()
+ry X dvoly
y \./(X) hdareax
@ Y X

This proposition proves one direction of the following theaem.

Theorem 2.2 (CDG, [5]). The equationr  BS(V)= V holdsin if and only if V is divergence-

free and tangent to the boundary.

Known for almost two centuries, Ampere's Law guarantees tha curl is a left inverse to BS for a
uid knot V. Theorem 2.2 states that this is the only case when curl actssa left inverse. Therefore
the eigenvalue problems for the Biot-Savart operator, whit arise in studying helicity and in plasma
physics, cannot be converted in general to eigenvalue probins for the curl operator. However, when
we restrict to vector elds that are uid knots, we can conver t eigenvalue problems from Biot-Savart

to curl, as Arnold does in [1].

Theorem 2.3 (CDG, [5]). The kernel of the Biot-Savart operator is precisely the spae of gradient

vector elds that are orthogonal to the boundary of .

Theorem 2.4 (CDG, [5]). The image of the Biot-Savart operator is a proper subspace dhe image

of curl, and its orthogonal projection into the subspace of \uxless knots" is injective.

The subspace of uxless knots are de ned as uid knots which have zero ux through every

cross-sectional surface (; @) ( ;@.
Theorem 2.5 (CDG, [5]). The Biot-Savart operator is a bounded operator; hence it exands to a

bounded operator on thelL. 2 completion of its domain, where it is both compact and self-gjoint.

As an application, we show that the Biot-Savart operator is manifest in Gauss's formula for

linking number. In a half-page paper [17] in 1833, Gauss gavéhe linking number of two knots



(simple closed curves)K 1; K, in R® as

z
1 dx dy x vy

LK K,) = — = 2

(K1 K2) 4 ¢, k,ds dt jx yP

dsdt

By manipulating the integral, we see the Biot-Savart integrand taken over the curveK ;.

Z Z
1 dx y X dy
L(Kq;K = — -— - —ds — dt
(K1iKz) kK, 4 «,ds jx vy S
z dx dy
L(Kq;K = B _— =
(KiK2) K, S & a™
In the last equation, we loosen the de nition of BS so that the domain of integration of BS %

is the curve K 1, rather than a three-dimensional subdomain of Euclidean spce.

2.3 Helicity

The helicity of a vector eld on a domain in R® is a measure of the extent to which the eld
lines wrap and coil around one another. Denote thelL? inner product of vector eld on as

R
hvV;Wi = vV W dx. Helicity can be de ned in terms of the Biot-Savart operator:

H(V) = H:BS(V)i
Z
HV) = - V(0 V) S dxdy

Helicity was introduced by Woltjer [28] in 1958 and named by Mo att [19] in 1969. For
divergence-free vector elds, helicity is the same as Arna's asymptotic Hopf invariant, described
in [1]. It has many applications in plasma physics, geometig knot theory, magnetohydrodynamics,
and energy minimization problems for vector elds.

There is an analogous concept to helicity of vector elds forcurves. Thewrithing number  of

a smooth, simple curveK  R®, which is parameterized by arclength, is

Z
Wr(K):i dx dy x y

T o ds dt x yposd

10









If a plasma is injected into a containment vessel , it will tu rbulently ow for a short time and
quickly shed some of its energy. This ow is described by a vesion of the Navier-Stokes equations
that takes magnetic e ects into account. Eventually, the plasma reaches a minimal energy state
and stabilizes to a steady ow. This process known agplasma relaxation . During this process,
the helicity of the plasma decays on a much slower time scalehtain the energy does; it is fair to
approximate helicity as a constant during plasma relaxatim.

We therefore may solve for the steady plasma ow as the vectoreld on with minimum energy
hv;Vi for a xed helicity value. This is known as the Woltjer problem , named after the astro-
physicist Ludewijk Woltjer. We ask that V be divergence-free and tangent ta@ so that it properly
models a steady plasma ow. The Woltjer Problem can be solvedvia Lagrange multipliers and is
far more tractable than using the magnetohydrodynamics vesion of the Navier-Stokes equations
to determine the plasma ow. The Woltjer Problem has been soVed analytically for spherically
symmetric domains and for solid tori in Euclidean space [106].

For not simply-connected, an additional constraint beyon d helicity is required to properly
model the stable plasma ow. Fix the ux of V through a basis of cross-sectional surfaces for
H>( ;@). Then the stable plasma ow resulting on is well approxim ated by the solution to
the Taylor problem: among all divergence-free vector elds, tangent to@ , with xed ux and
helicity, nd the one with minimum energy. Taylor [24] gave solutions to this problem on a solid at
torus and showed that they exhibited areversed eld pinch , a plasma ow where the paritcles
near the boundary move in the reverse direction to the main ais of the ow. The reversed eld
pinch has been observed experimentally but does not appeaniWoltjer solutions. Taylor's results
were extended in [21].

One more energy-minimization problem allows for choice of dmain. Optimal domains prob-
lem: Among all compact subdomains R® of a given volume, and among all divergence-free
vector elds tangent to @ with prescribed helicity, nd the vector eld with the minim um energy

and nd the domain containing it.

13



Cantarella, DeTurck, and Gluck [9] proved several results egarding the optimal domains problem;

together with them, we have numerical results and a conjectoed solution.

2.4 Electrodynamics results on  S® and H3

Electrodynamics on the three-sphere appears in a forthcomig paper by DeTurck and Gluck [14].
The author worked closely with them in the early stages of ths project as they de ned the Biot-
Savart operator on all of the three-sphere. The resulting fomulas, which appear in section 4.2, are
rightly credited to them, but we furnish our own independent proofs in that section.

Once these were established, the three of us split our labor.In this work, the author has
focused on developing electrodynamics on bounded subdonmai of the three-sphere, which introduces
signi cant obstacles not found on the whole ofS3. They have focused on applications of the Biot-
Savart operator to linking, writhing, and twisting in S3. Furthermore they prove analogous results
for hyperbolic three-spaceH 3. We summarize their results in this section.

We present their formulas for linking, writhing, and twisti ng in the next three results.

Theorem 2.8 (Linking integrals on S and H?3). (DG, [14]) Let K; and K, be smooth knots
on the appropriate space; let (x;y) be the distance between two pointg and y in the appropriate

space. Then their linking numbers are calculated by the falving integrals.

1. On the three-sphere using left-translation to move vecto elds:

1 z dx dy
L(Kl:KZ) = F < Kz(LyX 1) & a ry (X,y) dsdt
1 z dx dy
ﬁ Ky K, (Lyx 1) E a det
Here, ( (xy))=( ) cot

2. On the three-sphere using parallel transport to move veot elds:

Z
dx dy

L(K1;K — =
( 1 2) Ky K, yde dt

1
= 72 ry (x;y)dsdt

14









The two de nitions of twist on S® produce di erent values.
Two(K; )= Twe (K ) 5=
But notice that the two methods do agree on the sum of twist andwrithe.

Wr (K)+ Tw (K; )= Wrp(K)+ Twp(K; )

DeTurck and Gluck conclude by extending Galugareanu's result to S® and H3. Let K be a
smooth knot in the appropriate space. De ne a ribbon aboutK via the normal eld (s) and call

the new edgeK ° as in section 2.3.

Theorem 2.11 (DG, [14]). Link equalstwist plus writhe.
L(K:K 9= Tw (K; )+ Wr (K)

The subscript in the above formula indicates that we are allowed to chooseansistently either

the parallel transport or the left-translation formulas on S3.

17



Chapter 3

Vector calculus on S3

Much of our work on the three-sphere is to be performed local The three-sphereS? is blessed
with structure; it can be viewed as a subset ofR* or as a Lie group, either asSU(2) or as the group
of unit quaternions, Sp(1). Taking advantage of these structures, we work with three orthonormal
frames onS3: (1) left-invariant vector elds, (2) spherical coordinat es, and (3) toroidal coordinates.
In this chapter, we describe each of these frames and how thaglate to one another. Next, we
give the formulas for the operators gradient, divergence, arl, and Laplacian in terms of the three
frames. Then, we describe the Hodge Decomposition Theorerorffvector elds on S3. After that, we
detail the notion of a triple product of three vectors in R*. Following that, we describe two means of
transporting vector elds between di erent tangent spaces on the three-sphere; either use the group
structure to left translate vector elds or use the Riemannian connection to parallel transport them.
In the next two sections, we develop a version of the Laplacia which operates on vector elds and
describe its behavior. For closed manifolds, the inverse tthis vector Laplacian operator exists and
is known as the Green's operator. We also note that Appendix Acontains a list of vector identities

involving the vector operators which are then proven for all orientable Riemannian 3-manifolds.

18



3.1 Preliminaries

Let M3 be an orientable, Riemannian 3-manifold possibly with bourary. Call V F(M) the space
of smooth vector elds on M. Denote the L? inner product of two functions f;g on a manifold M

ashf;gi = RM fg dvol, and denote the inducedL 2 norm askf k. De ne the L2 inner product of two
vector elds V;W 2 VF(M) ashv; Wi = RM V W dvol, and denote the inducedL? norm as kVKk.
We reserve the notationjV (x)j to represent the length ofV at the point x.

Let [f ] denote the average value of the functiorf on the three-sphere, i.e.,

y4 y4

1 1
S3f(x)dx- 52

[ﬂFW 3f(x)dx

S
Begin by viewing S® R*. Let fx;y; u;vg be standard Euclidean coordinates orR*. By writing
z=x+iy andw = u+ iv, we can viewS® C? as the set of points wherejzj? + jwj2 = 1. Also

considerS? as the groupSU(2); the point (z;w) 2 S® corresponds to the matrix
2

3
gt
w oz |
In particular, the point (1 ;0), the north pole, corresponds to the identity matrix in SU(2).

We will often work with a subdomain of S3, by which we mean that S® is a compact
3-manifold with piecewise smooth boundary.

Often we encounter functionsf (x;y) and vector elds V (x;y) that depend upon two points in S3.
When performing the vector operations gradient, divergene, and curl, it is necessary to indicate at
which point the di erentiation should occur. We accomplish this by adding a subscript to the nabla
operator. For example,r f (x;y) indicates that we take the gradient with respect to y coordinates;

the resulting vector eld lies in T, S3. We adopt this notation consistently throughout this work a nd

apologize for any confusion with covariant derivatives.
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3.2 Orthonormal frames on S3

3.2.1 Left-invariant frame

The rst orthonormal frame we consider comes from the Lie alggbra su(2). The basis ofsu(2) given

by 2 3 2 3 2 3

corresponds to three orthogonal tangent vectors at the nort pole (1;0) 2 C? of S3. Choose three
left-invariant vector elds f0;;0,; 039 so that they agree at the north pole with the above basis. In

Euclidean coordinates onR*, this left-invariant frame is given by

0, = yR + X¢+ v uv
0, = ux Vvg+ xt+ y¢
03 = VR + uy yo+ x¢

This framing induces the natural orientation on S3 embedded in R*. These vector elds are
known asHopf elds . Let f! ;! ,;! 39 denote the corresponding orthonormal coframe eld, e.g.,
;= ydx + xdy + vdu udv. The volume formonS®isdvol= 1121,/ I 5,

Figure 3.1 depicts orbits of the Hopf eld 0, as viewed inR®. It has one orbit along the circle

x? + y2 = 1, and another along the circle u? + v? = 1, which is projected onto the z-axis in the

sketch.

Remark 3.1. The Lie bracket [0;0;] = 2 jk Ok, where j is the sign of the permutation (ijk )
and is zero if (jk ) is not a permutation. Its nontrivial Lie brackets imply tha t the left-invariant

frame does not form a coordinate system ors2.

Remark 3.2. One could just as easily choose a frame consisting of rightwariant vector elds that

agree at the north pole with the basis ofsu(2) given above.

20



Figure 3.1: Orbits of the Hopf eld 4.
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We proceed to prove two results of interest for later work. Fa both of them, let be a subdomain

of the three-sphere.

Proposition 3.3.  Let U be a left-invariant smooth vector eld on and letW be any smooth vector
eld on . Then,

rwu=w U :

Proof. Write U in terms of the left-invariant basis: U = X a; 0j, where the a are real constants.
Also write W in terms of this basis: W = W (x) = X wil(x) 0;, where the w;(x) are real-valued
functions.

We claim that r o, 0; = jx Ok, where i is the sign of the permutation.

By the symmetries of the left-invariant elds “u;, the covariant derivative anti-commutes; for

instance,r o, 02 = r 4,0;. Thus, the Lie bracket
[01;02] =T 0102 r ozu\l =2r 0102 = 2'&!3

As mentioned earlier, 4y ; 0] = 2813; hence, we have shown that 4, 0, = 3, and the other permu-
tations follow likewise. Sincer 4 & = 0, the claim is complete.

Now we can prove the proposition. We utilize the convention & summing over all repeated

indices.
rwl = T wo g0
= Wil o, G
= wigr o 0 + wili(a) 0
= Wia jk 0k+0
This last term is easily recognized as the cross-produdvV U, and the proof is complete. O

Corollary 3.4. Let U be a left-invariant eld dened on , and let G be a gradient de ned on
Then,

r (U G)=[U;G]
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Proof. Use vector identity (4) from Appendix A to begin:

ru g = U r G+G (r U+ ryG+rgU

By the preceding proposition, the last term isG U. The rst term on the right-hand side vanishes
sincer G = 0. In the second term on the right, r U = 2U, sinceU is a left-invariant eld

(see Table 3.1). Then,

r(UG) = 0+(G 2U)+ryG+ G U
= ryG G U
= ryG r gU
= [UG]

3.2.2 Spherical coordinates

An n-dimensional sphere can be parameterized in terms afi di erent angular coordinates. We
de ne the spherical coordinatesf ; ; g as follows. Let represent the distance onS® from a point
to the north pole (1;0;0;0) 2 R*. The set of points that are the same distance from the north pde
describes a two-sphere ir§%; let and be the standard spherical coordinates on these two-spheres

In terms of Euclidean coordinates we have

X = cos

y = sin cos

uUu = sin sin cos

Vv = sin sin sin
where 0 , 0 ,and O 2.
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The standard vectors given by these coordinates do not havenit length. To establish an or-

thonormal frame, de ne

A — @ N i N = 1 _@

R @ ,__ 1
@'’ sin @' sin sin @

The corresponding orthonormal coframe is
fd; sind; sin sind g

The volume form given by these coordinates iglvol = sin? sin d ~d ~d . The volume of S® is
zZ,272 Z
sif sin ddd =2 ?2
The transformation from spherical coordinates to the leftinvariant frame is given by the orthog-

onal matrix M:
2 3

cos cos sin sin  sin
My = sin cos CcOS cOS coS +sSin  sSin sin  cos cos Ccos sin ;
sin  sin COS COS COoS sin cos sin cOS cOS +COS COS

where 2 3 2 3

2 3 2 3
0, N I d
0 =M1§ " and ! =M, sin d
O3 n 3 sin  sin d

To transform from the left-invariant frame to spherical coordinates, simply use the transposeM .

The determinant of M1 is +1, and so spherical coordinates preserve the natural oentation on S3.

3.2.3 Toroidal coordinates

For our third orthonormal frame, view a point (z;w) 2 S® R* = C2. Write z = x + iy and
W = u+ iv, orin polar form, z = re' andw = e' . Then the three-sphere is the set of points in

C? with r2+ 2=1. By letting r =cos and =sin , we establish toroidal coordinatesf ; ; g
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z-axis represents
W+v2=1

x2+y2=1

Figure 3.2: Toroidal coordinates.

on S3. These are represented terms of Euclidean coordinates(y; u;v) 2 R* as

X = C€OS COos
y = cO0s sin
u = sin cos
vV = sin sin ;
where 0 =2,0 2 ,and 0 2 . Figure 3.2 shows toroidal coordinates represented

* g de nes a left-handed orientation.

in R®; note that

The coordinate foliates the three-sphere into tori, from which these cooréhates obtain their
name. For example, theCliord torus in S2 is the set of points wherer? = 2 = 1=2; in toroidal
coordinates, the Cliord torus is given asf = =4g. In the cases when 0 or =2, the torus
degenerates into a circle, eitherx? + y2 = 1 or u? + v2 = 1, respectively. These tori are integrable
surfaces for the left-invariant vector eld %11, de ned in Section 3.2.1; Figure 3.1 depicts the ow of

0;. In toroidal coordinates, &; =cos " sin "
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The standard vectors given by these coordinates do not havenit length. To establish an or-

thonormal frame, de ne

A= @ Ao i@ =
@

@' cos

A_ 1
sin

@
@
The corresponding orthonormal coframe is

fd; cosd; sind ¢

The volume form given by these coordinates islvol =cos sin d ~d ~d . As a check, the volume

of S® again computes to 2 2.

z2,2,72.,
cos sin ddd =2 2

The transformation from toroidal coordinates to the left-i nvariant frame is given by the orthog-

onal matrix Ms:

2 3
0 cos sin
M2 = E cos( ) sin sin( ) cos sin( ) ;
sin( ) sin  cos( ) cos cos( )
where 2 3 2 3 2 3 2 3

0y A I d

093 = M " and Iy = M28 cosd

O3 " I3 sin d

To transform from the left-invariant frame to toroidal coor dinates, simply use the transposeM .
The determinant of M, is 1, which means that (; ; ) de nes a left-handed frame onS2. One
can avoid this by using the frame (; ; ).

To go from spherical coordinates to toroidal ones, we can mtiply by the orthogonal matrix

MJIMy.
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3.3 Vector calculus formulas on S3

On any Riemannian 3-manifold (M 3; g) there exists the following 1-1 correspondence between the
space of vector eldsV F(M) and smooth di erential forms  (M):
d

d d

M) ! (M) ! (M) ! 3(M)
% % % %
k? ? 1 ? 2 ?

c:l(M)!grad VE(M) L VEM)! o Ct(M)

\

The map 1 sends a vector eldV to the 1-form 1(V)( )= !v ()= g(V; ), hence the need for
the Riemannian metric on M. The map , sends a vector eldV to the 2-form  ,(V) = iyvdvol =
dvol(V; ; ); it requires only the volume form dvol on M . The map from functions to 3-forms is given
by the Hodge star operator :f 7! fdvol. Note that , = 1, Where here the Hodge star maps
between 1-forms and 2-forms.

The formulas for the vector operators gradient, divergencecurl, and Laplacian are written as

rf = [ Nd) (3.1)
rVo o= dl V)= d o 1(V) (3.2)
rooVvo= o Ltd vy = t(d (V) (3.3)

f = d o HdF) = d o (3.4)

Formulas for these operators appear in Table 3.1 for each ofuy three frame elds. All of the
calculations are straightforward via formulas (3.1)-(3.4). We compute the divergence and curl ofu}
as a sample calculation.

To calculate the divergence and curl ofu}, we utilize the orthonormal left-invariant coframe
fl1;12;139. These forms are not derived from a coordinate system, so tlyeare not necessarily
exact. Infact, d! ;= 2,215, dl,= 2137215, andd! 3= 2! ;71,5 Recall, the volume form

isdvol=1 21 ,1n 15,
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First compute the divergence,r 0; = d 2(01). To begin, 1(0;)= "', and

2(01) = 1(00) = 1 = 1,010
d 2(01) = dlaMlg+!,Mdlg
d 2(01) = ( 203701 )N g+ 1,0 ( 21470 1)
d 2(01) = O

Therefore &, is divergence-free; so arei*and &;. Thus, any left-invariant eld is divergence-free.

We now computer 0y:

rooo; = ,N(d 1(0n)

1 (d! 1))
= QN 2201y

= 201

Similarly, r 0, = 20 andr 03 = 2¢3. Any left-invariant vector eld U then is an eigen eld

of curl with eigenvalue 2.

28



Table 3.1: Vector calculus formulas on s3

Left-invariant frame fog;02; 039

Write V = v1 01 + Vo 0, + v3 03.

Here W\ (f ) denotes the action of the vector eld &; on the function f .

Gradient: r f = /Uj_(f)ﬁl + /Uz(f)ﬁz + /tlg(f)ﬁg
Divergence: r V = Ag(vi) + Ma(vo) + M3(vs)
Curl: r v o= [Wa(vz) 03(v2)] 01 + [3(vi) 01(v3)] 02

+ [le(v2) (Vi) O3 2V

Laplacian: f = M (0(f)) + 2 (02(F)) + Mg (03(F))

Spherical coordinates 2 % Ag

Wiite V= f A+ g™+ hA.

Gradient: rf = f "N+ f - f — A
sin sin  sin
. 2cos 1 cos 1
Divergence: r v = f + . f + —g + — —Q + — -
sin sin sin  sin sin  sin
curl- Py = (hs.ln )_ 9 A, f (.hsm_) sin_ A, (gsm) f
sin  sin sin  sin sin
. 2 1
Laplacian: f = f ?OS f+ —f + _ZCL_f
sin sin sin®  sin
1
+ ——f
sin®  sin®
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Table 3.1, continued.

Toroidal coordinates A"

Write V = f2+ g"+ h”™. Note: fA * "gis aleft-handed frame. When taking cross-products, use

n o
the right-handed frame 4 %"
. f oA f A
Gradient: rf = f A+ +
cos sin
; 2 2 1 1
Divergence: r-v = + C,°S g + h
sin2 cos sin
Curl: ry = 9 ho,, (hsn) f A T (gCOS) A
Sin cos sSin cos
2cos?2 1 1
Laplacian: f = + == f
plac sin2 cog sin?
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3.4 The Hodge Decomposition Theorem

We make frequent use of the Hodge Decomposition Theorem forector elds applied both to sub-
domains of the three-sphere and to the three-sphere itselfCantarella, DeTurck, and Gluck provide
a detailed treatment of the Hodge Decomposition Theorem forsubdomains ofR® in [7]. The result
and proof for subdomains ofS? is analogous to the Euclidean case; we state the theorem butefer

you to their work for a proof. After presenting an example, wedepict how the theorem changes for

a closed manifoldM 3.

Theorem 3.5 (Hodge Decomposition Theorem for R%). Let be a compact three-dimensional

submanifold of S® with @ piecewise smooth. Then, there exists a decomposition & F() into ve

mutually orthogonal subspaces,

VF()= FK HK CG HG GG

where,

FK = uxless knots = fr V=0;V n=0; allinterior uxes=0 g
HK = harmonic knots = fr V=0;V n=0;r V=0g¢
CG = curly gradients = fV=r; r V=0;all boundary uxes=0g
HG = harmonic gradients = fV=r ; r V =0; locally constant on @ g
GG = grounded gradients = fV=r ; jg =09
The subspacedHK and HG are nite dimensional and
HK = Hy( ;R) = R¥Ws@
HG = HZ( 'R) — chomponents of @ jj components of j

31



Furthermore,

ker div = FK HK CG HG

image curl = FK HK CG

ker curl = HK CG HG GG
image grad = CG HG GG

De nition 3.6. Dene uid knots  (which is often truncated to \knots") to be the subspace

K()= FK HK. Similarly, de ne gradients to be the subspac&()= CG HG GG.

De nition 3.7. A vector eld V is said to be Amperian if it has zero circulation around every

H
closed curveC on @ that bounds a surface outside , i.e., .V ds=0.

Example 3.8. Let be a tubular neighborhood of the circle x? + y?> = 1 in the three-sphere

S® = f(x;y;u;Vv)jx? + y? + u? + v2 = 1g. De ne the tube using toroidal coordinatesas = f(;; ):
0 ag for some angle ,. Let a=sin ,. The boundary of is a torus de ned by the circles
u?+v2=a?andx?+y2=1 a?, or simply by the toroidal coordinate = , = arcsin a.

Then the Hodge Decomposition Theorem implies that the harmaic knots on are one-dimensional
: . 1 A .
since @ has genus one. The vector eld given by W = cos “is divergence-free, curl-free, and tan-
gent to the boundary; thus W is a generator ofHK ().

Now, consider the left-invariant eld u; on . Recall, in toroidal coordinates,
0;=cos " sin

It is divergence-free and tangent to the boundary, thusu} is a uid knot. We decompose W} into its
uxless knot and harmonic knot components: Uy = ug + uy. The harmonic component must be a

multiple of W, so

C &

Uy = cW= ——
Ccos

Also, uy must contain all the ux of “u; through a cross-sectional disk of the solid torus , i.e.,
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F(uy) = F(01). This ux condition determines the constant c. First calculate, the ux of “uj:

z 2 z arcsin a

F(01) = 0, “sindd
=0 =0
arcsin a
FM) = 2 sin cos d
=0
F(ﬁl) = 3.2
Next calculate the ux of uy:
z arcsin a :
n
Flug) = 2 =
-0 cos
F(uy) = c In1 a?
a? . p—— 4 P
Therefore,c= —————-. Note that lim c=1andc= 1 a2+ O(a%). When a=1= 2, then
In1 a?) al 0

a = =4 and the region describes the solid Cli ord torus. In that ¢ ase,c=1=2In2) 0:721.

To conclude the example, the decomposition ofif*into uxless and harmonic components is

al 1 A
In(1 a2) cos

a’ 1 A A
(1 a?) cos_ sin

uy =

Ug = Ccos

Now consider the case of a closed manifol¥ . The Hodge Decomposition Theorem is simpler

and involves only three components. We express it in terms ofector elds; for a thorough treatment

of the theorem in terms of di erential forms, see chapter 6 ofWarner's book [26].
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Theorem 3.9 (Hodge Decomposition Theorem for M closed). Let M be a closed orientable

Riemannian manifold. Then, there exists a decomposition oV F(M ) into three mutually orthogonal

subspaces,

VF()= FK HK G

where,

FK = uxless knots = fr V=0;all uxes=0g
HK = harmonic knots = fr V =0;r V =0g
G = gradients = fVv=r g

The subspaceHK is nite dimensional and HK (M) = H;(M; R). Furthermore,

ker div = FK HK

image curl = FK

ker curl = HK G
image grad = G

Fluxless knots, more speci cally have zero ux through every closed surface contained in M.
The isomorphism HK = H;(M; R) is given by viewing V 2 HK as a functional on 1-forms; i.e.,
V: Y(M)! R,whereV: 7! RM (V) dvol.

For M closed, the gradients behave analogously to the grounded gdients de ned previously;

the subspacesCG and HG have no analogue for closed manifolds.

Proposition 3.10. For M closed, curl is a self-adjoint operator; also, divergence rad gradient are

negative adjoints of each other.

Proof. Via identity 6 in the Appendix, and the Divergence Theorem,

z z z
(r V) Wadvol r (V W)dvol+ (r W) Vdvol
ZM M d M

(r V) Wdvol (r W) Vdvol
M M

1
o
+
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Thus, hr ~ V;Wi = hr W,;Vi, so curl is self-adjoint.
To see divergence and gradient are negative adjoints, we Uize identity 5 from the Appendix

and the Divergence Theorem:

Z Z Z
f(r V)dvol = r (fV)dvol rf Vdvol
ZM M 7 M
f(r V)dvol = 0 r f V dvol
M M
Thus W;r Vi = hr f;Vi, where the rst L? inner product is in C* (M) and the second is in
VF(M). Hence, (div) = grad. O

Since it arises so often in this work, here is the Hodge Deconagsition Theorem for the three-

sphere.

Corollary 3.11. The Hodge Decomposition Theorem onS® decomposesV F(S®) into only two
nontrivial subspaces. The subspac#lK (S®) is trivial. Thus, all knots are uxless knots, i.e.,
K (S%) = FK (S%). Thus,

VFE(S®) = K(S®) G(s®)

Furthermore,

K (S®)

ker div = image curl

G(S®) = image grad = ker curl
3.5 Triple products

Let A;B;C be vectors (or vector elds) on R*. Let 2 [0; ] be the angle between vectorsA and

B.

De nition 3.12.  The triple product of A, B, and C is the ve%tor

Csq

2
a a az as
by b by Iy
[A;B;C]= det
Ci C C3
Xt X Xy Xy
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The triple product of three vectors in R* is the analogue of the cross product of two vectors in
R3. Indeed, the product of n 1 vectors in R" is similarly de ned as the determinant of ann n

matrix.

Three useful properties of triple products are that
1. [A;B;C]=[B;C;A]l= [A;C;B].

2. [A;B;C] is orthogonal to A, B, and C. If A, B, and C are linearly independent, then
fA;B;C; [A;B;C]g forms a basis that agrees with the standard orientation onR*. If A,

B, and C are linearly dependent, then A;B;C]=0.

3. If Ais a point in S® (i.e., jAj = 1), and B and C are tangent to the three-sphere atA, i.e.,
B;C 2 TA S8, then [A;B; C] can be viewed as a vector inlTx S2, where it is equal to the cross

product B C.

More generally, for A 2 S3, the triple product [A;B;C]= B? C?, whereB? (and likewise

for C?) is the component of B perpendicular to A.

B’=B (A B)A

Lemma 3.13 (DG, [14]). Lety 2 S3. For vector elds A, B in R* that do not depend upony,
ry [ABiy]l=2(A y)B 2(B y)A:

Often, calculations require a formula for an iterated doubk product. Our following result gener-

alizes such a result from [14].

Lemma 3.14. Let A;B;C be vectors inR*. Let C? represent the component ofC which is orthog-

onal to the plane spanned byA and B.

[A;B; [A;B;Cll= | Aj?jBj*sin® C~’
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Equivalently,
[A;B; [AB;C]] = jBj*(A C) j AjjBjcos (B C) A
+ jAj?(B C) j AjjBjcos (A C) B
j Aj?jBj?sin> C

Proof. Use Gram-Schmidt to nd B” orthogonal to A, and to nd C? orthogonal to both A and

B?:
B? = Bsin
c? = ¢ BBMAC (AB)BC (A A)(B C) (AB)AC),
(A A)(B B) (A B)? (A A)(B B) (A B)?
c? = ¢ jBi* (A C_Z).j_A_jjB_jcos (B _C) , jAj* (B (?)_i.A.J'J'B.J'COS (A C) g (3.5)
jAj2jBj2 sin? jAj2jBj2 sin?

Let D =[A;B;C]. AssumefA;B;C gare linearly independent, elseD = 0. Then D is orthogonal
to the span of A; B; C and the basisf A; B; C; D g has positive orientation in R*. The length of D is
jDj=jAj B? C? =jAjjBj C? sin
Let E =[A;B;D]=[A;B; [A;B;C]]. Then E is orthogonal to D, so it is a linear combination
of A, B, and C. SinceE is also orthogonal to A and B, it must be a multiple of C?. The basis
fA;B; D; E g must have positive orientation in R*, which forces the vectorE to point in the direction
of C?,ie,

IEj 2
jC?j

The length of E is

IEj JAjjBjjDj sin

iEj jAj?jBj? C? sin?

Thus we conclude that

E = j Aj?jBj?sin> C 7
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3.6 Transport methods for vector elds on S3

In the next chapter, we will de ne on S® the analogue to the Biot-Savart integral operator from

Euclidean space,

z

1 y X
— VvV — |
Z (X) RRE dvoly

BS(V)(y) =
This integral formula requires the addition of vectors V (x) lying in di erent tangent spaces. Truly,
we must move all the vectors to one single tangent space befersumming (or integrating) them. In
Euclidean space, this is hardly an issue; we simply drag theectors to one common base point. The
vectors themselves do not change by this dragging; they ar&ee of their base points. On arbitrary
manifolds, this free vector property is lost; a tangent vecbr at one point of S® will not necessarily
be tangent if considered at a di erent point of SS.

To obtain a Biot-Savart formula on the three-sphere, we mustdecide how to move tangent vectors
to a common tangent space, that is so that they remain tangent Two natural choices exist: parallel
transport along a minimal geodesic and left (or right) translation using the group structure of S°
viewed asSU(2) or as the group of unit quaternions. Each has its advantags and disadvantages;
wherever convenient, we use the more illustrative method; emetimes we use each method and
provide two di erent proofs, e.g., Theorem 4.6.

In this section, we describe each transport method and detaiits properties. Later, in chapter 4,

we will de ne the Biot-Savart operator as an integral using each transport method.

3.6.1 Left translation

Consider the three-sphere as the grouU(2) (or as the unit quaternions). For any two points
x;y 2 S%, we can mapx to y via the left group action: Lyx 10X 7! (yx Hx = y. If V(x) is a
tangent vector at the point x, then the push forward of the left-translation map movesV (x) to the
tangent space aty, e.g., Lyx :) V(x) 2 T,S3.

This setup is quite valuable, especially when utilizing theleft-invariant orthonormal frame, de-
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ned in Section 3.2.1. A left-invariant vector eld U(x) is one with the property that (L, 1) U(x) =

U(y). Any left-invariant U(x) is divergence-free and is an eigen eld of curlr  U(x) = 2U(X).

Remark 3.15. Alternatively, one could use the right group action Ry 1, : x 7! X(x ly)y = y and
de ne the right-translation of V(x) as (Rx 1y) V(x). Then one would prefer the right-invariant
orthonormal frame, see Remark 3.2. All right-invariant vector elds W (x) are still divergence-free

and curl eigen elds, but the eigenvalue of curl switches sig from 2to +2: r  W(X) = +2 W(X).

Let V(x) be a smooth vector eld and f (x) a smooth function on S3. The left-translation of
F)V(x)is (Lyx 1) (F(X)V(X)) = f(X)(Lyx 1) V(X). ExpressV in the left-invariant frame as
V(X) = vi(x)01 + v2(x)02 + v3(x)03. Now V is left-invariant if and only if each function v;i(x) is

constant. De ne the notation [V] as the left-invariant eld

[V]=[vi1]01 +[Vv2]02 + [v3]03

Proposition 3.16. Let V 2 VF(S®). Then, [V] depicts the L? projection of V onto the three-

dimensional space of left-invariant vector elds, and is eypressed by the formula
z
1

V1= 5= . (Lyx 1) V(x) dx

Proof. ExpressV in terms of the left-invariant frame as above. We show the fomula rst:

z z
(Lyx 1) V(x) dx

L) (00 0200+ ¥200) 0200 + V() 0() 0%
z
V1) 01(y) + V2(X) 02(y) + Va(x) Oa(y) ok
z z
B M) E ) dx B vk X 03()

S3

S

2 Z[vi]0a(y) +2 2[v2]02(y) +2 2[vs]03(y)

2 ?[V]

The L2 projection of V onto the space of left-invariant elds is

H\/;Oli hV;oZi H\/;Ogi

roj Vv = -0 + -0 + -
proj m1;01| ! mZ;Ozl 2 m3;03|

O3
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The inner product hi; i =2 2, where j is the Kronecker delta symbol. Thus,

Z y4

h; 0ol = vi(X)0; 0 dx =
3

vi(x) dx =2 ?[vi]
S 3

S
We conclude that

proj V =[vi]0y +[v2]0z +[v3]Oz = [V] 0

3.6.2 Parallel transport

On a Riemannian manifold, the parallel transport of a vector V at one point x movesV along a
minimal geodesic (t) to another point y. Let (0) = x. Parallel transport is determined by breaking
V into two components, one parallel to the geodesic ak, i.e., in the direction %0), and the other
perpendicular to the geodesic. The component of parallel to the geodesic atx follows the geodesic
and remains parallel to the geodesic ayy. The component ofV perpendicular to the geodesic atx
remains perpendicular aty. Let Py, V denote the parallel transport of V from x to y.

Three important disadvantages of parallel transport in comparison with left translation on the

three-sphere are
1. Parallel transport from x to its antipode x is not well-de ned.

2. Parallel transport is not multiplicative in the sense that P,V does not necessarily equal

P2y (Pyx V).

3. The vector eld created by taking the parallel transport of a vector at a point is neither
divergence-free or a curl eigen eld. By left translating a \ector at a point, we get a left-

invariant eld; all left-invariant elds are both divergen ce-free and curl eigen elds.
Some advantages of parallel transport over left-translatbn are

1. Parallel transport is available on all Riemannian 3-manfolds whereas few of these manifolds
have Lie group structures. For our calculations to generalte most easily, we attempt to use

parallel transport whenever possible.
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2. As evident in chapter 4, the Biot-Savart operator is expressed more conveniently in parallel

transport form.

3. Parallel transport allows us to utilize the ambient Euclidean spaceR* to facilitate certain
calculations, especially ones where the cross-product oketor elds on S® can be exchanged

for a triple product in R*.

3.6.3 The calculus of parallel transport

A substantial portion of this calculus was rst developed by Dennis DeTurck for work on [14].

Let x;y be non-antipodal points on S3; we will view them as unit vectors in R*. If x and y are
orthogonal, then G(t) = x cost+ y sint determines the unique minimal geodesic 0/$® between them.
Let be the distance onS® between them. Then k y) =cos . The component ofy perpendicular

toxisw=(y cos x ), itslengthis jwj =sin . The unique minimal geodesic betweerx and y is

. X COS
G(t)=cost R +sint yT

Notice G( ) = y. The derivative of G(t) is a tangent vector in TG(t)S3 given by

. X COS
GYt)= sint R +cost y Xcos
sin
The gradientof = (x;y) is often needed for calculations. Recall from section 3.1hatr y (X;y)

denotes the gradient of with respect to y variables.

The gradient of  with respect to x must point away from y along the geodesic and vice-versa.

Thus
e (ky) = 610 = 2 (3.6)
ry y) = eY) = X @)

Two properties are worth noting. First, r , is orthogonal to x and sor 2 T, S?; also,r y IS

orthogonal to y and sor x 2 TyS3. Second,r x andry are both unit vectors.
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For any two unit vectors x;y 2 R" such that x 6 y, the unique mapM 2 SO(n) that maps x

to y and that xes all vectors orthogonal to both x andy is

(v x+y) (v x)a+2(xy) (vy
1+(x y) 1+(x y)

M(v)= v y

The derivation of M is straightforward and omitted.
For v a tangent vector at x 2 S2, this map M precisely describes its parallel transport to the

tangent space aty. The expression above simpli es to

- (v y)
Pyx (V) = v T+ (x y) (x+y) (3.8)
As an exercise, we showWwyx (rx )= r1 y .
_ rx
Pyx(rx ) = rx m(x"'y)
_ cos 1 cos (xy) Yy
~ sin X sin Y (1+cos )sin (x+)
_cos (l+cos )X 1 cog (x+y)
~ (1+cos )sin sin Y (1+cos )sin y
_ cos +cos? +sin? , _(1+cos ) +sin?
N (1+cos )sin (1+cos )sin
1 cos
~ sin sin

Remark 3.17. For a vector v at x 2 S® that points parallel to the geodesic running through x
andy 2 S3, left-translation from x to y is exactly the same as parallel transport. The two methods

di er only in how they treat components that are perpendicul ar to the geodesic . Hence,

ry = (Lyx 1) rx (3.9

As an exercise, the reader is invited to show this directly ugg the group structure of S® and

equations (3.6) and (3.7).

Remark 3.18. For any function f ( ) that depends only upon the distance (x;y) from x to vy, its

gradient with respect to x variables isr xf ( ) = fq )rx . Thus the methods of transporting its
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gradient vector are equivalent.

ryfC) = Purxf() = (Lyx 1) rxf()

3.7 Vector Laplacian operator

In performing calculus on vector elds, one needs the analoge of the Laplacian applied to a vector
eld. In this section we de ne such an operator, the vector Laplacian L (V), and discuss some of its
properties. The next section is devoted to nding its kernel and image.

Let M 2 be a compact, orientable, Riemannian manifold possibly wih smooth boundary @M In
the next section we consider separately cases whekl¢ is closed and also wherdl is compact with

boundary. Let VF(M) be the space of smooth vector elds de ned onM .

De nition 3.19.  The vector Laplacian L :VF(M)! VF(M) is given by
LV)=r (r V)+r (r V)

For Cartesian coordinates in Euclidean space, the vector Lplacian acts by applying the (scalar)
X
Laplacian to each component function. IfV = fi@—%, then L(V) = ( fi)@—%. The scalar
i i
Laplacian is always lurking in a coordinate-speci ¢ formula for the vector Laplacian.

Example 3.20. Cylindrical coordinates (r; ;z ) on R3.

LetV=u(r;z)ft+v(; ;z )’\+ w(r; ;z ) 2. Then,

1 1
L(V) = uoSud rE v Sy “yoowe

Alas, the computed formulas for the vector Laplacian in mostcoordinate systems, even spherical
coordinates onR® and S3, become much more complicated.
We assume that the Hodge Decomposition Theorem split¥ F(M ) into ve mutually orthogonal

subspacesK HK CG HG GG, as it does for subdomains oR® and S2.
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The vector Laplacian, as de ned above, corresponds naturdy with the de nition of the Laplace

operator on forms. Denote thek-forms onM " as ¥(M), de ne the operator
=( 1)"kD g o kM) k 1(M) :
Then the Laplace-Beltrami operator on k-forms is
= d+d =( )™ d d+( 1)"kDd d

For functions, we once again obtain equation (3.4), = d d.

From the commutative diagram given in Section 3.3, to eachV 2 V F(M 3) there is associated
a canonical 1-form (V) = Iy 2 (M), given by ! v(W) = hH/;Wi. Thenr V is associated
to !y = d !y andr V is associated to d!'y. Thus, L(V) is associated to the 1-form

( d d+d d)!y, which is precisely the formula for !y.

Proposition 3.21. Letf 2 C! (M) andV 2 VF(M). The Laplacian, taken on vectors or scalars

as need be, commutes with the gradient, divergence, and cuwperators.

(a) Lrf) = r( 1)
B (r V) = r LV)
(0 L(r V) = r L(V)

This result implies that the vector Laplacian sends divergence-free vector elds to divergence-free

vector elds, gradients to gradients, and curl-free vector elds to curl-free vector elds.

Proof. (&) L(r f)=r rr f+r(rr f)=0+7r( f).
®r LV)=r (rr V+r((r V)=0+( r V)

(c) The left-hand side is

Lr V)= r V)+r(rr V=r (rr V)+0 :

The right-hand side is

r L(V)=r (rr VYy+rr (r V)=r (rr V)+0 :
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The two sides are equal, sa.(r V)=r L(V). O

Now we work towards showing the vector Laplacian is self-adjint. That follows as a corollary

to the following proposition.

Proposition 3.22. Let M be as described above. Le¥;W 2 VF(M). Let A denote the unit

outward normal vector to @M Then,

hL(V);Wi = hr V;r Wi+hr V;r Wi
z
+ ((r V) W) nd(area)
zem
(r V)W nd(area)
@M
Proof. Begin by writing out L(V):
Z
hL(V),Wi= rr V W r (r V) Wdvol
M

We need the following two vector identities (see Appendix A}

(rr Vy W = r Vr W+r ((r V) W)

rr V) w (r V(@ W) r (r V)W

Plugging these both into the equation above,

z
hL(V);Wi = rr- vr W+r ((r V) W)dvol

Mz

+ (r V)(r W) r (r V)W dvol

M z

= hr V;r Wi+ ((r V) W) Nnd(area)

z ov

hr Vi;r Wi (r V)W nAd(area)
@m

This concludes the proof. O
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Corollary 3.23. Let M be as above and also closed. Then, the vector Laplacian is fsatljoint on
VF(M) and

hL(V);Vi=kr VK*+hr Vir Vi:

Proof. For M closed the last two terms drop out of Proposition 3.22, whichbecomes

hL(V);Wi=hr V;r Wi+hr V;r Wi

Then clearly hL(V); Wi = hV;L(W)i, so the vector Laplacian is self-adjoint forM 2 closed. O

Thus on a closed manifold, the vector Laplacian vanishes if ad only if the vector eld is both

curl-free and divergence-free, i.e., a harmonic knot.
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3.8 Kernel and image of vector Laplacian

We now turn to understanding the kernel and image of the vecto Laplacian. We examine two cases:

closed manifolds and compact manifolds with boundary.

3.8.1 M closed

ConsiderM 3, a closed 3-manifold. Decompos®¥ F(M) = FK (M) HK (M) G(M) by the Hodge
Theorem. How does the vector Laplacian act on each subspace?

Corollary3.23 implies that the kernel of the vector Laplacian is precisely the harmonic knotsHK .
For a simply-connected manifold, such as the three-spherehe vector Laplacian has a trivial kernel.

Consider a uxless knot V. Then V is divergence free and so i& (V)= r r V. The curl
operator maps the space of uxless knots bijectively onto iself, hence so does the vector Laplacian.

In Proposition 3.21 we showed that the vector Laplacian send gradients to gradients, but is
it onto? Consider a gradient, r f; we seek another gradientr u such that L(r u) = r f. Note
L(r u)=r ( u). On a closed manifold, the scalar Laplacian is invertible ér functions with average
value 0; i.e., there exists a functionu suchthat u=f [f]. Thenr ( u)=r f, and we conclude
that L(G) = G.

In the paragraphs above, we have proven the following theoma:

Theorem 3.24. Let M be closed. The vector Laplacian respects the Hodge decomipios of V F(M).

Its kernel is HK (M), and it maps the other subspaces bijectively to themselves,

L(FK) = FK
L(HK) = 0
L(G) = G
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For a closed manifold with H1(M; R) = 0, such as the three-sphere, the vector Laplacian has
trivial kernel and maps V F(M) bijectively to itself. We use that fact to de ne an inverse to L in

section 3.9.

3.8.2 M compact with boundary

Let M 2 be compact with piecewise smootf@M We assume that the Hodge Decomposition Theorem
for vector elds on M is analogous to Theorem 3.5, i.e., the spac¥ F(M) decomposes into ve

orthogonal subspacesVF(M)= FK HK CG HG GG.
Theorem 3.25. The vector Laplacian onV F(M) has the following kernel:
ker L = HK CG HG C_ ;
whereC. FK GG is de ned to be the space
C.=fVi r o Vi 2FK;rg 2GG;r r V=r( g)2CGg

Proof. Any vector eld V that lies in the kernels of both the curl and divergence opertors will
necessarily havel (V) = 0. So the kernel of L includes the subspacdtHK CG HG.

Now consider the space of uxless knots. FovV 2 FK, then we haveL(V)= r r V. A
subspace ofF K is sent by the curl operator into the spaceHK  CG; call this subspaceFK |  FK.
For V 2 FK, its curl r V lies in the kernel of curl, soL(V) = 0. Thus, FK_ must lie in the
kernel of L.

Furthermore, these are the only uxless knots in the kernel. All other uxless knots V have some
component of their curl that lies in FK ; thus r r V = L(V) does not vanish.

Let's now examiner g 2 GG; we see thatL(r g) = r g. For this to vanish, g must be a
constant. So the subset of GG in the kernel isfr g 2 GG(M) j g = constantg; denote this as
GG, .

Now, we turn to understanding C,_ . The next theorem shows that the vector Laplacian maps a

subspace of the uxless knots onto the curly gradients. Alsothe vector Laplacian maps a subspace of
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the grounded gradients onto the curly gradients. Thus any culy gradient r f has two corresponding
preimages via the vector Laplacian. We de neC,.  FK GG as the subspace of di erences of these
preimages: any vector eld in C_ is the dierence of a uxless knot V; and a grounded gradient

r g, which are both mapped to the same curly gradient via the vecbr Laplacian, i.e.,

L(Vi)=L(rg)=rf2CG

As a subset ofFK GG, the spaceC, is orthogonal to the remainder of the kernelHK CG
GG. Moreover, the subspaces K and GG, are trivially contained in C, .

Gathering the pieces, we have that ke = HK CG HG C.; the theorem is proven. [

Theorem 3.26. For M as above, the vector Laplacian is surjective, i.e.Jmage (L) = VF(M).

Proof. We rst show L is onto the space of uid knots, K (M). For any W 2 Image (curl), we can
nda X 2 FK suchthatr X = W, we can also ndV 2 FK such that r V = X. Thus
LV)=rr V = W. In conclusion,L(FK)= FK HK CG.

Let W = r g be an arbitrary gradient on M, where g can be chosen so that its average value on
M is zero. We seek a gradient u 2 GG such that L(r u) = r g. Sincer u 2 GG, we have that

Ujgm = 0. Since L(r u) = r u, the desired condition is tantamount to the Dirichlet probl em:

c
1

g (on M)

0

Uj@m
The Dirichlet problem has a unigue solution, and we concludeL (GG) = CG HG GG. Having
calculated the image of the subspaceB K and GG, we recall that the other three subspacedHK
CG HG lie in the kernel of L, as proved in Theorem 3.25. Therefore, the result is shown:
L(VF(M))= L(FK)[ L(GG)

=FK HK CG[ CG HG GG

VF(M) O
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3.9 Green's operator

AssumeM 2 is closed. The vector Laplacian bijectively maps uxless krots and gradients onM to

themselves, and we can de ne the inverse of the vector Laplaan. Call this the Green's operator
Gr:FK(M) GM)! FK(M) GWM) ;

use similar notation Gr(f) to denote the inverse Laplacian for functions. As the invese to the
vector Laplacian, the Green's operator is a bounded, linearself-adjoint operator and Gr(L(V)) =
L(Gr(V)) = V. It maps uxless knots to uxless knots and gradients to gradients. Also, Gr

commutes with the gradient, divergence, and curl operators

Proposition 3.27. Let M be closed and simply-connected. Left 2 C! (M) have average valué.

Then,
1) Gr(rf) = r(Gr(f)
(2) Gr(r V) = r Gr(V)
@ Gr(r V) = r Gr(V)

Proof. For (1) apply L to each side: the left-hand side becomek(Gr(r f)) = r f. The right-hand
side becomed. (r Gr(f))=r ( Gr(f))= r f. SincelL is one-to-one, equation (1) must hold.

For equation (2), apply the (scalar) Laplacian to both sides The left-hand side gives

(Gr(r V)=r V [ V] ;

sincer V has average value 0 on a closed manifold. The right-hand sideecomes, by Proposi-
tion 3.21,

(r Gr(V))=r L(Gr(v)

Thus, after applying the Laplacian, the two sides are equalsoGr(r V) andr Gr(V) must
di er only by a harmonic function. On a closed manifold, the only harmonic functions are constants.

Since both terms have average value zero oWl , we conclude that they are indeed equal.
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For equation (3), apply L to each side: the left-hand side becomels(Gr(r  V))=r V. The
right-hand side becomesL(r Gr(V)) = r L(Gr(V)) = r V. Again sincelL is one-to-one,

equation (3) must hold. O

Now we determine the Green's operator forS2. All results in the remainder of this section are
due to DeTurck and Gluck [14].

In R®, the Green's operator is the vector potential de ned on a sullomain as

Z
Gr(V) = A(V; )y) = (X y)V(x) dx ;

1 1 . . . :
where (Xx;y) = 4_jx Ji is the fundamental solution to the Laplacian. We leave it as an exercise
to check that L(A(V; ))= V.

On S3, we expect the Green's operator to also be some sort of conwgion operator for a suitably

chosen function . Alas, the operator A(V; ) no longer inverts the vector Laplacian on the three-

sphere. So we are forced to consider other vector convolutivoperators:

z
AV; Ny) = (X y)(Lyx 1) V(x) dx
z5°
B(V; )y) = (Lyx 1) V(X) 1y (xy) dx
S3Z
G(V; )y) = ry o (Lyx 1) V(X) ry (xy) dx

They are linear in both V and . The vector Laplacian applied to each is

LACV: ) = AV ) 4A(V: ) 2B(V; )
LB(V; ) = 2A(v; )+ B(V; ) 2G(V;)
L(G(V; ) = G(V; )
Let = (x;y) be the distance between two pointsx and y on the three-sphere. We choose
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potential functions o; 1; 2 as

o) = 20 oot
1

()= a @ )
1

o( ) T2 3 (@ )+2 ( )2 )cot ]

They have been selected so that

1

1 = o [d = O+F
= Lo =t gt
2 - vt m 1T 917 322

R
Here ( )= (x;y) is the Dirac delta distribution: g, f (x) (x;y)dx = f (y).

The idea now is to take a linear combination ofA, B, and G operators with suitable potential
functions from above in order to produce the Green's operatn For a constant function c, we
calculate B(V;9 = G(V;9=0and A(V;09 =2 Z2c[V].

Now take L (A(V; o)):

L(A(V; o))

ANVX); (Y) A Vi 4A(V; o) 2B(V; o)

L(A(V; o))

V() V] 4A(V; o) 2B(V; o)

This has almost produced the Green's operator; we need onlyemove the extra three terms, so

introduce 2B (V; 1) and take its Laplacian:

2L(B(V; 1))

4A(V; 0)+4A Vighy +2B(V; 0)+2B Vigz  4G(V; 1)

2L(B(V; 1)) 4A(V; o)+ [V]+2B(V; 0)+0 4G(V; 1)

Vo A4AG(V; 1)

L(A(V; o)) +2L(B(V; 1))
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All three extra terms from L (A) have cancelled, but one more is introduced. Fortunately, ading

a 4G(V; ») term cancels it:

L (4G(V; 2)) = 4G(V; 1) 4G(V:[ 1D
L(4G(V; 2)) = 4G(V; 1) O
L(A(V; 0)+2L(B(V; 1))+ LMAG(V; 2)) = V

We have successfully calculated the Green's operator.

Proposition 3.28 (DG, [14]). The Green's operator on S® is

Gr(V) = A(V; o) +2B(V; 1) +4G(V; 2)
z
Gr(v) = o(Lyx 1) V(x) dx
S3Z
+2 (Lyx 1) V(X) r y 1dx
s%
+t4ry (Lyx 1) V(X) ry 2dx
S3
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Chapter 4

The Biot-Savart operator

In this chapter, we de ne the Biot-Savart operator on the thr ee-sphere and on its subdomains. Two
formulas are given, one for moving vector elds via paralleltransport and one for moving via left-
translation. DeTurck and Gluck have developed the Biot-Sawart operator and electrodynamics on
S in [14]. We develop the analogous story on subdomains in thidissertation; the subdomain case is
more challenging and allows for a comparison of results withhose for bounded Euclidean domains.
This chapter begins with some preliminaries. Then we presdnan exposition of the Biot-Savart
operator on S with original proofs. In the next section follows the BS operator on subdomains.
Then we present a quite useful lemma, which we call the Key Lema. Next, we describe how
Maxwell's Equations still hold in this setting. Finally we d escribe the kernel and image of the

Biot-Savart operator and give other useful results about it

4.1 Preliminaries

To de ne the Biot-Savart operator, we need the notions of pamllel transport and left-translation
of vector elds, as described in section 3.6. RecallPyx denotes parallel transport from x to y

and (Lyx 1) denotes left-translation from x to y. Let (x;y) be the distance on the three-sphere
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betweenx andy.
We will express the Biot-Savart operator as a convolution oV, thought of as an electrical current,

with an appropriate potential function . The left-translation version of BS requires two di erent

convolutions; the two potential functions are

o (5y) = g0 eot)
(YY) = mp @)

We encountered both of these functions when describing the &@en's operator in section 3.9. The

function ¢ is the fundamental solution of the Laplacian onS3.
1
o= () 22

Here ( ) represents the Dirac delta function. The constant =2 2 appears so that the right-hand
side has average value zero; the Laplacian of a function mugdiave average value zero on a closed

manifold.

The function 1 is de ned so that
1= o [ o]
The parallel translation version of BS requires just one potential function,
(oy) = 720 )ese()
This function is the fundamental solution of the shifted Laplacian.

= ()

Note that o( )= ( )cos .
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4.2 De ning the Biot-Savart operator on S

To de ne the Biot-Savart operator on the three-sphere, congder a current J existing in a compact
region R3. The Biot-Savart law (2.1) from magnetostatics de nes the magnetic eld B as-
sociated to J. In three-space, the notion of a magnetic eld extends to theBiot-Savart operator,
which acts on all vector elds on . We seek the corresponding Biot-Savart operator de ned on
the three-sphere. In the next section, we consider the BioSavart operator on subdomains ofS3.
In order to accomplish this, we must comprehend what esserdi properties a magnetic eld in R®
possesses.

For J smooth, its magnetic eld is smooth except across@, where the eld remains continuous;
magnetic elds are linear in J. Therefore we will work in the category of smooth linear opeators.
The rst essential property is that magnetic elds have nit e energy in anL? sense, provided that
the current J does. Second, magnetic elds are divergence-free. Third, pere's Law dictates that
the curl of a magnetic eld must return the current J to which it is associated.

For magnetostatics on , currents are standardly considered to be steady, hence divergence-free;
since contained in , the currents are tangent to the boundary @. As they have no gradient
component, currents are uid knots by the Hodge Decompositon Theorem, section 3.4. How should
the Biot-Savart operator act when extended to act on a gradiet? In subdomains of three-space, the
kernel of BS consists of harmonic gradients and grounded gradients. O3, all gradients behave
like grounded gradients, so a fourth requirement is thatBS must vanish when applied to a gradient
eld on the three-sphere.

In the following proposition, we de ne the Biot-Savart operator via these four properties; they
are su cient to guarantee uniqueness. To show existence, to dierent formulas for BS(V) are
derived thereafter. The results in this section rst appeared in [14]; herein we furnish independent

proofs.
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Proposition 4.1 (DG, [14]). The Biot-Savart operator BS : VF(S®) ! VF(S®) is de ned to

be the smooth linear operator satisfying these four propeigs:

1. BS has nite energy BS(V);BS(V)i< 1

2. BS is divergence free r BS(V)=0

3. For V a uid knot, curl inverts BS(V) r BS(V)=V

4, BS vanishes on gradients BS(rf)=0 8rf 2VF(S%

It is uniquely determined among smooth linear operators fram VF() to VF() .

Proof. SupposeB; and B, are two operators fromV F(S?®) to V F(S?) satisfying the four properties
above. We show the operatorB; B, must be zero on the space of uid knots. Each operator is
itself zero on the space of gradients.

Let V be a uid knot. Both B;(V) and B,(V) are divergence-free on the three-sphere, hence
both are uid knots. The curl of both B1(V) and B,(V) is V; thus (B1 B32)(V) lies in the kernel of
curl on S3, which is the gradients. Since the eld (B1 B;)(V) is both a uid knot and a gradient,

it must be trivial. Therefore B, = B». O

To show existence, we de ne two integral formulas for of the Bot-Savart operator on the three-
sphere. One moves vector elds via parallel transport and isa consequence of the Key Lemma, and

the other moves them via left-translation.

Theorem 4.2 (DG, [14]). The Biot-Savart operator can be written as an integral wherevector

elds are moved via parallel transport as

Z
BS(V)(y) = . PyxV(X) 1y (xy) dx (4.1)
Proof. We verify the four properties given in Proposition 4.1; three of them are proved later in this
work. In the next chapter, we show that BS(V) is bounded (see Equation 5.1) in terms okVk, so
the rst property holds. In Proposition 4.4, we show that the parallel transport formula for BS is

always divergence-free, whetheW is de ned on the entire three-sphere or only on a subdomain ,
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so the second property holds. For the third property, we prove Ampere's Law in Theorem 4.6; thus
for V a uid knot on S%, we seer BS(V)= V.
Lastly, we must show that BS as de ned above vanishes for gradients. Letr f be a smooth

vector eld on the three-sphere. Then Theorem 4.6 on Maxwels Equation implies

z
roBS(rf) = rf(y) ry F(X) o(xy) dx
s3

R
Recall o was de ned as the fundamental solution to the Laplacian, so g; f(x) o(x;y) dx =

f(y) [f], where []is the average value off on the three-sphere. Thus,

r BS(rf)

rf@y) ry(f@y) [

r BS(rf)

0

SoBS(r f) is curl-free; it is also divergence-free by the second prapty. On the three-sphere,

the only trivial vector elds are both curl-free and diverge nce-free, soBBS(r f) = 0. O

Now we shift towards nding a formula in terms of left-transl ation of vector elds. In Euclidean

space, the Biot-Savart operator is the negative curl of the Geen's operator,

BS(V)=r Gr(V)

We now calculate an explicit formula for r Gr (V) on the three-sphere and show that it does
indeed represent the Biot-Savart operator.

Proposition 3.28 gives the Green's operator o182 asGr (V) = A(V; o) +2B(V; 1) +4G(V; »).
Calculate the curl of each convolution operator individually.

The operator G is a gradient; its curl vanishes. The curl ofA is straightforward:

r A(V; o)= 2A(V; o) B(V; o)

Calculating the curl of B(V; 1) is more complicated. To obtain Maxwell's Equation forr  BS

in Theorem 4.6, we calculated the curl ofB(V; ). The proof did not rely upon the choice of g, so
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we are free to replace it by ;:

r B(V; 1) A(V; 1) G(V; 1)

r B(V; 1) A(V; o)+ 3[IVI G(V; 1)

We conclude that minus the curl of Gr (V) is
r Gr(V)=B(V; o)  3[V] + 2G(V; 1)

We now show that r Gr (V) does, in fact, represent the Biot-Savart operator on the three-

sphere.

Theorem 4.3 (DG, [14]). The Biot-Savart operator can be written as an integral wherevector

elds are moved via left-translation asBS(V) = r Gr(V), which expanded is

Z
BS(V)(y) = 3(I—yx 1) V(X) ry OdX
f Z
12 (Lyx 1) V(x) dx (4.2)
zs°
+2ry (Lyx 1) V(X) ry 1dx

S3

Proof. Verify the four conditions of Proposition 4.1. The operator r Gr(V) has nite energy
due to the regularity of the Green's operator and the compachess ofS3. It is divergence-free because

it is the curl of a vector eld. Taking the curl of this operato r yields

r (r Gr(V)) L(Gr(V)) r (Gr(r V)

r (r Gr(V)) V. r (Gr(r V) 4.3)

So if V is divergence-free, then the curl of this operator returnsV.

The last condition states that the operator should vanish ongradients. All gradients are mapped

to zero becauser Gr(rf)= Gr(rr f)= Gr()=0. O
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4.3 De ning the Biot-Savart operator on subdomains of S3

On a subdomain of the three-sphere, we de ne BS to be the same operator as de ned orS3, only
with the region of integration restricted to . Any vector e Id V 2 VF() is assumed to extend
continuously to a vector eld de ned on all of S3 which vanishes outside of ; this is in keeping with
electrodynamical setups where a current ow is de ned insice a particular region. This produces an

operatorBS : VF() ! VF(), given by the formulas
Z

BS(V)(y) Py V(x) 1y (xy) dx

4

BS(V)(y) (Lyx 1) V(X) Ty odx

1 z
z
+2ry  (Lyx 1) V(X) ry 1dx

For y 2 | these formulas also de ne the behavior of BS(V) outside of the domain.
Proposition 4.4.  BS is divergence-free, whether de ned on or on S3.

In the following proof, we do not use any facts aboutBS save its parallel transport formula.
It is therefore ne to cite this proof when proving that BS was represented by this formula in

Proposition 4.2.

Proof. In this argument, we calculate the divergence ofBS directly from the parallel transport

formula. We use S3 to denote the domain.

z
ry PyxV(x) r y dx
z

ry BS(V)(y)

ry (PpxV(X) r y ) dx

Now apply vector identity 6 from Appendix A:
z

ry BS(V)(y) ry (ry PyV(X) Py (ry r oy )dx

4

ry BS(V)(y) ry (ry PyuVI(X)
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since the curl ofr y is zero.

Now we think of the vectors as being inR*. Recall,

V
PyxV(X) = V(x) ﬁ (x+y)
COS X
ry = A)ry = X )VT
Now,
_ y
ry PuV(X) = 1y V(X ry 1+ cos (x+y)
_ Vy y
=0Ty Ticos X*+Y) Tices v X*Y)

The cross product above is taken in the tangent space ay, so a vector crossed withy contributes

nothing. Similarly ry y =0. Since x is xed with respecttoy, ry x =0. Thus,

Vy
r PxV((X) = r  ——
y yX ( ) y 1+ cos
Now calculate the gradient above:
VvV y 1 VvV y
ry ——— = ———ry(V + ——————r,CoS
Y 1+cos 1+cos y (V' Y) (L+cos )27

To proceed, we need to calculate y (V y). It should point along the component of V that lies
perpendicular toy. Let be the angle betweenV (x) and y in R*. Then (V y)= jVjcos , and we

calculate

ry(V y) = ry(Vjcos)
ry(Vy) = (Vicos)ry
. .,. . ycos VIV]j
ry(V.y) = jVjsin —an
ry(Vy) = V. (Vy)y (4.4)

Indeed this formula holds for the gradient of the inner product of any two vectors in R".

Also,rycos =ry(x y)= x (x y). Then,
"y Trcos - 13cos VO (VW) T+ c0s )2 x (x y)y)
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Now that we have calculated this gradient, express the curl 6Py, V as

1 VvV y (

ry PyuV(x) = — vV (V y)y + (T+cos )2 x Y)Yy X

1+cos

Express this to a triple product, described in section 3.5.

Vy

vV (Vv yy + m

ly Pyxv(x) = Y x xvy)y ;x

1+ cos

A triple product is zero if the three vectors are not linearly independent, so allx and y vectors in

the middle term vanish.

1
ry PyuV(X) = W[V:V,X]

Let x? denote the component ofx that is perpendicular to vy, i.e., x? = x (x y)yisin
T,S3. Similarly de ne V? 2 T,S3. The triple product is unchanged if we switch to these vectos:

Iy;V;x]=[y;V?;x?]. Again, let the triple product again represents a cross praluct.
ry PxV)= y;v2;x? =v? x?2T1,S?

Returning to the divergence ofBS(V),

Z
ry BS(V)(y) = ry (ry PyV(x)

z 1

- Q 2 ?

= , ()ry 1+ cos \% X dx

_ V) xyy % 1
7 1+ cos sin 1+ cos

= O x> V7 X7 odx

(1 +cos )sin

The product x*  V? x? 0, so the integrand vanishes identically at each point. We coclude

that ry BS(V)(y) = 0. Hence the parallel transport formula for BS is always free. O
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4.4 Key Lemma

In this section, we prove an important lemma relating vector elds and functions on S3. For a

speci ¢ choice of function, this lemma specializes to a poitwise version of Maxwell's Equation

@E
r- B=J+—:
@t
Lemma 4.5. [Key Lemma] Let x;y be two non-antipodal points inS3. Let = () be a function,

depending only on , which may have a singularity at = 0 but is otherwise smooth. LetV (x) be

a tangent vector atx 2 S3. Then,

ry £ PxV(X) ry gr yfV(x) re( cos )g=( Y(V(X)  (V(X) y)Y)

We consider both inner products to be de ned onR*. The one on the left-hand side is de ned

on T, S3, but V(x) 2 T,S® can equivalently be viewed onR*.

Proof. Denote the two terms on the left-hand side of the Key Lemma asérms S and T. We will

show that S+ T = ( V) (V) ).

(0]
1

ry fPxV(X) r yg

—
|

r yfV(x) rx( cos )g

The gradient of () is calculated using equation (3.7)

X )y

ry ()

_ o yYCOS X |
= 0 sin '
Then S becomes
_ o \YCOS X
S = 1y PV ()
S = r ! )fP V(x) (ycos X) : (4.5)
= Ty sin yX y g : :
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Now convert the cross product, taken aty 2 S, to a triple product and use equation (3.8) to

express the parallel transport ofV (x).

PyxV(x) (ycos X) [y; Pyx V(x); ycos X]

) Vy )
y; V(x) m(x"‘w ;X

[y; V(x); X]

[y; X V(x)]

Insert the triple product into Equation 4.5 and apply vector identity 7 from Appendix A:

r fA=rf A+f(r A). Then, we obtain

[0
s = 1y o yv) (4.6)
0y [0
s =ty o Ve s o

ry [yix V) 4.7)

Call these two terms S; and S, respectively, soS = S; + Sp.

Q

St = ry Si§1) [y; x; V (x)] (4.8)
0

S, = sir(1)ry [y;x; V (x)] (4.9)

We analyze these two terms separately. The rst one,S;, is converted to a double triple product.

ST y;rysfr(]);[y;x;V(X)]
(0
S, = y;di Sif]) rys [y x V(x)]
_d 0 .ycos  x ..
ST T G ' sin i V]
00cj 0
5= T ik vl

Now we utilize Lemma 3.14 to evaluate the double triple prodict. But rst we must calculate

V7, the component of V (x) orthogonal to x and y from equation (3.5).

\( yy+ cos

V? =V \% X
sin® sin® V)
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Then S; becomes

004 0
S = OSInSin3 cos sin? v ?
%sin Ocos .
S, = pec sin> V. +(V y)y cos (V y)x
S, = oo 0C0S
sin
1 cos
00—+ O (V y)y (4.10)
sin sin
00 COS o cog
¥ sin? sin® V¥ x

This nishes S;, which was the rst term of S.

Now we considerS, from equation (4.9). Since ;x;V]=[x;V;y], we can rewrite it as
S; = Qr X;VXx);y] :
sin Y ’

Now apply Lemma 3.13 to obtain

s = 2 ex v av yx
_ . oCOs o 1
S2 =2 sin vz sin V- y)x

Summing terms S; and S,, we obtain the following expression forS:

s oo, oc0S
sin
1 cos
+ 0 + 0 \% 4.11
sin’ sin® VY (4-11)
00COS ocos o 1
2 "—— (V X
sin? sin® sin vy

We turn our attention to the second term T of the lemma.

T = 1 y(V(X) rx( cos))
T = 1y V(X di( COS )r
T = ry (Cos sin )V (x) %
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SinceV (x) 2 T,S2, we have that V(x) x =0. Thus,

T = r y (°os

T o=, 0cosSin si
T o= (Voyr, 2
T o= vy o2

: y
V -
sin ) V(x) o
n
vVy)
oCOS
sin TV y)
oCOS
I'y sin ry(V y)

Now, using equation (3.7) forr y , the rst term of equation (4.12) becomes

00COS

V' y)

o1 o1

sin?

Equation (4.4) states that r (V y)=V

oCOS
sin

Finally, by combining equations (4.13) and (4.14) we obtainan expression forT :

: cos X
sin® sin (v )

vV vV yy :

Or, in terms of the componentsf V;y; xg:
T= 0y
sin
A X
OOsci(r)13 0sin13 ¥ Osi; V' yx
Recall our formula (4.11) for S :
g= 0o, 0f0S_
sin
. A
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(V y)y. Then the second term ofT is

(4.14)

vV vy
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Returning to the statement of Lemma 4.5, we can nally simplify the left-hand side by adding

S+ T using equations (4.11) and (4.15); allx terms cancel, leaving

0COS

S+T = 004 2 \Y
Sin
£ 0 028 4y
<n vV vy
Ccos
S+T = 2 = (VY y)y)

Recall from Table 3.1 that the Laplacian of ( )is ()= %+2 Og. Thus we have proven
the Key Lemma, since

S+ T=( YV (Voy)y) O

The Key Lemma has an important application with Maxwell's equations. We use it to prove
Ampere's Law for the curl of BS, written in parallel translation format; see section 4.5.1
Another application of the Key Lemma is in proving an integral formula for the linking number

of two knots on S3; refer to [14] for details.

4.5 Maxwell's equations

To reconnect the Biot-Savart operator with its physical origins, we show that Maxwell's equations
hold on S3. We view V as a current and BS(V) as the corresponding magnetic eld. If the
vector eld V either has a nonzero divergence or is not tangent to the bouraty, then it no longer
represents a steady current contained in . By considering atime-varying electric eld in this case,
the system can be considered \closed". Let (x;t) = (r V)t be the volume charge density in
and (x;t) =(V N)t be the surface charge density on the boundary@. Each of these charge

distributions contributes to the electric eld E; the details follow later in this section.
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Maxwell's four equations for an electric eld E and magnetic eld B due to a currentV are

1 r B =
@B
2. r E —
@t
33 r B =0
@E
4 B = V+—
r ot

We have chosen units so that both the permittivity of free space o and the permeability of free
space ¢ are identically 1.

We now show that these four equations hold when we think oB = BS(V) as the magnetic eld.
The third equation holds becauseBS is divergence-free by Proposition 4.4. The fourth equationis
known as Ampere's Law whenV is steady. The following theorem demonstrates that it holdsin our

setting, where the volume charge and the surface charge might be time dependent.

Theorem 4.6. For a compact subset ofS® with smooth boundary, andV a smooth vector eld

on ,
0 1
\Y inside
ry BS(V)y) = % V) "
0 outside
Z
ry o (rx V(x)) dx
Z

+ry oV(xX) Ad(areay)
@

We give two proofs of this theorem in the next two subsections First is a quick proof via the

Key Lemma and parallel transport. Second is a direct proof, ging left-translation.

Remark 4.7. When = S3, the theorem above states

Z
ry BS(V)(y)= V() r y o (rx V(x)) dx

This is precisely a restatement of equation (4.3):

r BS(V)=r (r Gr(V)) = V.r Gr(r V) : 4.3)
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In order for Maxwell's fourth equation to hold, the last two t erms in the theorem above should

constitute the time derivative on an electrodynamic eld E. De ne two electric elds by

Z z
E (y;t) = ry o(rx VX)) dx t = ry o dx
Z Z
E (y;t) = ry oV(X) Nnd(areay) t = ry o d(areay)
@ @

Then consider the electric eld E = E + E . By the theorem above, Maxwell's fourth equation

does hold.

r B:V+E_+E_:V+@E
(@)

We can viewE- as the time rate of change of the electrodynamic eld due to@ =@ the change
in volume charge density; also we can viewe- as the time rate of change of the electrodynamic
eld due to @ =@tthe change in surface charge density. We also may viel- as an electrostatic
eld itself due to the time-independent volume charge@ =@+ r V; similarly, we may view E. as

an electrostatic eld due to the time-independent surface harge @ =@+ V . In this section we

adopt the former viewpoint; in the next section we make use othe latter.

With our electric eld in place, consider the rst two Maxwel I's equations. The divergence o

in can be calculated by taking the divergence of both sides d Maxwell's fourth equation:

@E
BS(V) = V + —
rr S(V) r r ot
O = r V+ @@{r E)
This impliesthat r E = (r V)t= , Maxwell's rst equation.

Maxwell's second equation holds trivially. The electric eld E is de ned by two gradients and

ergo is curl-free. The magnetic eld BS does not depend upon time, even when the electric elde
is time-dependent; hence

_ @B_

E=— =0
@t
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45.1 Parallel transport proof

The key lemma, as perhaps its most important consequence, ictly proves Maxwell's fourth equa-

tion, Theorem 4.6.
Proof. We will use the key lemma for the vector eld V given in the theorem and for the function

()= 250 ese

Recall that o( )= ( )cos and = ()= (xy).

To begin, recall the statement of the Key Lemma.

ry £ PxV(X) ry gr yfV(x) re( cos )g=( Y(Vx)  (V y)y)

Now, integrate both sides over with respect to x:

Z 4 4
ry f PxV(x) r y gadx ryfvV(x) rx og dx= XyY)(VX) (V y)y) dx

We may interchange the integral in x variables with the gradient and curl operators on the

left-hand side, since they are in terms ofy.

4 Z Z
ry PyxV(X) 1y dx r y V(X) ry odx = xy)(V(X) (V y)y) dx

The rst term on the left-hand side is simply the curl of the Bi ot-Savart operator,

Z
ry BS(V)(y)=ry PyxV(X) r y dx

Substituting that into the previous equation obtains

y4 Z
ry BS(V)(Y)=ry V(X)) rx odx+  (y)(V(X) (V(xX) y)y) dx

Use now the vector identity V. r o =1 ( oV) of 'V (see Appendix A) to expand the

right-hand side:

Z Z
ry BS(V)Y) = ry o1y (oVX)dx r y of x V(x) dx
Z
+ (Y)(V(X) (V(X) y)y) dx
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Apply the Divergence Theorem:

z z
ry BS(V)y) = ry oV(X) hd(areax) r y of x V(X)dx
7z @
+ (Y)(V¥) (VX)) y)y) dx

The rst two integrals on the right-hand side are as desired. The third integral takes on the

value of its integrand whenx = v, i.e.,

z
GY)(V(x)  (V(X) y)y) dx = V(y) (V(y) V)Y

SinceV (y) lies in the tangents space ofy, the term (V(y) y) =0. Also, V(y) is assumed to be zero

outside of , so this third integral vanishes there. We write this fact explicitly,

8
Z 2 V(y) inside
Y)Y (V(x)  (V(X) y)y) dx = 5
: 0 outside
which completes the proof of the theorem. O
4.5.2 Left-translation proof
Proof. Write out the left-translation version of BS(V)(y):
Y4
BS(V)(y) = (Lyx 1) V(X) 1y odX
1 Z
77 (Lyx 1) V(x) dx (4.2)
Z

+2ry  (Lyx 1) V(X) ry 1dx

Recognize the rst term as the vector convolution operator B(V; () as given in section 3.9. Call

the other two terms I, and | 3 respectively.
BS(V)(y) = B(V; o) + l2 + I3
We take the curl of the three terms separately. Sincd 3 is a gradient, its curl is zero.

Z
ry la=r1y 2ry (Lyx 1) V(X) ry 1dx=0
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The second integral produces a vector eldl»(y) that is left-invariant, since its integrand is left-
translated to y. Ergo itis a curl eigeneld, sor 1, = 2l,. Thus, two of the three terms in the

curl of BS(V) are complete:

ry BS(V)(y) ry B(V; o) 2a(y)
yA

ry B(V; o)+ 2—12 (Ly 1) V(X) dx (4.16)

ry BS(V)(Y)

Now we calculate the curl of B(V; o). The result is independent of the function . Earlier we

referenced this result in order to calculate the curl ofB(V; 1) in the proof of Theorem 4.3.
z
ry (Lyx 1) V(X) 1y odx

ry B(V; o)y)
= ry (Lyx 1) V(X) r y o dx
We now utilize Identity 8 from the Appendix,
rr (U W)=rwUr gW+(r W)U (r U)W

where we setU = (Lyx 1) V(x) and W = r o. After applying the identity, there are four terms

to analyze.
z
ry B(V; o)ly) = + rwU dx (4.17)
z
r yW dx (4.18)
z
+  (ry ry o) (Lyx 1) V(x) dvok (4.19)
z

ry (Lyx 1) V(X) ry odvok (4.20)

We claim that the last integral above, term (4.20) vanishes. We must calculate the divergence
of (Lyx 1) V(x) with respect to y variables. For a xed value of x, the vector V (x) is translated to
a vector in the tangent space of eacty this forms a left-invariant vector eld. Left-invariant ve ctor

elds on S3 are divergence-free, so, (Lyx 1) V(X)=0.

Let's examine the third integral, term (4.19)
V4 Z
(I’ y ry O) (Lyx 1) V(X) dx = ( y 0) (Lyx 1) V(X) dVle
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Recallthat o( )= () 1=2 2. Then, (4.19) becomes

Z
(ry ry ( D(Lyx 1) V(x) dx
y4
= () 2% (Lyx 1) V(x)dx
y4 4
() (Lyx 1) V(x) dx

52 (Lyx 1) V(x)dx

In the equation on the line above, ( ) vanishes except when =0, i.e., when x = y. In this

case, the integral involving ( ) simply becomes the value of the vector eld whenx = y, namely
8

4 2 V(y) inside
( )(Lyx 1) V(x) dx = 5
0 outside

We are nished with term (4.19). Recapturing all of our work so far,

z
ry B(V: o)y)= rwUdx (4.17)
z
r yW dx (4.18)
0 1
V(y) inside z
¥ % § 2—12 (Lyx 1) V(x) dx (4.21)

0 outside
In order to analyze only one covariant derivative term, we mé&ke use of Identity 4 from the
appendix to write integral (4.18) in terms of integral (4.17) plus some additional terms.
row = r(W U) r wU W r u Urr W
Then the integral (4.18) becomes
Z Y4

rgwdx = r-W U)+rwu+(Wr y U)+(Ur y W)adx (4.22)

The last term on the right-hand side vanishes since it is the arl of a gradient, even though o( )

has a singularity at =0, i.e., x = y.

Now consider equation (4.22). The second and third terms vaish in Euclidean space but the
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rst term does not; all three remain on the three-sphere. The rst term of (4.22) becomes

z z
ry(W U)dx ry (W U)dx
z
ry ryo (Lyx 1) V(x)dx

The gradient of o changes sign when switching variables frony to x appropriately:

ry o= (Lyx 1) I'x o

Thus we continue with the rst term of (4.22):

z z
ry(W U)dx = ry (Lyx 1) rx o (Lyx 1) V(x)dx
z
= ry ryxo V() dx
z
= Iy r<« oV(x) o (rx V(x)) dx
z z

+ry o(rx V(X)) dx r oV(X) nd(areay)
@

These are exactly the same terms as obtained in the Euclideacase, where we could have written

1 1

Now consider the third term on the right-hand side of (4.22);it integratesar U term. The
vector eld U =(Lyyx 1) V(x) is left-invariant in terms of y variables, as discussed earlier. Thus it

is a curl eigen eld, and so

ry, U= 2U

ly (Lyx 1) V(X) 2(I—yx 1) V(X)

So the third term of (4.22) then can be written as

z z
Wr y Udx

ry o 2(Lyx 1) V(x)dx
z
2 (Lyx 1) VX) 1y odx

2B(V; o)y) (4.23)

74



We summarize the results of analyzing (4.22):

z z
rywdx = r- (W U+rwU+(W r U+(U r W) dx

Z Z Z
rywadx=r y o(rx V(X)) dx+ry oV(X) hd(areay)
7 @
+ rwUdx  2B(V; o)(y) + 0O

Let's gather our results:

0 1
\Y, inside z
B om= B § L L) Ve
0 outside
Z Z
ry o(rx V(X)) dx + ry oV(X) hd(areax)
7 @

+ r wU dx

+ 2B(V; o))
Z
+ r wU dx

R
Notice that we are left with two terms that are both of the form r wU dx, where U =
U(xy) =(Lyx 1) V(x) and W = W(Xx;y) = r x o. Notice both U and W lie in Ty . In order to

analyze this integral, we utilize Proposition 3.3, which impliesr wU = W  U. Thus,

z z
2 rwUdx 2 W Udx
z z
2 1, g(kyx 1) V(X)dx 2 ryo (Ly 1) V(x)dx

2B(V; o)(y)

This term cancels the fourth term above, and we obtain the reslt for r  B(V; o).
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0

1
V(y) inside Z
ry B(V: oy)= % }C;: 2—12 (Lyx 1) V(x) dx
0 outside
z z

ry o(rx V(X)) dx+ry oV(X) hd(areay)
@

ry B(V: o(y)= AV o) G(V; o)

So we have the desired result about the curl of the vector coralution operator. We now recall

equation (4.16).

Z
fy BS(V)Y) = fy B(Vi o)t 55 (Ly 1) V(x) dx
0 1
V(y) inside
ry BS(V)y) = % £
0 outside
Z
ry o (rx V(x)) dx
Z
+r

y oV(x) hd(areayx)
@

With this the theorem is complete. O

4.6 Properties of Biot-Savart on subdomains

In this section, the kernel of the Biot-Savart operator is cdculated. Also, we determine precisely
when curl is a left-inverse toBS. This chapter then concludes with a proof that BS is self-adjoint

and a statement about its image.

4.6.1 Kernel of the Biot-Savart operator

By de nition, the Biot-Savart operator on S® maps the subspace of gradients to zero. No uid knot
on S2 lies in the kernel of B or else Ampere's Law would fail. Hence the kernel of Biot-Saart on the

three-sphere is precisely the space of gradients. Gradiesiton S® all behave like grounded gradients
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found on a compact subset S8. There the Hodge Decomposition Theorem for vector elds is

more complicated, so we ponder, how do the other subspacesimve? What is the kernel ofBS on

?

Theorem 4.8. Let S® be as described above. The kernel of the Biot-Savart operaton  is

precisely those gradients that are orthogonal to the boundg i.e.,
kerBS = HG() GG()

When discussing the kernel, we must note carefully that as aroperator BS maps into V F().
Though we often extendBS to de ning a vector eld on S® |, that is not its natural target space.
Therefore, a vector eld V lies in the kernel if and only if BS(V) = 0 inside ; a priori nothing
is known of its behavior on S® . In proving Theorem 4.8, we will show that if BS(V) = 0
throughout , then BS(V) must vanish identically on the entire three-sphere.

In order to prove this theorem, we require a few preliminary results.

Lemma 4.9. Let be as above, and lef be the outward pointing normal vector on@ . Consider

avector eld V2 VF() andlety 2 S2. Then,

z z
(Lye 1) Fx V) +2(Ly 1) V(X) dx = (Ly 1) [V(X) 0] d(area)
@

Proof. Begin with the divergence theorem:

Y4 Y4
r v(x)dx = V(x) hd(area)
@

Let U(x) be any left-invariant vector eld on S3. Now replaceV (x) with V(x)  U(x):

z z
ro(Vx) UX)dx = (V(x) U(x)) hd(area) (4.24)
@
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Now examine the right-hand side of this equation.

Z Z
(V(x) U(x)) nhd(area) (U(x) V(X)) nd(area)
@ @

Z
= Ux) (V(x) n)d(area)

Z@

= (Lyx 1) U(X) (Lyx 1) (V(x) N) d(area)
Z@

= U(y) (Lyx 1) (V(x) n) d(area)
e z

U(y) o (Lyx 1) (V(x) ) d(area)

Now examine the left-hand side of equation (4.24).

Z Y4
r(V(x) UX)dx = ux) r VX VX)) r U(x) dx
@

SinceU(x) is left-invariant, r  U(x) = 2U(x).

z z
r (V(x) U(x)) dx

UX) r VX +2V(x) U(x)dx
Z@
= Uix) (r V(X)+2V(x)) dx
Z@
= (Lyx 1) UX) (Lyx 1) (r  V(X)+2V(x)) dx
Z@
U(y) (Lyx 1) (r  V(X)+2V(x)) dx
e z
U(y) o (Lyx 1) (r V(X)+2V(x)) dx

The two sides of equation (4.24) are equal.

VA Z
u(y) o (Lyx 1) (r V(X)+2V(x)) dx = U(y) o (Lyx 1) (V(x) N) d(area)
Since this holds for any left-invariant eld U, we may conclude that the projections of the two
integrals onto the space of left-invariant vector elds must be equal. Both sides are integrals of
left-translated elds and hence both are in fact left-invariant vector elds. Therefore, we have the

desired equality:

Z Z
(Lyx 1) rx V(X)+2(Lyy 1) V(x) dx = (Lyx 1) (V(x) n) d(area,) O
@
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We require another lemma which involves a particular energyestimate. In the section on
Maxwell's equations, we de ned the electrostatic eld due to the time-independent surface charge
=V Ahon@, and we called it E- . (We also viewedE- as the time derivative of an electrodynamic
eld due to a surface charge § n)t but do not adopt that view in this section.) For convenience,

we now drop the derivative notation and hereafter refer to this eld as

Z
E(y)=ry o oV(X) hd(areay)

Call the potential function for the electrostatic eld, E = r ; the negative sign is in

accordance with electrodynamics notation.

Lemma 4.10. For V =rf 2 VF() , let E the electrostatic eld that it generates as described

above. Then the energy oE s related to its potential as
VA Z

JE ()i*dy= (y)r f nd(area)
S3 @

Proof. Let V = r f,andlet = r f A, which we view as a surface charge o®. Then we can

write
Z

E =ry o d(area)
@
To make this proof more convenient in terms of notation, viewthe surface charge on @ as a
volume charge on a thickened, compact neighborhood\ (@) of the boundary @. We choose

to be C1 smooth with support in N (@). The electrostatic eld E resulting from approximates

E and is expressed as
z

E =1y o d(area)
N (@)

For this situation, we canview E = r , Where
Z

o d(area)
N (@)

Then the divergence ofE isr E = . We may extend the domain of integration of to

be all of S%, since vanishes outside ofN (@).

4

= o d(area)
S3
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Recall that ¢ is the fundamental solution to the Laplacian on S, meaning that = ( D

Thus, the divergencer E = [ ]- Consider the integral of times

y4 y4 Z

dx = r E dx + [ 1dx
N (@) N (@) N (@)

Again, we extend the domain of integration to be S*:

z z
dx = dx
VAR z z
dx = r E dx + [ 1dx
ZN(@) ZS3 S3 7
dx = r (B )r E dx+[ ] dx
ZN(@) S8 7 S8
dx = 0+ JE 2dx + [ ][ ] (4.25)
N (@) s3

Now by making the neighborhoodN (@) shrink and approach the boundary @, we have

[T! O
Z Z
dx ! d (area)
%(@) Z@
S3jE jZdx ! S3jE j2 dx
Then, equation (4.25) converges to

Z Z
d (area) = jE j2dx
@ s3

our desired result. O

One more result, the following energy estimate, is requirecbefore beginning the proof of the

kernel of BS.

Proposition 4.11. Let V be a divergence-free vector eld on S8, and let E be its associated

electrostatic eld. Then,
Z Z

LIE Py vitay
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Proof. When V is divergence-free and tangent to the boundary, the electrstatic eld E =0. So
it su ces to prove the proposition for V a divergence-free gradient, i.e.V 2 CG HG. Adding a
uid knot component to V would only increase the energy on the right-hand side while at a ecting
the left-hand side.

Soassume/ =r f 2 CG HG; this implies f is harmonic. Start with the above lemma,

Z Z
JE (j*dy = (y)r f hd(areay)
S8 @
Apply Green's rst identity:
Z Z
iE (Y)j?dy = roorf+ f dy
z5 z
JE (ni*dy = E rf+0dy (4.26)
83

This is the L2 inner product of E andr f; apply the Cauchy-Schwartz inequality:
z Y4 1=2 Z 1=2
E rfdy E E dy rf rfdy

Z 1=2 Z 1=2
ssjE j? dy jr fj2dy

Substitute this inequality into equation (4.26), to conclude

z z 1=2 Z 1=2
LJE ()i dy LJE i dy ir 172 dy
Z 1=2 z 1=2
ngE j? dy jr fj%dy ;
which proves the result. O

Finally we are ready to prove Theorem 4.8, that the kernel ofBS is HG () GG().

Proof. First, we show that the subspaceHG() GG() is contained in the kernel of BS. Let
V = r f be in this subspace; thenf is locally constant on each boundary component@ ;. This

implies that V is orthogonal to the boundary.
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We compute BS(r f) using the left-translation version of the Biot-Savart operator.

z
BS(r f)(y) = (Lye 1) Fxf(X) 1y odx
z
4—12 (Lyx 1) 1 xf (%) dx
z

Call these three integrals (1), (1), and (lI); we compute t hem individually.

Use Lemma 4.9 to express the second integral (I1) as
1 z 1 z
F (Lyx 1) rxf(x)dx = F (Lyx 1) (rx r «xf(x)) dx
1

+8 2 o (Lyx 1) (rxf(x) n)dx

Both terms on the right vanish sincer f is orthogonal to the boundary. Hence, the second integral

()= 0.

Now, examine the rst integral (1),

4
n = (Lyx 1) rxf(x) r y odx
4
= (Lyx 1) rxf(x) (Lyx 1) rx odx
Z

(Lyx 1) (rxf(x) r x o) dx

We can rewrite the right-hand side using a vector identity (see the Appendix):

rf r o=r fr o f(rr 0)

Then,
Z Z
(I) = (Lyx 1) (rx f(X)rx 0) dx + (Lyx 1) [f (X)(rx r x 0)] dx
Though r ¢ has a singularity, its curl still vanishes (as it only depends on ). We are left with
Z
(I) = (Lyx 1) (I‘ x (X)I‘ X 0) dx
Apply Lemma 4.9,
Z VA

0 = 2 (L 1) (FIrx o) dx+ o (Lyx 1) (FO)rx o N) dx
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Recall that f is constant on each boundary component; leff; be its value on the component
@ ;. Denote ; as the region \inside" @ ;, where inside is determined opposite to the directiom?

points. Note that ; is not necessarily a subset of . Then,
4 X 4
n = 2 ry odx+ fi (Lyx 1) (rx o Ny) dx
i @ i
Now apply Lemma 4.9 again.
Z X Z X Z
n = 2 ry odx fi (Lyx 1) (rx r x o) dx 2 fj (Lyx 1) rx odx
i i i i
Z X 4
n = 2 ryoedx 0+2 fi ry odx (4.27)

We are now ready to compute the third integral, (l11).

Z
(m = 2ry  (Lyx 1) rxf(x) ry 1dx
Z
2ry  ryf(x) rx 1dx
Z
2ry ry (FXrx 1)+ f 1 dx

Recall that 1= o+1=8 2. Apply the divergence theorem to the rst term,

z z z
any = 2ry f(xX)rx 1 nd(areay) + 2ry f odx + 2ry f(x)SL2 dx
@

The last integral is independent ofy and vanishes upon applying the gradientr ,. To analyze the

rst term, recall that f is a constantf; on each boundary component@ ;. Then,

X Z Z
my = 2ry fi rx 1 fjd(areay) + 2ry f odx
« i Z@i 7
i i
X Z Z
ay = 2 firy 0+8—1zdx+2ry f odx
X z z
(any = 2 ry odx +2ry f gdx (4.28)

Examining equations (4.27) and (4.28), we see that (Il1) is he negative of (I). We conclude that
BS(r f)=()+(ll) + (Ill) = 0. Therefore, the subspace HG GG isindeed contained in the kernel

of BS.
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Now we prove that kerBS HG GG. LetV 2 FK HK CG and decompose it as

V = W + Vc,whereVx 2 FK  HK andV 2 CG. Maxwell's fourth equation implies that

z

r BS(VK + Vc) Vk + Ve r y o Ve hd(area)
@

r BS(VK + Vc) = VW+rg

If Vk 60,then r BS(V) 6 0 and consequentlyBS(V) 6 0. So it su ces to show that no
curly gradients are in the kernel of BS.
AssumeV = r f is a curly gradient that is in the kernel of BS. We will show then that
V = 0. Since curly gradients are divergence-free, Maxwell'sdurth equation states, fory 2 , that
r BS(V)(y)=V E ,whereE the electrostatic eld de ned in the previous section. This must
be zero sinceBS(V) =0on . Thus V = E on . By Proposition 4.11, the energy of V on
is no less than the energy o throughout the three-sphere. SinceE equalsV inside , it has
no available energy left on the complementS® |, and so E must be identically zero there. This
implies that BS(V) = 0 on all of the three-sphere, a fact which we could not conalide a priori .
SinceE equals a gradientr , the potential function  must be locally constant on S3
In particular  is constant on each boundary component. Any gradient liker whose potential
function is locally constant on @ must liein HG GG(). Now V was equal tor on ,so V
liesinHG GG. This subspace is orthogonal to the curly gradients, henc& must be trivial.
Thus we have shown that the kernel ofBS cannot contain any curly gradients or uid knots.
Thus it must be included in HG  GG; by the rst half of the proof, the kernel is precisely that

subspace. O

Indeed, in proving Theorem 4.8, we have shown an even strongeesult, namely that no curly
gradient can lie in the kernel ofr  BS. No uid knot lies in this kernel due to Ampere's Law.

Thus, the kernel ofr  BS is exactly the kernel of BS.

Theorem 4.12. The kernel ofr  BS is preciselyHG() GG() .
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4.6.2 Curl of the Biot-Savart operator

The Biot-Savart operator is quite useful because, for certm vector elds, it describes an inverse
operator to curl. The inverse to the curl operator is quite useful in energy minimization problems,
which often are solved as eigenvalue problems for curl; seerfexample [1, 10]. Let us state then

precisely when curl inverts the Biot-Savart operator.

Theorem 4.13. (1) The equationr BS(V) = V holds on S® if and only if V is a divergence-

free eld tangent to the boundary@ , i.e., V 2 FK () HK () .

(2) The equationr  BS(V) =0 holds onS® if and only if V 2 FK () HK () HG()

GG() .

Proof. The rst statement is far more complicated to prove than the second. One inclusion is
immediate from Ampere's Law guarantees thatr  BS(V) = V holds on S8 for a uid knot
V.

Now for the other inclusion. Assumer BS(V) = V holds. ThenV lies in the image of curl,
and so must be orthogonal toHG GG. The equationr  BS(V) = V holds for any uid knot,
and so it su ces to show that it cannot hold for a curly gradien t.

Let V =r f 2 CG(). Maxwell's equation implies that r BS(V)= V + E on , where
z

E(y=ry oV(x) hd(areayx)
@
is the electrostatic eld resulting from the surface charge = V Aon@. Supposethat r BS(V) =
V, which implies E =0 on . We show that this also implies V is trivial.

Our rst step is to show that E = 0 outside . As before, express = r . SinceE =0
on , the potential function is locally constant on ; in particular is a constant ; on each
boundary component@ ;.

An exercise in Euclidean electrodynamics shows that any etrostatic eld derived from charge

on closed surface will have a jump discontinuity across thewgface, but will be divergence free on the
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interior and exterior of the surface. The same result follove from our de nitions on the three-sphere.

Then

r E = JEP+0

Integrate over the complement of .

Z Z
j Ej2dx = r E dx
S3 ZS3
= E nd(area)
x> Z
= i E n d(area) ; (4.29)
i @ i

wherery is the normal vector on @ ; pointing out of S3
In Euclidean space,Gauss's lawstates that the ux of an electrostatic eld like E over a closed

surface equals the total charge enclosed by this surface. Aanalogous result holds onS2:

Z
E n;d(area) = charge Q enclosed by@ ;

@ i
Above when we write that charge is enclosed by@ ;, we intend that the charge lies inS® @ ;.

The only possible charge in the regionS®* @ ; lies on other boundary components@ ; that lie

outside . Thus,

Z X Z
E njd(area) = (1 (x) d(areay)

@ i i @ j

The sign on the right-hand side is determined according to wiether the orientations of n; and n;

agree.
Z X Z
E Ny d(area) = (1 (x) d(areay)
@ i i @
X Y4
= (1 V(x) n; d(areay)
j @;
=0
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SinceV is a curly gradient, it has zero ux over any boundary componet. By equation (4.29) we
conclude that
Z
j Ej2dx=0 ;
S3
and soE =0on S®
We now have that E =0 on the interiors of and S® . Now we apply a pillbox argument

a standard tool in electrodynamics, to a pointx 2 @. Take a neighborhood of x in @ and extend

this into a \pillbox" P of small height . Then by Gauss's law:

Z Z
E nNd(area) = charge Qenclosed = d(area)
@P Pl @
But E = 0on @P @, so the left-hand side above is zero. Thus, for any choice ofpillbox,
Pl@ d (area) = 0. Thus s identically zero on @. That implies that V is tangent to the
boundary, so it cannot be a curly gradient unless it is trivial.

Thus we have shown that the only gradients for whichr  BS(V) = V holds are trivial; the

proof of the rst statement is now complete.
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The second statement is far easier to prove. For a uid knotV, Ampere's Law guarantees that
r BS(V)=0 holds on S® . The other subspaces HG GG lie in the kernel of r  BS by
Theorem 4.12. ThusfFK HK HG GG kerBS.

To prove the reverse implication, it su ces to show, for V a curly gradient, that r BS(V)
is nonzero. In proving Theorem 4.8, we showed that iV 2 CG(), then having r BS(V)=0

outside implied that V = 0. Thus the second statement holds. O

4.6.3 Self-adjointness and image of the Biot-Savart operat or

In this section we show that the Biot-Savart operator is selfadjoint, whether it is de ned on a

subdomain or on all of S®. As a corollary, we learn something about its image.
Theorem 4.14. The Biot-Savart operator is self-adjoint.
Proof. Let V;W 2 V F(). We use the parallel transport version of Biot-Savart to show

FBS(V); Wi = hV; BS(W)i

z
BS(V)(y);W(y)i = PyxV(x) Ty  W(y) dxdy
z
BS(V);Wi = W(y) r v PyV(x)dxdy ;
where we have used identity 1 in Appendix A to rearrange vectes. Sincer y = Pyry , we have
Z
BS(V);Wi = W(y) Pyxrx Py V(x)dxdy

Now parallel translate all vectors fromy to x. Fory 6 X, clearly Py, Pyx = 1.

BS(V);Wi = ’ PyW(Y) PeyPulx Py Py V(x) dxdy
BS(V);Wi = ° e PyW(y) I » dy V() dx
BS(V);Wi = ’ BS(W)(x) V(x) dx

BS(V);Wi = mBS(W)(x);V(X)i
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Corollary 4.15. For ( S3, the image of Biot-Savart lies nFK HK CG.

For comparison, the image ofBS on all of S® is precisely the space of uid knotsK (S?).

Proof. Since BS is self-adjoint, its image must be orthogonal to its kernel. In more detail, let W
be the component ofBS(V) that lies in HG GG the kernel of BS. Then BS(W) = 0 and self-
adjointness implies that BS(V); Wi = hv;BS(W)i =0. But, BBS(V); WihW;Wi. SoW must be

trivial, and thus HG GG is not in the image of BS. O
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Chapter 5

Helicity

In this section, we establish upper bounds for helicity and ér the Biot-Savart operator. From

Theorem 5.6,
kBS(V)k N (R) kVk

JH(V)] N(R) hV; Vi

where R is the radius of a spherical ball with the same volume as the dmain whereV is de ned,
and

N(R)= £ (2(1 cosR)+( R)sinR)

These bounds are not sharp, but we provide examples which shothat they are the right order of

magnitude.

De nition 5.1.  The helicity of a vector eld V 2 VF() is de ned to be

H(V)

hV; BS(V)i
z

V(y) BS(V)(y)dy
z

V() PuV(x) r y (xy)dxdy
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Helicity measures the extent to which the ow lines of a vecta eld wrap and coil around each
other. It was discovered inR® by the astrophysicist Woltjer and named ten years later by Mo att.

For divergence-free elds, helicity is the same as Arnold'sasymptotic Hopf invariant [1].

5.1 Calculating upper bounds

Upper bounds for the helicity of a vector eld in Euclidean space were described in section 2.3.1. We
seek to now bound helicity on subdomains 062. We begin by showing that the Biot-Savart operator
is bounded in the L? norm, which follows a standard Young's inequality proof from functional

analysis.

Proposition 5.2. Let ( (x;y)): I R be a function that depends only upon the distance

(x;y) betweenx andy and that is de ned such that

Y4
N ( ):=m£ax j ()jdx< 1
y

Then the operatorT :VF() ! VF() , dened as

Z
T (V)(y) = PyxV(X) ()r y dx

is bounded with respect to the.2 norm. Speci cally,

KT (V)(y)k N ( )kVk

Proof. Begin by estimating the length of T (V):

Z
T (V)Y Py V¥)iT ()iir y jdx

Note that jr y j =1 by equation (3.7). We rewrite the inequality above as
z
iT (V)i Vil i) P
D . _E
S\ T e B e
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Now apply the Cauchy-Schwartz inequality,
Y4 1=2 Z 1=2
iT (V)i jVi?j jdx j jdx
Z 1=2
ViZj jdx N ()PP

Now square both sides and integrate with respect to y.

Z
iT (Vi N () jVi?j jdx
Z Z Z
iT (V)()i? dy N () V()j?j jdx dy
Z
hr (V); T (V)i N () iV(x)j?j jdxdy
Z Z
hr (V); T (V)i N () VX j jdy dx
Z
hr (V); T (V)i N () VPN () dx
hT (V); T (V)i N ( )?hV;Vi

Finally, take the square root of each side to obtain the desied inequality,
KT (V)(y)k N ( )kVk
Consider this proposition with the operator BS(V) in place of T and with
z

BS(V)= PxVX) Y )ry dx ;

where ( ) and its rst two derivatives are, as shown in chapter 4,

() = 250 ese
) = 4—12(csc +( yesc cot )
) = c:,cz 2cot +( )(cot? +csc? )

The proposition guaranteesBS(V) is bounded:

kBS(V)k N ( 9kvk
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Consequently, helicity is also bounded, since
H(V)= hv;BS(V)i k BS(V)kkVk
by the Cauchy-Schwartz inequality. This estimate implies
H(V) N ( 9hv;Vi : (5.2)

Thus we have shown
Corollary 5.3. The Biot-Savart operator BS : VF() ! VF() is bounded in theL? norm.
Consequently, helicityH : VF() ! R is a bounded functional.

Now we hunt for an upper bound forN ( 9. We will need two lemmas before establishing any
estimates.
Lemma 5.4. The function 9 ) is a strictly decreasing function of on (0; ].

Figure 5.1 depicts a graph of the function and its rst two derivatives which clearly shows that

% ) is decreasing on (0 ).
Proof. We show two facts about °{ ) which are su cient to prove the lemma:

1. Q¥ )Y<o0 on(© )

1
12 2

2. lim Q)=

Onthe interval 0 < < , the function csc( ) is positive; thus to show the rst fact, °( )< 0,
it su ces to show that

2cot +( )(cot? +csc® ) >0
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Plotting f(a) and its derivatives

f(a)

f(a)

f'(a)

Figure 5.1: Graph of potential functions ( ), Y ), and °7 )
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First note that ( ) > sin on (0; ). Then,

2cot +( )(cot?> +csc® ) > 2cot +sin (cot? +csc? )

2cos cog +1
sin sin
cog +2cos +1
sin
(cos +1)2
sin

Thus we have shown ° ) < 0, which implies ¥ ) is decreasing on (0 ). To show that ©is

decreasing at = , we nd the limit of as !
. . csc
lim ) = lim VEa 2cot +( )(cot? +csc? )
_ ilim( )(cos® +1)+2sin  cos
421 sin®

Now apply I'H6pital's Rule:

im %) = . (co® +1) 2( )sin cos +2cos?  2sir?
! 42 3si’ cos
N S 2( )sin cos  3sir?
427 3si’  cos
12 ) . 1
= I = 4 _ =
4 2 “!m 3sin “Tn cos
= 4—12 —+1
_ 1
T 122

Thus, we have shown that %< 0 on (0; ) and has a well-de ned limit, which is less than zero,

at the endpoint = . This allows us to conclude that is decreasing on (0 ]. O

Z
Now return to the bound N ( 9 = mgx i % (xy))jdx. Since % ) blows up at the origin
y

and is always strictly decreasing, the maximum of the integal will occur at a point y 2 which
is closest in some sense to all other points of . Precisely, loosey to be the point where f |
d(x;y) 8x 2 gis minimized. This can be thought of as the smallest radius possible for a ball

B(y; ) containing .
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Let v be the volume of . De ne R to be the radius of a ballB = B(y;R) S® having the same
volume as , i.e., R satis es

v=vol(B)= (2R sin2R)

Lemma 5.5. For andB as aboveN ( 9 Ng( 9. Equality holds if and only if = B up to

a set of (Lebesgue) measure zero.

Proof. For both norms, we are taking the maximum of an integral; we hae choseny 2 \ B so

that both integrals achieve their maximum there. So we need ¢ show that

Z Z
i % (xy))jdx . i (y))jdx
The two integrals agree on the set \ B; after subtracting this set from the domains of integration,

it su ces to show, assuming the sets (  B) and (B ) have positive Lebesgue measure, that

z z
BJ A (xy))j dx . i A eynidx (5-3)
The sets B and B have the same volume, equal tov vol( \ B). All points x in the

set B, have (x;y) R. Since %is a decreasing function of ,

y4 Z
BJ' A (xy))idx BJ' AR dx = j AR)jvol(  B)

However, all points x in the set B have (x;y) <R. Thus

Z Z
i y)idx > . j AR)jdx = j (R)jvol(B )
Since the volumes are equal, this proves that the inequality(5.3) holds.
Ifthesets (  B)and (B ) have measure zero, then the only contribution to the integ rals for
both norms, N ( 9 and Ng ( 9, must come from the set ( \ B). Therefore the two norms must

be the same in this case. O
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Now calculate Ng( 9. Assume the ball is centered at y=0, and for notational easewrite

N(R) = Ng@r)( )(R).

z
N(R) = i %Ax; 0)jdx
’nz z,
N(R) = % )sin? sin d d d
=0 =0 =0
Zg
NR) = = sin +( )cos d
=0
N(R) = E(2(1 cosR) + ( R)sinR) (5.4)

With this estimate in hand, we are now ready to state our upper bounds on helicity. By
Lemma 5.5, we have thatN ( 9 N (R). By inequalities (5.1) and (5.2), we have shown the

following theorem.

Theorem 5.6. Let R be the radius of a ball inS® with the same volume as . Then for any vector

eld V2 VF() , we have bounds oBS(V) and the helicity of V as follows:
kBS(V)k N (R) kVk
HV) N(R) hv;Vi
whereN (R) = 1 (2(1 cosR) +( R)sinR).

To get a sense of the behavior of this bound, note thalN (R) R (equality holds only at R = 0).

Since the three-sphere is compact, it is also possible for itnlength vector elds to construct
bounds on helicity of the form

H(V) acvol() ¥ ;
wherek > 1 and typically ax < 1. In particular, we have the following two bounds.
Proposition 5.7.  Let V be a unit vector eld in VF() . Then

H(V) Zvol() *=®

H(V) 3vol() &
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Proof. The volume of a ball in S® with radius R is (2R  sin2R). Consider the function

[0;2 2]! [O; ], de ned such that (v) is the radius of a ball in S® with volume v; i.e.,

vol(B(0; (V)))= v= [2(v) sin(2 (v))]

For a unit vector eld V, its helicity is

H (V) N (R) WV; Vi = N (R) vol()

Comparison of Upper Bounds on Helicity

213 \#3

3/4 \Bf5

N(R)

v = Volume of W

Figure 5.2: The upper bound on helicity N (R) is less than the bounds given in Proposition 5.7.
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We can establish the following bounds numerically forv = vol(), see Figure 5.2:

N( (V) Svi

N( (V) Fvie

These estimates prove the proposition. O

5.2 Examples

Now we turn our attention to some examples in order to measureénow sharp the bounds are.

Example 5.8. Let = S2, and letU be a left-invariant eld. Then BS(U) = %U, and its helicity
R
isH(U)= U BS(U)dx= 21hJ;Ui= 3vol(S®)= 2. For W a right-invariant eld, these

values change signBS (W) = %W, and its helicity is H(W) = 2.

Our bound for helicity on the entire 3-sphere is given byjH (V)] N ( ) hVv; Vi, where the bound
N()=4= 1:27. So, while not sharp, the bound on the entire three-spherés the right order of

magnitude, roughly 2.5 times an attained value.

Example 5.9. As in Example 3.8, let be a tubular neighborhood of the circle x? + y? = 1 in
S = f(x;y;u;v)jx? + y? + u? + v2 = 1gde ned using toroidal coordinatesas = f(;; ):0
Seta=sin ,. The boundary of is a torus de ned by the circles u?+ v? = a? andx?+y2=1 a?,
or simply by the toroidal coordinate = arcsin a.

The volume of is

sin cosddd =2 2a°

0 0 =0

vol()

The Hopf vector eld 3 = yR + x¢ + vo u ¥ has an orbit along the core circle of and

is tangent to the boundary torus @. So it lies in K (), because it is of course divergence-free.
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Calculate BS(011) using the left-translation formula:

z
BS(0u)(y) = (Lyx 1) 02(x) Ty o(xy) dx
z

(Lyx 1) Ol(X) dx
4

1
12
+2r y (Lyx 1) Ol(x) r y 1(X:Y) dx

Start with the second integral, (I1). Since 0 is left-invariant, (Lyy 1) 01(x) = 1(y).

1 4
I = 55 0

= g vol) M)

By Remark 3.18,ry 1( )= (Lyx 1) r x 1( ); substitute this into the third integral, (III).

Z
" = 2ry  (Lyx 1) 02(X) (Lyx 1) rx 1(Xy) dx
Z
= 2r y M(X) rx 1(xy) dx
Z Z
= 2ry oy a0p(x)dx+2ry 1r x  01(x) dx
Z

= 2ry 101(x) nd(areay)+2r y 1r x 01(x) dx
@

since ) is both divergence-free and tangent to the boundary.

Now, only the calculation of the rst integral, (1), remains .

z

0 = (Lyx 1) 02(x) 1y ol (xy)) dx
y4

01(y) r y ol (xy)) dx
z

ily) vy ol (X)) dx

We will use the symmetry of the domain to interpret the integral above. Considered as a function
of x, the integrand ¢ only depends on the distance (x;y) betweenx and y. Because our domain

is rotationally symmetric in both the “and " directions, the integral cannot depend upon those
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coordinates. Thus we can conclude that the integral only depnds upon v, the coordinate ofy in

the direction normal to the concentric tori comprising . Le t f ( y) be the function so that

4
f(y)= o (x;y)) dx

Now, the rst integral is

0 = "wmly) r yf()

= cos " sin * fY )

£ )sin "+ 9 )cos
(n.b., (% n '\) is a left-handed frame; we must incorporate this when evalating cross products in
toroidal coordinates.)

Notice that integral (I) is orthogonal to “u; at every point in the domain. We summarize our

calculations so far:

BS(@) = M+ S ay)
BS(0y) = VZ'(Z) cos +f% )sin "+ Vj'(z) sin +f% )cos "  (5.5)

We will later solve explicitly for f 9% ), but for now leave it undetermined. The helicity of 11, is

independent of this uncertainty:

Hey = s 2 ey
H(0) = VZ'(Z) Hy; Oy
a2
H(01) = ﬁml;oli
H(01) = at

This value is certainly less than our estimate in Theorem 5.6 When contains 20% or more
of the volume of the three-sphere, our bound is within an orde of magnitude of the actual helicity.
However for thin tubes, our bound is not nearly so sharp. See igure 5.3 for a graph of the actual

helicity, normalized by hd;; 0;i, and the bound N (R) versus the tubular radius a.
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Now we reexamineBS(011). Notice that both the domain and the vector eld ~ u; are invariant
under the torus action which rotates them in the " and " directions independently. Therefore,
BS(01;) must also remain invariant under this torus action.

SupposeBS((11) has a nonzero component normal to the boundary@ at any point. Then
it must have the same component at every point of the boundary But then BS(011) would have
nonzero ux through @, which means it would have a component in HG  GG. But this is a
contradiction, for this subspace is orthogonal to the imageof BS FK HK CG, as proved
in Corollary 4.15. Thus BS(0;) must be tangent to the boundary. It is also divergence-free which
implies BS(01) 2 FK  HK..

Sinceudy is a uid knot, Ampere's Law implies that r BS(0;) = ;. Becausew; is an eigen eld

of curl, we know that
BS(01) = 30+ cW

1 . . _ .
whereW = Cos "is a generator ofHK () and cis a constant. Expand this into coordinates as

Cc A . A
BS(0;) = lcos + + Llsin 5.6
(01) 5 oS 5 (5.6)

Set the two equations, (5.5) and (5.6), forBS(011) equal to each other, and solve forf { ) and c:

1 a2
tan

f9)
1 a2
2

Finally, we obtain an explicit formula for BS(0;) on a tube of (Euclidean) radius a, valid inside the
tube =(0 arcsin(@)):

P2
Sin .
BS(01) = s * 1 sin

We now verify Ampere's Law, which implies that the circulati on around a loop in the " direction
on @ should be 0, since the loop bounds a surface outside . On @, the coordinate is con-

stant, equal to , = arcsin(a). Thus, the " component of BS(01;) vanishes on@, where we have
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BS(0) = g . The circulation of BS(01) clearly vanishes along such a loop, and Ampere's Law is
satis ed.

Now we calculate BS(0;) on the complement of . This vector eld must lie in the space
FK HK (S® ), by the same torus action argument as on . Maxwell's equat ions imply r

BS(01) =0. Thus BS(0;) 2 HK (S® ), as it is both curl-free and divergence-free

The harmonic knots onS®  are generated by W, = SI% " SoBS(0,) = SICTZ "“ons?

The BS operator is continuous across the boundary of a domain, whit implies ¢, = a?=2. We

conclude

BS(O)(y)= 2%

az A
2sin

8
in2 2

y 2

As a nal exercise, we calculate the norms oBS (11), considered as a vector eld rstin then
in SS.

222 1 (1 a?)? 1=

— 2
kBS(01)(y)k = 7 122 In1 a°) kaik
22 1 (1 a?)? a? 1=2
KBS(01)(y)kss = - @ @) i@ ko

Both the Biot-Savart operator and helicity of 43 respect our calculated bounds on the solid torus

. In fact, for all such domains,

JH(01)]  jBS(01)] iBS(01)jss

- <N (R
m1;01| kﬂlk kﬂlk ( )

Equality occurs if and only if = ; or = S3. Figure 5.3 shows a graph of these normalized

guantities and the calculated boundN (R) as a function of the tubular radius a of .
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Helicity bound and attained values

N(R)

IBS(uL)|| / {ju]]

[H(ul)|/<ul,ul>

Figure 5.3: The upper bound on helicity N (R) is greater than the attained values of BS (011)=k01k

and H (ﬁl)zml; Oqi.
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Chapter 6

Future study

The geometrical setup of electrodynamics orR® has many interesting applications in both pure and
applied mathematics. We described several of these applitians in chapter 2. Many of these remain
as open problems in curved geometries.

Solar physics is the setting for one application of our work. The problem is to analytically
model the observed metastable plasma states which persishithe sun's atmosphere before they
erupt into coronal mass ejections and ares. ldeally one cold apply energy minimization results
from the Woltjer problem (see section 2.3.2) to this problem However, the natural domain is the
complement of the sun in the universe; this region is not comact, and on it there are no nite
energy curl eigen elds. If we model the universe as a threephere with very large radius, then the
complement of the sun is compact, and our techniques using cu(and Biot-Savart) eigen elds are
applicable.

In Corollary 5.3, we showed that the norm of the Biot-Savart operator is bounded. For certain
vector elds curl acts as a left-inverse to Biot-Savart. We anticipate lower bounds on the eigenvalues
on the curl operator will arise from our work.

Helicity leads to several future areas of research. We aim teshow that helicity will remain

bounded under volume-preserving di eomorphisms of a domai . Also, does Berger and Field's
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formula

H(V) = Flux(V)?Wr(K)

hold for tubular neighborhoods of knots onS3?

In section 2.3.2, we described three energy-minimization fwblems which arise from helicity,
namely the Woltjer problem, the Taylor problem, and the opti mal domains problem. A natural
extension of this work would be to solve these problems on derent subdomains of the three-sphere.
We anticipate that the compactness ofS® will make the optimal domains problem easier to solve on
the three-sphere than in 3-space, where it is still open.

Beyond that, another research avenue suggested via this diertation is to understand the e ect
of negative curvature on this program: what is the Biot-Savat operator for subdomains of H 3?
What are its properties? DeTurck and Gluck in [14] already hare examined linking integrals there;
together we have goals of understanding this vast story on amany as possible of the eight di erent

geometries available for three-manifolds.
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Appendix A

Vector identities on Riemannian

3-manifolds

A.1 Vector identities

The formulas for Euclidean vector identities involving the gradient, divergence, and curl operators are
well-known and used throughout the sciences, especially iphysics. Many electrodynamics books
(e.g., Griths [18]) conveniently list these identities. T hese identities are similarly useful when
studying vector elds on other 3-manifolds. In this section, we prove the appropriate generalizations
of 11 such identities, listed below.

Let M 23 be an orientable, Riemannian, three-dimensional manifoldwith @ Msmooth if it exists.
Let A;B;C be smooth vector elds onM; let f;h 2 C! (M). Denote A acting on the function f
asA(f), where A(f)=r f A. Let L(V) denote the vector Laplacian ofV, as in section 3.7. Then

the identities given in Table A.1 hold.
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Table A.1: List of Vector ldentities

1.A (B C)=B (C A)=C (A B)

2.A (B C)=(A C)B (A B)C

3.r(fh)=f (rh)+ h(r f)

4.r (A B)=A (r B)+B (r A)+rB+rgA

5.1 (fFA)=f(r A)+ A(f)

r (fFA)=f(r A+ A rf

6.r (A B)=(r A B (r B) A

7.r  (fA)=f(@ A)+rf A

8r (A B)=(r B)A (r A)B+rgA r aB

r (A B)=(r B)A (r A)B+[B;A]

9.r (r A)=0

10.r (rf)=0

11 L(fA)=( f)A+2r A+ fL(A)
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A.2 Notation

We will make extensive use of tensor notation and will sum ove all repeated indices. For local
coordinatesx;, write vector elds as A = a

@
@x etc.
Let

sk be the sign of the permutation (rsk) in the permutation group Ss; e.g., 123 =1 and
132 = 1. If (rsk) is not a permutation of f1;2;3g, by convention de ne (s =0.

Establish local coordinatesfx;g on M3, Let g = (gj ) be the Riemannian metric on M. Let
G? = det(g; ) and describe the inverse matrix of the metric asg * = ¢’ . Below are descriptions

of the vector operations in coordinates. LetA = a -@

= p-@
@y andB =D ax
Table A.2: Vector Operations in Local Coordinates

Inner product: hA;B i

@ @ _
m@x’U@xl gj a'b

1 .
Cross product A B = g G %i O ab @

Q@x
Gradient: r f = ¢ @Q;@_@;
Divergence r = é@_@x Ga
Laplacian: f = é@_@x Gdl @@;@@x
Curl: r A= é@}((gkm am)@_@i(
Covariant derivative: r B = a :j + ai@_@i @_c?g

Here, }j denote the Christo el symbols of the metric.

Throughout this section, we use Einstein's repeated index smmation convention, unless other-

wise noted. We also attempt to maintain proper tensor notation: superscript indices depict vector-

like quantities and subscript indices depict di erential q uantities.

109



A.3 Useful lemmas

Here are two lemmas which appear numerous times in the upcomg proofs. The rst concerns
permutations of metric coe cients and the second involves @lculating products of permutation

symbols such as jjk sk -

Lemma A.l. For (g, the sign of the permutation (rsk), and metric coe cients g; as de ned

above, we have

x3 )
rsk Ori Osj Okn = G ijin
rsk =1

in det(g)

Proof. There are 27 possible 3-tuplesi(j;n ) 2 f 1;2;3g. Consider rst the case when (;j;n ) is in

the permutation group Sgz; this occurs for 6 of the 27 possible 3-tuples. Then by lineaalgebra,

x
rsk Ori Osj Okn = ijn det(q)
rs;k =1

We now consider the remaining cases wheré;{; n ) is not a permutation. There are three possible

x3
terms of the form (i;i;i ). Then rsk Ori Osi Oki Vanishes, since the permutations &bk) and (bak)

rs;k =1
provide identical summands with opposite signs.

The last case involves 3-tuples i{j;n ) with one repeated index; there are 18 such 3-tuples.
Without loss of generality, assumej = i so that the 3-tuple is (i;i;n ). Then rsk Ori Osi Okn
rs;k =1

also vanishes, since the permutationsg; b; k) and (b; a; K) provide identical summands with opposite

signs. O

Lemma A.2. Let (ijk ) and (rsk) be two permutations inSz. The product of their two permutation

symbols is given by

when i=r;]j

1
(%]

ijk rsk =

"W AW
|

1 when i=s;j

1
-
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Proof. If i=rj =s,then jw s = 5 =1

fi=s;j=r,then j sk = ik jk = §& = 1L

A.4 Proofs of identities
Identity 1. A (B C)=B (C A)=C (A B)

Proof. Using Table A.2 and Lemma A.1, we can write
A (B C)= gka mk g%igbd = ZG* y abd
B (C A= okl wkgoigica = ZG? j doc
C (A B)= k€ rmkgiggab = G j abc

Since jj = i = i , we conclude that all three formulas are thus the same.

Identty 22 A (B C)=(A C)B (A B)C

Proof. Begin with the left-hand side:

1 .
B C = rslagrigsjﬂd@_@x
1 i @
A (B C) = tuk @ Otm QuI am rsl Ori QSI b'C] @
Rewrite gy = gy . Using Lemma A.1, we see
rsl O Osj Ou = G? ju
Then A (B C) simplies as
1 o
A (B C) = tuk@gtmamGz iiu UC’@—@;
@
= i a"bd —
tuk iju Gtm @K
Now, use Lemma A.2 to say that
8
2 +1 i=k;j=t
tuk fju = ktu iju =
-B 1 i=tj =Kk
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So,

_ Comi o4 @ T )
A (B C) = gma"d b'@x glmaUC]@?(
= (A C)B (A B)C [l

Identity 3. r (fh)=f (r hy+ h(r f)

Proof. We expand the left-hand side:

i @ @

= = —

r (fh) g @x [fh]@x
— @i, @,k i;@h@

@x @x ¢ ' exex
i @f @ i @f @
= ] = = ] = =
h g @x @x o @x @x
= h(rf)+f(rh)

which concludes the proof. O

Identity 4. r(A By=A (r B)+B (r A)+rB+rgA

Proof. Out of all 11 identities, this one is by far the most complicated to prove. We will expand
both sides of the identity and obtain three terms on the left and nine terms on the right. The nine

terms combine nicely and equate to the three terms on the left

We begin by expanding the left-hand side; we denote the restihg three terms (L 1), (L2), (L3).

r(A B)=r (g ab)

S @ iy @
-9 @x G &b @x
g a @y @ My @iy @ Mo @ gy @
=g gua@}((U)@K + g gljb@x(a)@)g + g'a'b @X(g”)@)(

(L1) + (L2) + (L3)

On the right-hand side, rst consider the covariant derivat ive terms:

g @, @@
B =l gyt i ax
@ . e @
reA = Al gy P e ax
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Since Christo el symbols Ij are symmetric ini and j, we obtain three terms: (1), (II), and (lII).

i @, @, @ . @ ; @
rAB+rBA = 2aU :T@‘Fa@((ﬂ)@—}("‘u@—?((a)@(
FaB+rgA = () +Q) + (1)

Using the formula for a Christo el symbol,

k_}mk

@6 v @0y @
i = 29 @(gjm)"' @?((glm) Or (gi)

we can break term () apart into three pieces

o @ @ o @ @ o @ @
| - i mk & m ) — i mk & im ) — i mk & i) —
(1) abg @x(g, )@K+aUg @}((g )@x abg @m(gj)@ng
(1) = (la)+(lb)+(lc)
Notice that term ( Ic) has appeared before as (L 3).
The next term to consider is
1 @ ;@
A (r B) = G " @y G b @5

1 i ;@
e rsl pgk Ori Osp a @ Oki b @(

We use the product rule to break this into two terms, enumerated (IV ) and (V).

A (r B) = (IV)+(V)
1 -
(IV ) = & rsl pgk Ori Osp a'b @—@; (gkj ) @_@i
1 . A
(V) = & rsl - pgk Ori gspgkj al @—@i U @_@i

Similarly, B (r  A) can be expressed as the sum of two analogous terms, which wélvdenote

(V) and (VII).
B (r A) = (VD+(VI)
1 .
(VD) = Gz o Gpaltl o (00)
1 . )
v) = G2 rsl pak Oj gspgkiU@—% a @_@X
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Now that we have listed all terms on the right-hand side, we ae ready to describe the proof. We

claim that the following four equations hold

(IV) = (L3) (la) (A.1)
(V) = (L1) () (A.2)
(VI) = (L3) (Ib) (A.3)
(Vi) = (L2) () (A.4)

Using equations (A.1) - (A.4), the proof is immediate. The right-hand side becomes

RHS

(D) + (1Y +(HEY+(IV)+ (V) + (VD) + (V1)

(1a)+(Ib)+ (Ic)+(L1)+(L2)+2(L3) (la) (Ib)

(L1)+(L2)+2(L3)+(lc)

(L1)+(L2)+2(L3) (L3)

= LHS

We start with a proof of equation (A.1). In order to use Lemma A.1, we insert a factor ofgy gY
into terms (1V ) and (V). Since g¥ represents the inverse matrix ofgy , this factor is precisely 1.

Then (1V) is

1 iy @ @
(IV)= & rsl - pgk Ori gsp glyglyaU@(gkj)@

Now Lemma A.1 states that

rsl Ori gspgly _ )
e W

Thus, term (IV) is

iy @ @
V)= i Val — (9g) =
(V) pyi pak 9 @x (9 ) @x
Whenever two permutation signs share an index, we may use Lema A.2 to simplify the expression.

@

@
) @x @x

@
= I i n
(v) g aU@& (9 @x

ga'b @—@2$ (o)
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After suitably changing variable names, term (V) is recognized as (L3) - (la); thus we have

shown Equation A.1. Equation A.3 follows via the same proof.

We now turn to Equation A.2. After inserting the factor gy g* and applying Lemma A.1, we

obtain

P @ , @
(V)= i quglygkja@—2$ ] @r

Now apply Lemma A.2 and we see that

(V) = d"; ai@—% b @—@:( 9" gy a

(V) = (L1 ()

@, @

@(U@x

This proves equation (A.2). Equation (A.4) follows via the same argument. O
Identity 5. r (fFA)=1f (@ A)+ A(f)

Proof. This identity results from writing the left-hand side in coo rdinates. Note that A(f) = a %.

1@

r fA = == Gfa'
G @x
1 @ 4 1 . @f
f=—— Ga + =Ga =
G @x G @x

f(r A+ A(f)

O
Identity 6. r (A B)=(r A)B (r B) A
Proof. RecallA B = g égﬂ gsjalb @—@;
The left-hand side is written in coordinates as
r (A B)= é@—@i rsk Ori Osj @ 1
=é sk O ai@—% g+ @ls,-ld'@—@}6 g & (A5)
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The rst term on the right-hand side is

1 @
A) B== — b=
(r ) G nkl (glma )@X 4] @}(
1
:6 nkl gnj @ (glma )
By renaming indices ( = r; m = i; n = s), this becomes
1 @ .
A) B= = i — g;a A.
(r ) G S« gsi b @x Oi a (A.6)
Similarly, the second term on the right-hand side is
1 . @ ;
r B) A== iad — g5 b A7
( ) G rks Ori @K gSJ ( )
Since g = sk but ks = rsk » We combine Equations A.6 and A.7 to report the right-hand
side as
1 @ . @ ‘
(I’ A) B (I’ B) A= 6 rsk Jsj b @ Ori a + 6 rsk Ori a @ Osj b
which is precisely the left-hand side as described in (A.5). O

Identity 7. r (fA)=f(@r A)+rf A

Proof. Begin by examining the last term,r f  A. The formula for the cross product of a gradient

and a vector eld is

ef , @
r f A= rsq G grl gspgII @X @& :
Recall that g, g' = |, so we have

_ 1, of,@
rf A= sq G gsp@x @25

1 @f @

rf A=
0 g Opd’ @x @y

1 @f @

rf A= j agkma @x @x (A.8)

In the last line, variables (p; g;r; s) have been changed to ifn; i; j; k ) respectively.
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The curl of fA is apparent from the earlier curl formula:

SEUSER T ML
By expanding the formula, we obtain
@ 1 @f @
r fA)=f = — + jjk =Okma™"
( ) ijk G @ [gkm ] @x ijk ngm @?( @x
The rst term on the rightis f (r  A). Since i = ik , the second term on the right is precisely
r f A by Equation A.8. Thus we concluder (fA)=f(r A)+rf A. O

Identity 8. r (A B)=rgA r aB+[B;A]

Proof. We start by expanding the left-hand side:

1 o
r (A B)=r ,skagrigsja'ti@—@)g
1 @ 1 L @
= Imn 6@ rsk agnkgrigsjaltj @(

Lemma A.1 states that rsk Gnk Gri Gsj = G2 jn - So, our formula above simpli es to

C A B m o g Gl
Lemma A.2 determines the sign of ymn jjn @ itis +1if | = iandm = j;itis 1ifl=j and
= i. Thus,
r (A B) = é@—@; Ga'b @—@1 é@—@i Ga'b @—%
r (A B) = éaiﬁGU @—@?(+Hg—:@—@?( éﬂ@—@:(Gai@—@:( aig—j::@—@}(
r (A B) = (r B)A+ dg—?@—@i (r A) aig—l;@—@?(
r (A B) = (r B)A (r AB + gi@i aig_j;@—@;(
r (A B) = (r B)A (r A)B +[B;A] O
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Identity 9. r (r A)=0

Proof. This identity is directly calculated.

1
r A = ijk 6 @}( [gkm @@x
1 1
r (I’ A) = G @@:( ijk 6 @@:( [gkma ]
1
r (r A) = G ik @X@@}([gkm ]

r (r A = 0 ;

since permuting i and j changes the sign of jx while keeping the mixed partial derivatives the

same. O

Identity 10. r (rf)=0

Proof. This identity also follows directly.

rorfh = K é@—@i gkmgm“% @—C?(
Sincegwn g™ = [, rewrite the above equation:
e S
0D = S aeren
fo@t) = 0

since permutingj and k changes the sign of jx while keeping the mixed partial derivatives the

same. 0

Identity 11. L(fFA)=( f)A+2r A+ fL(A)

Proof. By de nition,

LEA)Y=r (r (FA) r  (r fA) (A.9)
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We analyze the two terms of equation (A.9) separately. We wil employ vector identities 3, 4, 5,

7, and 8 in Table A.1.

r (r (fA)) r (f(r A)+rf A)

= (r Arf+fr(@r A+r (rf A)

(r Arf+fr(r A)+rf (r A+A (rr f)+r sA+raarf

(r Ayrf+rf (r A)+rarf+r A+fr(r A)

Now for the second term of (A.9).

r (r fA) r (f(r A)+r (rf A

fr (o A+rf (r A)+(r Axf (rr f)A+rarf r (A

(r Arf+rf (r A)+trarf r (fA+fr (r A ( fA

The di erence of these two terms is preciselyL (fA ). The rst three quantities of both terms
are precisely the same; they cancel upon taking the di erene of the terms. The fourth terms have

di erent signs but are otherwise identical, and so they combne nicely in the di erence of the terms.

We are left with

LfA) = 2rfA+fr(r A) fr (r A)+( A
L(fA) = fLA)Y+2r tA+( f)A ;
which is precisely what was desired. O
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