PHY 742 Quantum Mechanics Il
1-1:50 AM MWF Olin 103

Plan for Lecture 6

1. Continue reading Chapter 14 — Analysis of scattering phenomena
a. Summary of phase shift analysis and examples
b. Approximate treatments of scattering — Born approximation
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Course schedule for Spring 2020

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date | Reading Topic [ HW [ Due date
1 |Mon: 01/13/2020 [Chap. 9  |Quantum mechanics of electromagnetic forces ‘ﬂ (01/22/2020
2 |Wed: 01/15/2020 |Chap. 9 _|Quantum mechanics of particle in electrostatic field {22 |o1/2412020
13 |Fri: 01/17/2020 |Chap.9 |Quantum mechanics of particle in magnetostatic field @ [01/27/2020
Mon: 01/20/2020 |No class _|Martin Luther King Holiday [
4 |Wed: 01/22/2020 [Chap. 14 [Scattering theory ‘ﬁ [01/29/2020
5 |Fri: 01/24/2020 [Chap. 14 |Scattering theory |55 Jo1/31/2020
6 Mon: 01/27/2020 Chap. 14 |Scattering theory e 021032020

[7_[Wed: 01/29/2020 [ |
[8 [Fri: 0173172020 | [ I I [

Representation of scattering in terms of probability amplitude

Scattering geometry /

/f. . ikr
ikr Q \ f(kaf)e_
r

e

Incident plane wave with Scattered spherical wave with

wavevector k and energy E = scattering amplitude f(k, r)




Summary of analysis for spherical target in terms of scattering phase shifts:

S &) =223 sin3 EDY, (), @)

Differential cross section: Z—g: ‘f (k,F)

4z

Total cross section: deZ—g =o(E)=-7 (21 +1)sin*(,(E))
1
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Summary of analysis for spherical target in terms of scattering phase shifts -- continued:

How to determine phase shifts §,(E) for interaction potential V' (r):

Partial wave differential equation:

om function

dr*  rdr r ) .
pherical Bessel functio
Continuity conditions at ¥ =D: R, (D)= ./V(cos ,J, (kD) —sin 6y, (kD))

[_E[ d- +gi_I(I+I)J+V(r)_EJRB(r) -0 Spherical Neumann

dR; (D) :./V(COSIZ dj,(kD) —sind, dy/(kD)]
dr dr

dr
) ) din(R dRy (r)
tané‘,(E): LI(E)/I(kD)_k]I ‘(kD) Where 1'1( E[(r)): d}” EL,(E)
L,(E)y (kD) - ky,'(kD) dr Ry (r)
=D
5
Slight simplification in functions -- P
Define slightly more convenient radial function: R,,(r)= Li-10)
”

Partial wave differential equation for P, (r):

[ s [ & 71(1;1)}1,0){]1,“(”:0

Tom\dr”
Similarly, we can define the scaled spherical Bessel and Neumann functions:
Ji(¥)=xj,(x) and  yy,(x)=xy,(x)
Continuity conditions at » =D: B, (D)= ./V(cosb'[jj,(kD) —sin&,yy, (kD))
ar(D) = N(cosﬁ, M—sin[fl M)
dr dr

dr
s () = LLEED) ki GD) AP 0) )
T LL(E)yy (kD) ~kyy, (kD) |,




Slight simplification in functions — continued (Note: This notation is not standard.)

Scaled Bessel and Neumann functions:
Jjp(x) = sin(x) 2,(x) = —cos(x)

sin(x) cos(x)

Jix) = —cos(x) ) == sin(x)

Similarly, we have scaled modified Bessel and Neumann functions
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T ox
iy (x) = sinh(x) ke, (x) = ¢
.. sinh(x
ltl(x):7¥+cosh(x) kk‘(x):zeﬂ(l+1)
X 2 X
Example --

V, forO0<r<a

V =
") 0 forr>a

r/a

For the case that E <V, define x =, %Z_E) and k = 2;an

Example -- continued

Partial wave differential equation for P, (r):

[—h—z[”’—i— i ?”]wm—EjPE,(r) -0
r

dr*

Focusing on the solution for/=0: Forr <a:

2
( 4 _ K’ jPEU(r) =0  Physical solution: P, ()= sinh(xr)

dr?
where k= M:E) and k = 2”le
n h
h 1 i -
L1 =k OO L () = Ska) [ A, —kcos(ka)
sinhxka 4, —cos(ka)/ A, + ksin(ka)




Example -- continued

sin(ka) / A, — k cos(ka) sinh xa

tand,(E) = - =
—cos(ka) / A, + ksin(ka) " kcoshka

For ka <1, tan&O(E)zEO(E)zkliljﬂ/'i“ =—k(a—4,)
0

Note that for infinite potential well, 4, — 0 as derived previously.

More generally, for ka <1 oxdn(a-1,)

Even more generally, this approach can be used to determine the exact cross section
for this model, from scattering amplitude:

[k,#) =223 P sin(s, (E)Y,, (K)Y,, (F)

Im
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Approximate treatment of scattering — Born approximation

In this treatment, we use the notions of perturbation theory

H=H"+H'

HOZ_LZVZ
2m

H'=V(r)

In this case, the relevant eigenstates of H° are plane waves.

2mE

H|Wo)=E|¥)) |¥))=e*" wherek= 7
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Equation for first order wavefunction:
(H(r)=E)|9") =V ()| ¥°)
Note that for
[—h—zvz —E]G(r,r',E) =-6(r-r")
2m
2m e
W Ax |r-r|

[¥)==[drGa e EW ()P ()

G(r,r'E)=—

2m efk\r-r'\
——J.aﬁr’
4z’ r-r|
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ik|r-r|

2mJ-3,e

|¥)~ e - pye d’r

V(r v)eik»r'

r-r]

For r>r',

r-r|~r-r'f
2m eikr
Az’ r
e 2m €N

N Az’ r
Scattering amplitude in the Born approximation:

f(l%,f*)z— ZrZ2 J'dSF/ei(kfki)r'V(r,)

4r

|¥)~e™r - J'd’zr'e’ike'r'V(r‘)e’k"'

J‘dSVrei(kfkf)‘r'V(r,)
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Example — screened Coulomb interaction ki;

viry=-2en 4.9 K
r

A 2m k)
k,F)= ——— [@* ey
flh=-—"] @)
_2mZet ,
—?7.!51;’ e sin(Kr'")
_2m__Z¢
hz (K2+72)

where K = |k — kf| =2ksin(0/2)
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Example — screened Coulomb interaction -- continued _

kt

2 Ak

Ze
V(iry=——"-¢e""
(N=-= K =|k - k| = 2ksin(6 / 2)

2m_ Ze*
7 (K2+}/2)

Differential cross section:

> (2mzée’ ’
= P

f k)=

1

dO'_‘ ~
(K2+y2)

o S (k1)

15




Example — screened Coulomb interaction -- continued , .

kt

ze* _ A.
V)= k
r K =]k — kf| = 2ksin(0 / 2)
Differential cross section:

2 2mZe* ’
= e

Note that for y - 0:

2 (2mzeY 1 (z2) 1
/ K* \4E ) . 4(6’)
sin

2

1
(K2+;/2)

do N
gl

do _
dQ

/&8
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Example — spherical well ki;
v, forr<a i [2]
Vin=1"°
) { 0 forr>a k
~ 2m ki)
k,r)=— eIy
flh=-—"5] @)
=— 2m2 4zv, J.dr' r'sin(Kr')
Azh® K
:—%%(sin(Ka)—Kacos(Ka))
where K = ‘k—kf' =2ksin(0/2)
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Example — spherical well — continued ki;
V(r)={VO forr<a =0 K
0 forr>a K =k - k| = 2ksin(6 / 2)
R, F)=— %%(sin([(a) — Kacos(Ka))
Differential cross section:
do o (2mV, Y 1, >
—=|f(k,r)| = 0 | —Isin(Ka) — Kacos(Ka
dQ\f()[hz]Kﬁ\(> (Ka)
2k
Total cross section: o = _[didﬂ = 2—7; d—O-KdK
dQ k5 dQ
18




Example - spherical well - continued kf'
(Ref. Landau and Lifshitz)
V, forr<a A» k
Vir)=
0 forr>a K =|k - ki|=2ksin(6/ 2)

oo 2mV, _
Sk, )= P (sin(Ka) - Ka cos(Ka))

Total cross section: o = I%d() = B

When the dust clears: o =

4K\
ZmVUaZ

7

4ra* (2mV,a* Y
For ka<l o~-28|2M ,"a ka>1 o‘z—ﬂz
9 n 2k
(Not generally consistent with phase shift analysis.)

1

2 (2mV,a® ) 1 +sin(4ka)7sm3(2ka)
(2ka)*  (2ka)’ (2ka)*

jz

)
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Beyond the Born approximation
Equation for full wavefunction:
(H@)-E)|¥)=-V(")|¥)
LN Gr.r\E)=-5(r-r')  G(r.r' =-21 e
2m e T " 47r‘r-r"
[¥)=[drGarr, EW ()P )
|¥)~ “l’">+J.dzr'G(r,r',E)V(r')‘l’o(r’)
+Id3r "G(r,x"EW (r"\¥°(r ")Id"r’G(r " EW(rY(r')
+.
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