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Plan for Lecture 2

Quantum particle interacting with classical electromagnetic fields
Reading: Chapter 9 in Carlson’s textbook
a. Summary of basic equations
b. Examples based on electrostatic fields
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General formalism for the quantum mechanics of a particle of mass m and charge q
interacting with a electromagnetic field with scalar potential U(r,t) and vector potential
A(rt) --
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A'(r,t)=Ar,t)+Vy(r,t) U'(r,t)=U(rt)- %
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For electrostatic and/or magnetostatic fields, the time dependence of the fields
becomes trivial, and we expect stationary state solutions to the Schrédinger equation

Hamiltonian: H (r)zzi(fihv - qA(r))Z +V(r)+qU(r)

m
Time-dependent Schrodinger Eq: ih% =H(r)¥(r,t)
Stationary state solution at energy E:  P(r,r) =y(r)e
Time-independent Schrodinger Eq:  Ey(r) = H(r)y(r)
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Example of particle interacting with an electromagnetic field
Consider a one-dimensional electrostatic field E(r,#) =—FX

V(r)=0 A(r,H)=0 Urt)=U(x)=F(x—a)

For this case, the stationary state Schrodinger equation at energy E is:

(—f—m%wﬂx—aﬂwu)ﬂwn

U(x)
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One dimensional Schrédinger equation for charged particle in
an electrostatic field — continued:

[7£i+ gF (x— a)]v/(x) = Ey(x)
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Differential equation:

d-, - Zm‘,]F (x=b) lw(x)=0 whereb=a+ £
dx? "’ qF

d? 2mgq
— —au u)=0 where u=x-b a=——
[du2 «jw( ) 7




Digression — library of solutions to differential equations

http://dImf.nist.gov/
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HANDBOOK OF
MATHEMATICAL FUNCTIONS

withFormulas, Graphs and Mathematical Tables

e by Niton Abramowtzsnd e,

http://store.doverpublications.com/0486612724.html
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§9.2(i) Airy’s Equation

d 2
9.2.1 Y e w.
dz’
All solutions are entire functions of z.
Standard solutions are:
9.2.2 w = Ai(z), Bi(z), Ai(zeT?71/3).
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Example Maple input --

plot({AiryAi(x), AiryBi(x) }, x=-10.5,-2 .2, fon

t= [ 'Times','bold', 24 ],
gridlines = true, thickness =3, color = [ 'red','blue']):

-1
=2

Differential equation:

d—;f Zm?F (x=b) y(x)=0  whereb=a +£

dx h qF

d’ 2mgF

— - =0 hereu=x->b a=
[duz ujq/(u) W] u=x e
Airy's equation

Pl

——z |Ai(z)=0

e

Note that the Schroedinger equation can be multiplied by a constant:

C| d-a —au |lyu)=0

du’ r;\,6(\‘
Changing variables: z = Cau o o
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= y(u) = Ni(a"u
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Some properties of Airy functions —
Integral form: -
=L A o
Ai(x) = ;f cos(gt +xt) de.
0

Behavioras z — o

2

3

1
Ai(z)x ———e
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Behavioras —z —
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Az(—z)~msm(§z +Z

Summary of results Note that in this case, physical
Differential equation: solutions exist for all energies E;
d-, _ Zm?F (=0 lw()=0  whereb=a +E the wavefunction oscillates for
dx* " x<a+E/qF and decays for
2 x>a+E/qF .
d—, —au lyu)=0 whereu=x-b a= Zm‘,]F
du” n
w(u) = Ndi(a'"u)

Related example with bound stationary state solutions --
Consider a spatially confined one-dimensional electrostatic field :

o forx<0
Fx forx>0

Vr)=0 A(r)=0 U(rt)=U(x)= {

Discrete energy levels

U(x)

Physical wavefunctions must satisfy
I y(x=0)=0 y(x—>w0)=0
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