PHY 712 Electrodynamics
12-12:50 AM MWF Olin 103

Plan for Lecture 13:

Finish reading Chapter 5

Recap of hyperfine interaction

n
1.
2. Macroscopic magnetization density M
3. Hfield and its relation to B

4.

Magnetic boundary values
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Calloquium: “Ghosts from Dying Stars: Using Neutrinos
to Probe Supernovae and Beyond”

Dr. Samuel Flynn

WFU Alum and NCSU Graduate Student
Theoretical Nuclear & Particle Physics

NC State University

Raleigh, NC

George P. Williams, Jr. Lecture Hall, (Olin 101)
Wednesday, February 12,2020 at 3:00 PM

There will be a reception in the Olin Lounge at approximately 4 PM
following the colloquium. All interested persons are cordially invited to
attend.
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Course schedule for Spring 2020

(Preliminary schedule -- subject to frequent adjustment.)

Lecture date JDJ Reading | Topic [HW | Due date
1 Mon: 01/13/2020 [Chap. 1 & Appen. _Introduction, units and Poisson equation [#1 011772020
2 |Wed: 01/15/2020 |Chap. 1 [Etectros energy [#22 0172212020
3 |[Fri:01/17/2020 _|Chap. 1 [Electrostatic potentials and fields #3  |01/24/2020
Mon: 01/20/2020 |No class Martin Luther King Holiday \ |
4 |Wed: 01/22/2020 [Chap.1-3 Poisson's equation in 2 and 3 dimensions __[#4 _[01/27/2020
5 |[Fri:01/24/2020 _[Chap.1-3 Brief introduction to numerical methods [#5 [01/3172020
6 [Mon: 01/27/2020 |Chap.2& 3 Image charge constructions [#6 [02/03/2020
7 || Wed: 01/29/2020 |Chap. 2 &3 (Cylindrical and spherical geometries [#7  |02/05/2020
8 |Fri: 01/31/2020  |Chap. 3 & 4 'Spherical geometry and multipole moments  [#8  |02/07/2020
9 [Mon: 02/03/2020 [Chap. 4 Dipoles and Dielectrics [#9 10211072020
10][Wed: 02/05/2020 [Chap. 4 Polarization and Dielectrics
[11 |Fri: 02/07/2020 [Chap. 5 #10 [02/12/2020
12]Mon: 02/10/2020 |Chap. 5 Magnetic dipoles and hyperfine interaction  [#11 [02/14/2020
[13 Wed: 02/12/2020 [Chap. 5 Magnetic dipoles and dipolar fields #12 (0211772020
[14 |Fri: 02/14/2020 _[Chap. 6 |Maxwels Equations
[15[Mon: 02/17/2020 [Chap. 6 [Etectromagnetic energy and forces
16 |Wed: 02/19/2020 |Chap. 7 [Electromagnetic plane waves
47 [Fri: 02/21/2020 _[Chap. 7 [Electromagnetic plane waves
118 [Mon: 02/24/2020 |Chap. 7 \Relractive index
19 [Wed: 02/26/2020 |Chap. 8 [EM waves in wave guides
20 [Fri: ) [Chap.1-8 [Review
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Summary of hyperfine interaction form:

Interactions between magnetic dipoles
Sources of magnetic dipoles and other sources of
magnetism in an atom:
+ Intrinsic magnetic moment of a nucleus £
* Intrinsic magnetic moment of an electron £/,
* Magnetic field due to electron orbital current  J (r)
Interaction energy between a magnetic dipole m and a

magnetic fieldB: £ —=_m-B .r/nue
int
Hy
In this case:  E,, =—uy B, —uy B, (0)

u, (3 B)—-p 87
0 e ¢ 3
B =y — e~ 4" nsd
"‘*(r) 471{ r 3 ®)
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Hyperfine interaction energy: -- continued

Here we assume that
B, =-#y-B, —uy By V) nuclear position is r=0.

Evaluation of the magnetic field at the nucleus due to the
electron current density:

The vector potential associated with an electron in a
bound state of an atom as described by a quantum
mechanical wavefunction v,,, (r)can be written:

v
eh C XY |V, (F)
A, () :*&7’"1 J.dsr 7#
¢ 47 m, [r—r | r°sin @
We want to evaluate the magnetic field B =V x A
in the vicinity of the nucleus (r — 0).
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Hyperfine interaction energy: -- continued : ‘2
eh X W, (1))
B, (0)=VxA,| =-20p [arvx 20 D 2
‘ ¢ lr0 4r m, [r—r | r sin" @
2 r—0
7 C(r=r)x(@XE) [V, (1)) ‘
By (1= o Sy [y =<l o ()
4z m, [r—r | r-sin” @
r—0
@) P O
h o x(Zxr) |V
B"(O):,ﬂimljuﬂr (Zs ) 'z[’. 2
4r m, r r-sin” 6
P x(Zxt)=2(1-cos’0)—%cosf sin@ cos@ —ycos@ sin@ sing).
Nt Nt
s 2r?sin® @ |V, (1) N i, (1))
B,(0)= ty ch m,Jd”r orosm 0 W,,/', 5 ‘ :_ﬂﬁm,ij'd% 7(//['” ‘
4z m, r’ r-sin” @ 4z m, r’
=—ﬂe—hm,i< l‘>
4m m, r"
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Hyperfine interaction energy: -- continued

E, =Hy=—uy 'Byg —Hy 'BJe 0

Putting all of the terms together:

im0
4 r 3 m r

e

In this expression the brackets < >indicate evaluating
the expectation value relative to the electronic state.
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Macroscopic dipolar effects --
Magnetic dipole moment

m :%Id3rrxJ(r)

Note that the intrinsic spin of elementary particles is
associated with a magnetic dipole moment, but we often
do not have a detailed knowledge of its J(r).

Vector potential for magnetic dipole moment

-5
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Macroscopic magnetization
M(r)=2 m & (r-r)
i

Vector potential due to “free” current Jgqo(r) and
macroscopic magnetization M(r). Note: the designation
Jiee(r) implies that this current does not also contribute
to the magnetization density.

Alr)= 4 [ | L) M)l )
47 |I'—r| |I'—r'|
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Vector potential contributions from macroscopic
magnetization -- continued

A)=4a | ds,,[J 1) M) _r-)J

Arx e —r' 3

v
Note that:
MW =r)_ ey
‘I‘*r" ‘r —r'
= _V'X M(r) . V'xM(r’)
r—r] r—r
= Alr)= Lo [ oLt} VM)
4 \r ﬂ.y‘
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Vector potential contributions from macroscopic
magnetization -- continued

Jﬁee(r’)+ V'xM(r’)

‘r—r'

Ho [ 734
Alr)=-—>|d
(r) 471"[ :

Note that for the case that V-A =0:
VxB(r)=Vx(VxA(r))=-V*A(r)

= f—;’z J a3 (472'53 (r - r')XJ Jree (r’)+ V'xM(r’))

= 11,0 . (r)+ VxM(r))
= V% (B{r) - 1, M(r)) = 1,3 . (r)
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Magnetic field contributions
Vx (B(r) - IUOM(r)) =yl Jree (r)
Define "new" magnetic field vector:
M H(r) = B(r) - ,uOM(r)
= VxH@m =1, (r)

V< (B(r) - oM (r)) = 13 1., (x)
Note that B(r) = the magnetic flux density
Define H(r) = the magnetic field

#,H(r) =B(r)- 4,M(r)

= VxH(r)=J ,,(r)

02/12/2020 PHY 712 Spring 2020 - Lecture 13 12

12



Energy associated with magnetic fields
Note: We previously used without proof --
the force on a magnetic dipole m in an external B field is:
F=V(m-B)
This implies that energy associated with aligning a
magnetic dipole m in an external B field is given by:
U=-m-B

Macroscopic energies --

It can be shown that: W, :%Id3r B(r)-H(r)

In analogy to: w, :%jd3r E(r)-D(r)

02/12/2020 PHY 712 Spring 13
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Summary of equations of magnetostatics:

VxB(r)=ud,,,(r)
VxH(r)=J,,(r)

B(r)= u,(H(r)+M(r))

V-B(r)=0
For the case that J e (r) =0: 1 n
VxH(r)=0 5
V-B(r)=0

14
For the case that J fw(r)=0:
VxH(r)=0
V-B(r)=0
At boundary : 1 Iﬁ
H,xn=H,xn
B,-i=B, A 2
15




Example magnetostatic boundary value problem

Myz r<a

0 r>a

v, M(r)—{
VxH(r)=0 =H{@)=-Vo,(r)
B(r)= 11, (H(r) + M(r))

V-B(r)=0=1,V-(H(r)+M(r))
=V, (r)=V -M(r)
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Example magnetostatic boundary value problem -- continued

Myz r<a
Mo M(r)—{ 0 r>a
V2@, (r)=V-M(r)
N (r)_——jaﬂ VM)
e —r]
Id3 IRvA v) M(rv)'vv 1
‘r r‘ ‘r—r"
T, [ M)
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Example magnetostatic boundary value problem -- continued
Myz r<a M(r )
M(r) = r)= ——V a’r
My M) { 0 req Pa="1

For this example:

oMo d (4
4z Oz 0 7
a _
2

For r<a: @,(r)=-M,

2] Mz
aj Maz

For r>a: @,(r)=-M 3
r

sf
G

0 oz
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Example magnetostatic boundary value problem -- continued

Myz r<a
M, M(r)=
0 r>a
For r<a: &,(r)= 302 H(r):fvtpn(r):f%i
3 3
For r>a: Q,,(r):MDaBZ l-l(r):fv<1>n(r):7M¢“[£3,3L5r
3r 3 \r r
B(r) = 44, (H(r) + M(r))
For r<a: H(r):fg B(r) = 4, 2M 2
3/ s
For r>a: H(r):fMi[%fsisr)
3 \r r

Ma'(z 3zr
B(r) =—4, ¢(7*T]
3 r r
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Check boundary values:
For r<a: H(r):—M;Z H(af')xf':f%ixf'
3/ A
For r>a: H(r):fMi[i}figi:]
3 \r r
3 A a
H(af)xt=— Mya 2xx ><3r
3 a
For r<a:  B(r)=g, 2M 2 B(af) -t =, 2M°2»f'
3/ A
For r>a:  B(r)=-pu, Mi(i}fi:j
3 \r r
A n M@, (1 3d®
B(af) -t =—p, ; z-r[yf p )
2/1 PHY 712 Spring 2 0 ture 13 2
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Variation; magnetic sphere plus external field B,
_
Mo — B, M, r<a
— M(r) =
0 r>a
By superposition :

For r<a:
2
B(r): B+, gMo
H(r)= iBO —1M0
Hoy 3
B(r)+24,H(r)=3B,
For an isotropic "paramagnetic" material, B(r)= zH(r)

3 —
_ 7(%};0
20 /,IU /,l + 2,[[0 HY 712 Spring 2020 -- Lecture 13 2
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Summary of equations of magnetostatics:
Vx B(r) = oY (r)

VxH(r)=J ,(r)

B(r)= 11, (H(r) + M(r))

V-B(r)=0

For thecase thatJ ,,, (r):

VxH(r)=0

\ ~B(r): 0 Atboundary : 1 T &
H,xn=H, xh
B, h=B, i &

2/11/2020
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Magnetism in materials

B(r)= 11, (H(r) + M(r))
For materials with linear magnetism :
B=uH
M > i, => paramagnetic material
M <, => diamagnetic material
For ferromagnetic, antiferromagnetic materials
B= f(H) (with hysteresis)

02/12/2020 PHY 712 Spring 2020 -- Lecture 13 23
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https://en.wikipedia.org/wiki/Permeability_(electromagnetism)
Magnetic susceptibility and permeability data for selected materials
Susceptibility, N " o
§ . Pen K Relative Magnetic
Medium ¢ volumetric, SI, of >
(H/m) max., Wy field
Xm
Metglas 2714A
g 1.26 x10° 1000 000! At05T
(annealed)
Iron (99.95% pure
¢ ey 25x107! 200 0001111
Fe annealed in H)
NANOPERM® 1.0x107 80000!'2 At05T
At0.002
Mu-metal 25x1072 200001131 =
Mu-metal 6.3x102 50 0001141
Cobalt-iron (high
permeability strip 2.3x1072 18 000!15!
material)
At0.002
Permalloy 8000 10x1072 8000(13] -
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Mu metal is a soft ferromagnetic alloy that has extremely high initial and maximum
magnetic permeability. It is used in electric transformer, storage disks, magnetic

phonographs, resonance devices and superconducting circuits.

Mumetal alloy generally attributes relative permeability about 80,000 to 100,000 than the

normal steel alloy. It is also called as soft magnetic alloy and offers low magnetic anisotropy
and magnetostriction providing low corceivity to saturate the low magnetic fields. It
provides nominal hysteresis loses when the alloy is employed in the AC magnetic circuits.

Composed of 80% Ni, 15% Fe, 5% Mo+other materials

- Lecture 13 25
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Example: permalloy, mumetal w/p, ~ 104
! B,
Spherical shell a<r<b:
P —
—_—
P —
—_—
‘ 0
Ho
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Example: permalloy, mumetal w/p, ~ 104 -- continued

B, : .
= For this case:
>, VxH(r)=0

™ V-B(r)=0
B(r)= uH(r)

Continuity at boundaries :

H xn = continuous

B -n = continuous
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Example: permalloy, mumetal p/p, ~ 10* -- continued

B,

=

G
Let: H(r)=-Vo,(r) Ko

V-B(r)=0 =SV, (r)=0
For 0<r<a ®@,(r)= Zé‘r' 2 (cos0)

For a<r<b O,(r)= Z[ﬂlr + 1+1 P, c0s6’

For r>b (o) (r)———rcos@+z c0s6’
0 1

02/12/2020 PHY 712 Spring 2020 -- Lecture 13 28

2/11/2020

28

Example: permalloy, mumetal p/p, ~ 10* -- continued

Applying boundary conditions B,
(only / =1terms contribute) : =

[
At r=a é‘lzﬁ(ﬁl—Zﬁs) Ho
Hy a

aélzaﬁler—]

At r=b ﬁ[ﬂl—zlgj_—ﬁ—zag
Hy b My b
bp, ++5 = &+a—;

Ho b
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Example: permalloy, mumetal p/p, ~ 10* -- continued

B,

=

G
When the dust clears: Ho

51_( ~9ul ty jBo
(2] gty + 1)/ gty +2)=2(a/ b)Y (1! gty 1) ) 1o

1 [ -9/2 Bo]
u! o \(1=(a/b) ) 1y

30
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