PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 5:
Representations, characters, and
the “great” orthogonality theorem

Reading: Chapter 3 in DDJ

1. Finish proof of “Great Orthogonality
Theorem”

2. Character of a representation

3. Great orthogonality theorem for
characters
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PHY 745 Group Theory

MWF 11-11:50 AM | OPL 102 hitp./fwww.wiu.edu/~natalleis17phy 7450

Instructor: MNatalie Holzwarth Phone:758-5510 Office:300 OPL e-mail:nataliefiwiu edu

Course schedule for Spring 2017

(Preliminary schedule — subject to requent adjustment.)

Lecture date | DDJ Reading Topic HW Due date

1 Wed: 011112017 Chap, 1 Dafiniban and praperties of Groups #1 017202017
2 Fr0132017  [Chap. 1 Theory of representations

Hon: D1FIB201T MLK Haiidsy - no clags
A ARt Theory of representations
4 Proaf of the Graat Orthonality Thaorem
5 Mo Mation af chasacier of 3 rapresedtasion
6 Wied: 01252017
T FE 01272017
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The great orthogonality theorem on unitary irreducible
representations

Notation: 4 = order of the group
R = element of the group
F[(R)aﬁ = ith representation of R
wvap dENOtE matrix indices

[, = dimension of the representation

) o h
Z(Fl (R)”V ) I (R)U’ﬁ = Zé‘z‘jé‘ﬂaé‘vﬁ

R
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

» Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

+ Put all parts together
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Proof of the great orthogonality theorem

+ Prove that all representations can be unitary
matrices

+ Prove Schur’s lemma part 1 — any matrix which
commutes with all matrices of an irreducible
representation must be a constant matrix

* Prove Schur’s lemma part 2

« Put all parts together

. * h
(TR ) T (R =78,0,48,

R i
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Construct a (, x {, matrix
M=YTHR)XT'(R™)
R
Note that: T>(S)M = MT'(S)  where S is a member of the group

For ¢, # ¢, Schur's lemma shows that M =0
For X =0 except X, =1:

2 1 p-1 _ 2 1/ p-1
[ER:F (R)XT'(R )] =Y (rw) (T'®R ))Vﬁ

au
ap R

=X(rw), (M@), =0
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Construct a £, x £, matrix
M=) T*(R)XT'(R™)
R

Note that: T*(S)M =MT'(S)  where S is a member of the group
For 2 =1, Schur's lemma shows that M =sI [=(¢,x(,) identity

(Zr' (R)XFI(R")J =50,
R B
For X =0 except for X, =1: > T' (R, (R")=s,7,
R
Here s, denotes the scalar constant for the particular choice of X..
Consider @ = f# and sum over all & :

>R (R = Zr'.,,,(R")r‘,w(R) :ZF‘WUPR) =i, (E)

:RZFL,,(R)F‘W(R )=ho,, =s WZ(SW =50
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Proof continued:

Zrlaﬂ(R)r]/i(R )= Suv (lﬂ

hS, =s, b, = :idﬂv

)44
1

S B, (R = T, BT W), = 256,

. _h

> (rw),, ) T/(R),; =—3,8,.5,
R i
_h

> (M'®),,) T/ (R),, aléﬂaévﬂ

Geometric interpretation:
h dimensional vector space should be spanned by representations

I'(R),, each of which consists of I components.

=301 =h

For P(3): 1+1+2°=6
For P(4): 1+1+2°+3*+3* =24

23/2017 PHY 745 Spring 2017 - Lecture 5




Characters

The character of a representation i for a group element R is defined:

Z (R =Tr(T'(R)) = Z(r"(R))m

Note that the character i§ unique for each irreducible representation.

Suppose M '=U'MU

Tr(M") =Tr(M)
Details: Y M', = ;u;M”Uk, :ZL UUIM :ZE M, =>"M,

i i ijk Jk 7

Note that all members of a class has the same character

for any given representation.

Details: 7'(X'RX)=)T' (X 'RX)

zg I, (X O, (R, (X) = ;r;. XOr (X (R)
afly apy

=L B, (R) = 3T, (R) =7/ (R)
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Great orthogonality theorem for characters

;(r (R),, ) T/(R),, = Zé‘”é‘ﬂaé‘vﬂ
Letu=vand o=/ and perform summations

Z (Fl (R)/t/l) T (R) g = I_é‘u Z 5/1015;“1
Ha

Rua i

S (7 ®) 2 (R)=hs,

R
In terms of classes €, each with N, elements :

S Ne(7 (@) 7@ =1hs,
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Example — P(3): Ela[s[c]n]|r Classes:
E|E|A|B|C|D|F C=E
Alale[p[r[B|c € -4BC
Bllelrle|lD|c|a
cllelp|lFr|E|A|B &=DF
3] I)" !:'-- Al B "!' -I".
Fllr[e|c|alE|D

I'(4) =T(B)=T(C)=I'"(D)=T'(E) =T (F) =1
r*(4)=r*B)=T*C)=-1 T*E)=T*D)=T*F)=1

I‘3(E):[(1) ?] I‘S(A):[(l) _01] r»‘(g)_[‘i Jf]

B
2
1 B 1 B 1 B
2 3 3
r3(c)_[ g 17 (D)‘[ s | (F)_[fzz L
4 2 2 2
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Character table for P(3):

I'(4)=T'(B)=T'(C) =T (D) =T'(E) =T'(F) =1
*(4)=T*B)=T*C)=-1 T*E)=T*(D)=T*(F)=1
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Classes: G=E € =4,B,C ¢ =D,F
EEEENE
x' 1 1 1
X2 1 -1 1
pe 2 0 -1
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Check orthogonality:

ZNe (Zi(e))*lj (€)= ho,
e
@ 3¢, 2¢;
e
1 : 1

12

7 2

0 -1

N(7©) 7@ =1-2:143-0-(-)+2-(-1)-1=0

2
*

N(7@) /(@) =1-2:243-0-0+2-(-1)-(-) =6

1/23/2017
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Some further conclusions:

S Ne(7©) 7@ =hs,

The characters ¥ behave as a vector space with the
dimension equal to the number of classes.

=>»The number of characters=the number of classes

Second character identity:

(7€) (€)= ~-4,

i G
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The regular representation is composed of h x h
matrices constructed as follows, shown with the P(3)

example: 100006 010000
Ies (E)=| 010000 ™ (A)=| 100000
EABCDF 001000 000001
ET[EABCDF 000100 000010
A'|AEDFBC 000010 000100
B'|BFEDCA = 000001 001000
c'|cpFEAB - o1os
D'|FBCAED 001000 B
F1lpcaBre I™9(B)=|o000010| [™(C)=[000001
100000 000010
000001 100000
010000 001000
000010 010000
reg (D)= 000100
9 (D)=| 001000 500001
000100 I (F)=| go0100
010000 010000
000001 001000
100000 100000
000010
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Regular representation continued —

Note that the regular representation matrices satisfy the
multiplication table of the group and have the same class
structure as the group.

Since the characters of the irreducible representations form a spanning

vector space, we can decompose y"““(R) into a linear combination:
s ; 1 i\ e
ZER)=Nay (R)  where a, =3 (7 (R) 2™ (R)
i R
By construction:  y"*(R) = hdy,
Alsonote: y'(E)=¢, sothata, =/,
= 2R =207 (R)
FEE)=ULE) ==X
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Example for P(3):
Classes: G=F € =4,B,C C¢=D,F

(==
! 1 1 1
x2 1 -1 1
L 2 0 =

FER) =207 (R)

Z"gg(E)=Z‘:M‘(E) =6=1+1+4
z”"(@){&ﬂm =0=1-1+0
ZW(@ZZ&Z"(Q) = 0=1+-2
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