PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 35:

Introduction to linear Lie groups
Examples — SO(3) and SU(2)

1. General properties

2. Class structures

3. Representations

4. Direct products; Clebsch-Gordan coefficients
5. Examples

Ref. J. F. Cornwell, Group Theory in Physics, Vol |

and I, Academic Press (1984)
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Wahn-Taker Effect #i5
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Spin 112
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Time reversal symmetry
Magnetic point groups
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SO(3) — all continuous linear transformations in 3-
dimensional space which preserve the length of
coordinate vectors -- R(w,h)

SU(2) — all 2x2 unitary matrices 7
u(m,n)

X
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cosm+nf(lfcasm) n}sinw+n,nz(lfccsm) —n, sinm+n,n}(lfcosm)
R(@.h) =| —n;sin@+nn,(1-cosw)  cosw+n;(1-cosw) nsin@+nyn, (1-cos )
n,sinw+nn(1-cosw) —nsinw+nn(1-cosw)  cosw+n;(1-cosw)

cosw sinw 0

For example: R(w,z) =| —sinw cosw 0 —-T<wW<71
0 0 1
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u(w,n) :[

@ o 12 3. 12
cos2+inysing  (in +n,)sine
(in,—ny)sin2  cos2 —in,sin2
io/2 0
For example: u(w,z) = )
0 e io/2 _2 < 2
T<WSZm
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Class structure of these groups

cos+n; (1-cosw) nysinw+nn,(1-cosw)  —n,sinew+nn,(1-cosw)
R(w,h) =| —n,sinw+nn,(1-cosw)  cosw+n; (1-cosw) nsin@ + nyny (1-cos @)
nysinw+nn(1-cosw) —nsinw+nn(1-cosw)  cosw+n;(1-cosw)

Tr(R(w,)) = 3c0sw+(mZ +nl+ nf)(l —cosw)=1+2cosw = depends on |a]| and not on i

. cos2+in,sin2  (in, +n,)sin2
u(w,n):[ 2 3 S, ( 1 2) zj

o 1 2 o 3. 1N 2
(in,—n,)sin%  cos2—in,sin<

Tr(u(w,h))=2cos2 depends on |e| and noton
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“Generators” of the groups

cosw+n; (1-cosw) nysinw+nn,(1-cos®)  —n,sinw+nn (1-cosw)
R(w,h) =| —n,sinw+mn,(1-cosw)  cosw+n; (1-cosw) nsin + nyny (1-cos @)
nysinw+nn,(1-cosw)  —nsinw+nn(1-cosw)  cosw+n; (1-cosw)
0 n, -n,

3

0—0

i .
e lIm (R(u),n) 1
®

]: na +ma, +na,=|-n, 0 n

n, -n 0

o 7 in e 7 ine
cos2+ingsing  (in, +n,)sin< j

u(w,n) :[

lim (u(w,h)-1 1( in, in+n,
a= ———— |=na, +na, +na, =—| .
0—0 @ 2\in —n, —in,

(im, —ny)sin2  cos2—in,sin2
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Irreducible representations of SO(3) and SU(2)
-- focusing on SU(2)

Consider the generator matrices

lim (u(w,h)-1 1( iny in +n,
= =na +ma, +na; =—| .
o—>0 2] 2\in, —n, —in,

1(0 i 10 1 1(i 0O
a == == B =7 .
2[1 Oj 2[71 Oj 2[0 ﬂj

Commutation relations: [a,,a,]=—a;

In order to determine irreducible representations of SU(2),
determine eigenstates associated with generators.




Eigenfunctions associated with generator functions of SU(2)

1(0 i 1(0 1 (i O
=70 =7 == .
2{i 0 2{-1 0 20 —i
Commutation relations: [a,,a,]=—a,
It is convenient to map these generators into Hermitian matrices

o —1
A, =-ia, =70,

1{0 1 1(0 —i 1r o
AI =7 Az =7 . A3:7

21 0 2\i 0 210 -1
Commutation relations: [A,A,]=iA,

10
Define A2=A|Z+A§+A§=é
410 1

00 01
A=A -iA, = A, =A +iA, =
10 00
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Eigenfunctions associated with generator functions of SU(2)
Relationships between operators:
[A* A ,1=0
AA =A"-Al-A,
AA =A"-Al+A,
Note that this "algebra" is identical to that of the total
angular momentum operators
J, =hA, J, =nA, J.=hA,
= Leap to cigenstates of J* and J_ : | jm)
A?|jm) = j(j+1)|jm)
A, ‘jm) = m‘jm)
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Eigenfunctions associated with generator functions of SU(2)
Additional relationships:
A |m)={(j+m)(j-m+ D)} |j(m-1))
A, |jmy={(j+m)(j+m+ 1)} 7| j(m+1))

Mapping the representations back to the original generators
of SU@2): a,=iA,

D’ ,(ap)z<jm

‘mm

ap

jm')
j=0  Dl.(a)=0

mm

1(0 i 10 1 1(i 0
j=1 D) (a)=— D). (a,)=— D, (a;)=—
i=3 o (31) 2[1, 0) o (32 2[71 0] o (2) 2[0 4]
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Mapping the representations back to the original generators
of SUQ2):  a,=iA,

D}, (a,)=(jmla,|jm')
j=0  Dj.(a,)=0

1(0 i 10 1
i=L j —— J ——
j=t D) Jioj D) (a,) i4 J
(i 0
D). =—
L3y 5

010 0 -1 0
j=1 D"’m,,(a‘):igl 01 D,{m,(az):gl 0 -1
010 01 0
100
D,,(a;)=i0 0 0
00 -1
4117/2017 PHY 745 Spring 2017 -- Lecture 34 13

4/19/2017

Eigenfunctions associated with generator functions of SO(3)

cosw+n; (1-cosw) nysinw+nn,(1-cos®)  —n,sinw+nn, (1-cosw)
R(w,h) =| —n,sinw+mn,(1-cosw)  cosw+n; (1-cosw) nsin + nyny (1-cos @)

nysinw+nn,(1-cosw)  —nsinw+nn(1-cosw)  cosw+n; (1-cosw)

. R 0 n -n
lim [ R(w,h)-1 h
a= =nma, +na,+na,=\-n;, 0 n
0—0 2

n, -n 0

0 0 0 00 -1 0 0
a=0 0 1 a,=[0 0 0 a,=[-1 0
0 -1 0 1 0 0 0
[31’a:] =-a5
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0 0 0 0 0 -1 0
a=0 0 1 a,=/0 0 0 a,=|-10
0 -1 0 100 0 0
Commutation relations: [a,,a,]=—a,

It is convenient to map these generators into Hermitian matrices

ApE—iap
00 0 0 i 0 - 0
A =0 0 — A,={0 0 0 A;=|i 0 0
0 i 0 -i 00 0 0 0
Commutation relations:  [A,A,]=iA;
1 00
Define A*=A7+AJ+A}=2|0 1 0
001
anTi2017 PHY 745 Spring 2017 — Lecture 34 15




Consistent with representation derived from SU(2) analysis:
D, (a,)=(jmla,|jm’)
Jj=0 D, (a,)=0

1

1(0 i 1[0 1
i1 D)=t D (a,)=1
J=3 o () 2[[. OJ mm (az) 2[_1 0]
(i O
D’ . =—
L=2s )

010 0 -1 0
j=1 D) (a)=i g 101 D”’m,(az):g I 0 -1
010 0o 1 0
1 0 0
D) (a,)=il0 0 O
00 -1
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Relationship to differential forms:
For each generator a,, :

lim (™ —1
a,, =
t—>0 t

Consider fim [ew _lJf(r) = lim [WJ
t—>0

t t—>0 t

~-ra Vf(r)
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