PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 28:

Time reversal symmetry and
Magnetic groups
Chap. 16 in DDJ

1. Effects of time reversal symmetry on
point groups and space groups

2. Effects of magnetic configurations on
point groups and space groups

Note: These slides contain materials from an electronic version of the Dresselhaus textbook.
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Time reversal symmetry in physics:
t €t

There are many examples of physical systems in which
the behavior at time # and at time -7 are the same. For
example, in absence of a magnetic field or of internal spin,
the time dependent Schoedinger equation:
. oy L Op*
Hy =ih—— © Hy*=inh
v ot v a(-1)

Denote time reversal operator as T

TY(r,t) = (r, —t) = ¢Y*(r,1).
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Properties of the time-reversal symmetry

The important properties of the time reversal operator inclode:

L. commutation: [T, H] =0 :
Because of energy conservation, the time reversal operator T
commutes with the Hamiltonian TH = HT. Since T commutes
with the Hamiltonian, eigenstates of the time reversal operator

are also eigenstates of the Hamiltonian,

=

1T = —iT
dinger's equation {E

. anti-lir
From Sch

21.1), it is seen that the reversal
of time corresponds to a change of i — —i, which implies that
Ti = =il. We call an operator anti-linear if its operation on
a complex number vields the complex conjugate of the mumber

rather than the number itself Ta = a7

action on wave i‘ll\( tiomns
Since T = T the :

s

tion of T on a scalar product is

Tl ) = / F PP T = (0, ¢)° T (21.4)
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More details
For a wavefunction not involving electron spin

T=K (complex conjugation)

For a wavefunction including spin:
P 0 —i
T=Ko, where o, =| 0

1

Commutation relations with time reversal:

Coordinates:  Tr=rT

Momenta: Tp =-pT

Spin: Te =—cT

Krammer’s theorem: All energy levels of a system containing

an odd number of electrons must be at least doubly
degenerate (unless magnetic fields remove the degeneracy.
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Effects of time reversal symmetry on point groups

Consider a point group with # members {R,} with basis functions v, :

For representation D;/, R): w,= Z D, (R)y,
B

Whatabout D, ,(TR,)?

Wigner’s possibilities:

a. D and D* are equivalent to the same real irreducible
representation.

b. D and D* are inequivalent.

c. D and D* are equivalent but cannot be made real.
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Wigner’s possibilities:

a. D and D* are equivalent to the same real irreducible

representation.
b. D and D* are inequivalent.
c. D and D* are equivalent but cannot be made real.

Fxamnle-

Table 21.1: Character table for point group C').
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'y (4) E [&X Cy 77 | Time reversal
LI T Al 1 1 1 (a)
Blt 1 -1 - (a)
= (. u) 1 -1 i - (b
) (R Ry) } By O i 4 ()
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Some details:

We can distinguish three different possibilities in the ease of no

spin;

(a)

(b)
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All of the matrices in the representation D can be written as
real matrices. In this case, the tine reversal operator leaves the
representation 2 invariant and no additional degeneracies in £(k)
result,

If the representations 2 and D* cannot he brought into equiv-
alence by o unitary transformation, there is a doubling of the
degeneracy of such levels due to time reversal symmetry, Then
the representations 3 amd D° are said to form a time reversal
symmetry pair and these levels will stick together.

If the representations £ and D* can be made equivalent under
a suitable unitary transformation, but the matrices in this repre-
sentation cannot be made real, then the time reversal symmetry
also requires o doubling of the degeneracy of I and the bands

will stick together,
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Time reversal symmetry effects on the group of the
wavevector

Suppose Ok =-k

Qozk =k

Note that if inversion is a member of the group,

then Q, corresponds to inversion. Otherwise O, may

not be a member of the group of the wavevector.

Possibilities according to C. Herring:
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Yo, x(@3) =h  case (a)
=0 case (b)
=—h case (¢)
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Effects of time reversal symmetry on a Bloch state

Tﬁ'rr.kl(ﬂ = Un, A(r_‘)

s0 that the time reversal conjugate states are
Eoy(k) = Eqy(—F)

and F .
En_! (k) = Eqq(=k).

sts as well,

If inversion symmetry e
E,(F) = E,(—k)

then . . . B
Et(R) = By (=F) and E, (F) = E, (=)
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Table 21.2: Summary of rules regarding degeneracies and time reversal,

Cage Relation b Frokh Spinl Half-integral
0 and " Schur test electron spin olectron
Case (0} | D and D are oquiva- [ 5 y(Q7) =k | No exira Diobile]
lemt to the same real ir- degeneracy degeneracy
reducibly representation
Cawer (1) | 1 o D7 are T oA =0 | Douled Donbied
neguivalent degeneracy
Tae (0] | D and 07 are equivadent | 2 41681 = Double:
to each other but not to degeneracy degeneracy
i real representation
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Examples:
Elk) Elk)
18
S ™~
i 0 & k 0 & k i !
(a) (b} {e)

ematic example of Kramers degeneracy in a crystal in

Figure 2 5
(a) no spin-orhit interaction where each level is doubly de-

the case o
generate (1. 1), (b] both spin-orbit interaction and inversion symmetry
are present and the levels are doubly degenerate, (¢) spin-orbit interac-
tion and no spatial inversion symmetry where the relations 21.23 and
21.24 apply,

3/31/2017 PHY 745 Spring 2017 - Lecture 28 12




Examples:

Diamond
)

and GaAs near k=0, {a) Without sph
elianponal Bas a two-fold spin degenerscy.
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Table 21.3: Character table for Oy

G|E E G Cy Oy € C7' | Time| Bases
Inv. | for
'y
|1 1 1 1 1 1 1 1 a zor 5.
Fz (1 1 -1 -1 1 1 -1 —-1| a Ty
[a| 1 1 i i =1 =1 - =i b

| 1 -1 W o—w i —i —w W b
Tg| 1 =1 =t wh =i i W o= b
=1 =1 =w w i - i b
Fg| 1 —1 —wl = P —w w h
. ir/2 ir/4
L=e w=e
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Some details

E E c G cf' e
5 - - 7
T=: oV wf w w® W’
9 5
F[;: u.'l] w : u.'(’ wtow w?
e W ot S22 6 A %
T W w w
3 5
Ts: w' of W ow? W W

Application of the Frobenius—Schur test for I's vields:
Tx@h) =1)(-D+(1)-1)—u?—w?+1+1—wf—-ub
=-l-l-i—it+l+1+i+i=0

3/31/2017 PHY 745 Spring 2017 - Lecture 28 15




Table 21.4: Character Table and Basis Functions for the Group Iy,
R be, 28 Ad
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Dy |8 B 20w 20 a3 a0y i 28 25 Aty Hases

r,‘ 1 1 1 1 I 1 1 1 1 a

| g 1 1 1 -1 -1 1 1 1 -1 = "

2 2 -1 -1 I o 2 ) -1 -1 0 o i
Iy 1 1 1 1 [T R G -1 -1 - 1
Ly 1 1 1 =1 =t -1 -1 - -1 1 a
iy 2 2 -1 -1 4] o -2 1 L) o a
Ly 2 -1 1 [0 [0 2 [ [0 [0
Ly 1 -1 1 i i -1 - 1 [R— i
Ly r3 1 1 1 1 " i 1 1 i i [
Ly Ty 2 2 1 [ [ v 1 [ 0
.'.: r ] 1 1 1 i i 1 1 3 i 0
Ly Iy 1 1 1 i i - 1 -1 i i [}
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Magnetic space groups | i |_
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Example
~ D -~ ~ R ~
S V-9
(a) = L &
{b} i

Figure 22.2: Diagram showing a one-dimensional lattice where: (&) the
operation 7' is combined with the translation symmetry operation, (b)
T is not a symmetry operation even if combined with translations.
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Two types of group elements:
Unitary operators: 4,

i

Antiunitary operators: M, =TA,

Ady = Ap
AM, = My
MA; = My
MyMe = A
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Types of magnetic point groups

(a) 32 ordinary point groups ' where T' is not an element

(b) 32 ordinary point groups G'@T. In these magnetic point groups,
all elements A; of G' are contained together with all elements

TA..

58 point groups (7 in which half of the elements are {A;} and half
are { My} where My = T'Ay and the {A4;, Ay} form an ordinary
point group G'. Also {A;} is a subgroup of G,

(c

total=122
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