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PHY 745 Group Theory
11-11:50 AM  MWF Olin 102

Plan for Lecture 18:

Group theory for the periodic lattice
Reading: Chapter 10 in DDJ

1. Symmetry of the wave vector

2. Compatibility relations

3. Symmorphic and non-symmorphic space
groups
This lecture contains some materials from an electronic
vgiszjgn of the DDJ text.

PHY 745 Spring 2

8 Wed (207217 Chap B Wibraticnal excitations. # n2oaszm 7
10 Fri; 02032017 Nates Cantinuous groups =4 020062017
11 Mon D2062017  Nates Group of tres-dmensional ratabans 5 2082017
12 Wed. D20B2NT  MNales [Canfinuous groups ] w207
13 Fri. 021002017 Chap & Alomic oritals #11 02132017
14 Mon 021132017 Chap. & Direct product groups 7} 2152017
15 Wed: 02152017 [Chap. T Malecular orbital w13 0272097
18 Fri021702017  [Chap. 9 intraduction ta Space Groups #i4 02202017
17 Maon 02202017 [Chap. 10 Group theary for the penadc: lattica

Wad Chap. 10 Group theary for the penodc lattice
18 Fri; 02242017  Chap 1-10 Review — Distribute take-home exam
20 Mon 02272017 Exam
21 Wed: (30172017 Exarn
22 Fri. 030312017 Exam Due

Spring break - no class

Wed: D3/0B201T Spring break - no cisss
Friogane2017 | {Spring break - no class
Mon: 03132017 WAPS Mesting - o class
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23 Mon D3202017
24 Wed: 03227207
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Space group Non-lattice translation

R |t +T}

tLattice translation

Consider the translation subgroup:

{elT}

T=nT, +n,T, +nT, forallintegers n,,n,,n,

Point operation

=> Subgroup is Abelian
= Order of the subgroup is infinite
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Reciprocal lattice
Define G, -T, =275,
General reciprocal lattice vector:
G =mG, +m,G, +m,G,
Effects of point group operations on lattice translations
and reciprocal lattice vectors.
Note that G- T =27N,
If R, is a point operation of the crystal, R, T=T'
=G-R,T=22N,=R,'G-T

If R, point operations act on the translation vectors of the crystal

R, point operations act on the reciprocal lattice vectors

2/22/2017 PHY 745 Spring 2017 - Lecture 18

Bloch basis functions
Y, (r+T)=e*"¥ (r)

Note that /6T = gikT+M2z) _ ikt
= k takes unique values only
within the unit cell of the
reciprocal lattice

Bloch state ¥, (r) is a basis function

for the lattice translation subgroup.
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Note that {R,[0}r=R,'r
= {Ra |0} e, (r) = & "y (R, r)
=e" My (1) =, (1)
defining u, , (r)=u, (R, ')
{|TH{R, |0} ¥, (1) =™ W,  (r)
3 The symmetry of the wavefunction depends on k

=> For each k, the spatial point symmetries must be
considered.
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Effects of group operations on Bloch basis functions
(symmorphic case)

{R,|T}¥, (r) = {&|T}{R, |0} ¥, (r) =" "¥, (1)

l ‘ =¥, (R,r+T)

If Rk=k+G:

R, is an operation in the

If Rk#k+G:
the two wavefunctions are not equal
but are symmetry related --

- group of wavevector k
e W) =¥, (R;'r+T)
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Definition: The group of the wave vector is formed by
the set of operations which transform k->k+G, where
G is any reciprocal lattice vector.

[ to an interior point in the Brillouin zone

Example D,
ymmetricn § to BZinteior:  symmetrical § to B inerior
A matars £, At (7,7
[ to a point on the Brillouin zone boundary
n
x
b s
T
asbitrary i to BZ boundary: aymmetrical K to D boundary:  symmetrical Flo BZ boundary:
Wi 9 e 626 i s (5,05 200207 2080
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Unit cells of reciprocal space — Brillouin zones
=>»simple cubic lattice
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Definition: The group of the wave vector is formed by
the set of operations which transform k->k+G, where
G is any reciprocal lattice vector.

Example — simple cubic lattice

For k=0 (I') group of the wave vector is full O, point symmetry

For k=k X 0<k_ < z (A) group of the wave vector has C,, symmetry
a
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k=0 in a cubic crystal

TasLE 1. Characters of small representations of T', R, H.

I 'HR LE 3Ce2 6Cs 6C2 8Cs J  3JCi¢ 6JCs 6JC2 8JCy
o1 1 1 1 1 1 1 1 1 1
r, |1 1 -1 -1 1 1 1 -1 -1 1
T |2 2 0 0 -1 2 2 0 0 —1
s (3 —1 1 -1 0 3 -1 1 -1 0
Ty |3 —1 —1 1 0 3 -1 -1 1 0
IV 1 1 1 I -1 -1 -1 -1 -1
My | 1 r -1 -1 1 -1 -1 1 1 -1
1’| 2 2 0 0 —1 -2 =2 0 0 1
I's |3 —1 1 -1 0 =3 1 -1 1 0
Ty |3 —1 —1 1 0 -3 1 1 -1 0




Tapr 1. Ch of small re jons of T, R, H.
TRIE sce o o 8 U 3UCe 6IC 6JC. 8ICs
|1 = it 1 1 1 b 1 i 1
Ty |1 = 7 ! 1 1 N —1 = 1
Ty |2 2 0 0 -1 2 2 0 0 -1
T |3 =1 i —1 0 3 B 1 -1 0
T |8 = F = 1 0 3 B —1 1 0
ot 1 1 1 1 —1 B —1 F —1
T |1 = s 1 1 -1 = 1 1 -1
T |2 2 0 0 -1 -2 =2 0 0 1
Ty | b —1 0 -3 1 —1 1 0

g el =1 1 0 -3 1 1 0

TaBLE I1. Characters for the small representations of A, T.
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AT E [etd 2Cs 2JCe 2JC:
A |1 1 1 1 1
Y 1 -1 1 —1
AL 1 -1 —1 1
Ay |l 1 1 -1 -1
A5 |2 -2 0 0 0
LRIE sce 6o 6 8 J 3JCa 6JC, 6JC: 8IC
noft ottt 1t ot 11114
T |1 1 -1 =1 1 1 1 -1 -1 1 2A,
T, {2 2 0 0 -1 2 2 0 0 —1 >p4,
3 —1 1 -1 0 3 -1 1 -1 0 )
Ty |3 -1 —1 1 0 3 -1 -1 1 0 DA As
Iy |1 1 1 1 I -1 -1 -1 -1 =1
' |1 r -1 -1 1 -1 -1 1 1 -1
wWil2 2 0 0 -1 =2 -2 0 0 1
I'ys |3 —1 1 -1 0 -3 1 -1 1 0
Ty |3 -1 —1 1 0 =3 1 1 -1 0
Compatability relations computed by BSW:
I 1 | Y | Iy
Jav) A A1y Ay'Ag éa’lﬂs
m Iy I’ I Tas
Ay Ay A'Ay AAs AgAs
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Band structure diagram for fcc Cu (Burdick, PR 129 138-159 (1963))
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