PHY 745 Group Theory
11-11:50 AM MWF Olin 102

Plan for Lecture 12:

Continuous groups, their representations, and the
great orthogonality theorem
Reading: Eric Carlson’s lecture notes
Additional reference: Eugene Wigner, Group Theory

1. Importance of commutation relations

2. Integral relations
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Course schedule for Spring 2017

(Preliminary schedule — subject to frequent adjustment. )

Lecture date | DDJ Reading Toplc HW Due date
1 [Wed D1/11/2017 [Chap. 1 Defindtion and properties of groups 1 D1/20/2017
2 Fri 01132017  [Chap 1 Theary of representatins
Mon: 01182047 MLK Holiday - no class
3 [Wed: 01182017 [Chap.2 Theary of representations
4 [Fri 012072017  [Chap 2 Proof af the Great Crihonallty Theceem 7] 017232017
5 [Mon 017232047 [Chap, 3 Notion of character of a representation 21 ;
& |Wed: D1/252017 [Chap 3 Examples of pont groups 24
7 Fri01272017  [Chap. 448  |Symmetry of vibrational mades al 013002017
B |Mon: 01302007 [Chap 4 &8  [Symmetry of vibrational modes 5 DZ01201T
B [Wed 02012017 [Chap 8 Wibrational exclations 7 !
10 [Fri 020032017 Noles Gontinuous groups =g
11 [Mon: 02082017 |Motes (Group of thrae-dimansional rotations. &
¥ w10

12 [Wed: 0 017 [Notes Continuous groups
13 [Fri: 021102047
14 [Mon 021132017
15 Wed: 02152017
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Department of Physics

4:00pm - Ofin 101
Refreshments served
3:30pm - Ofin Lounge

er
Liniy of Texas, Dafas
12:00pm - Olin Lounge
Pizza will be sarved

Professer Augustyn,
NCSU
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Group structure of SO(3) and SU(2)

Ou(a, A)= o i
Multiplication rule:
Oy (e, 1)0y(axy, ;) = O (a3, 1)
Example forn, =n, =2
Ok(e, 2)OR (o, z)= Or(a;, z)

—ioyJ, /he—iazj_. /h — e—i(al+a2)J_. /h

e =>a,=a,+a,
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Group structure of SO(3) and SU(2)

O(a, R)=e ™"
Multiplication rule:
Oy (a,, 1)0y(ax,, ;) = O, (a5, 1)
Example forn, =X n,=y
Op(@y, X)0y (@, §) = Og(a3, 1y)

it i, h_ e—i(ale+a2JJ,—i[ale,asz]/(Zh))/h

In this case: [Jx,Jy]:thZ
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e—frz,./‘ )‘,eftaz./‘ Ih — eft(a, vt =iled ot 2]

. L, . 1, .
LHS:(lfzaIJX /h +E(7W'JX /hY’ +§(71a1.lx /h)l...j

x (1 —iayJ, I h +%(7mzjv InY + ;(fi()!z]v Iny j

=1-i(aJ, +aJ, )/ h— %((alJX )+ (e, )2)/h2 — e, J I
RHS=1-ia,J, | h—iad, | h=[ e .o, ] 1(217)

+%(—ial‘k Ihiod, I h =[] e, |1 (28)) +..

—1-i(ad, +ayd,) h- S22 :

I, ) +%((ay()z (e, )/hZ

OB, 4T )R

“1-i(ad, vad )/ h-aad J, N+ %(((Z,Jr)Z (o, )z)/h2 o
218 12 [
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Summary of result forn, =X n, =y
OR(OZI, i)OR(aza y)= OR(ap ﬁ})

i/ i, I efi(alJXJrasz ~i{en e, J/(20)) /0

z

Since [Jx,Jy]=th

e,mljx/hefiazjv/h _ e—i(aljxmzjy+a1a21:/2)/h
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Now consider the great orthogonality theorem:

. h
ZR: (Dr" (R)/W) Dr"v (R)aﬁ = I_é‘nn’é‘yaé‘vﬂ

n

For continuous groups, the summation

becomes an integral:

[(p™(R),.) D™ (R),,dR :%iﬂ [ar

n
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[(2"®) 2™ (R)dR =5, [dR

Procedure for carrying out integration over group elements

In general, there will be continuous parameter(s) which
characterize each group element R = R(a, f3,...)

IdR = J‘g(R(a,ﬂ...))dadﬂ..‘ where g(R(e, f...)) represents
the density of group elements in the neighborhood of R in the

parameter space of &, f3...

In terms of the characters of the representations:




Analysis of continuum properties of continuous groups,
following notes of Professor Eric Carlson.
Notation:
Group elements R,S
Continuous parameters x,,x,... = R(x,,x,...) = R(X)
Identity E = R(e)
Continuous group based on nearby mapping of continuous

parameters
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Some details from Professor Carlson’s Notes:

It will often be awkward to perform multiplication using the abstract group
elements. We define the coordinate product function p(x,y) by

pix.y) =R (R(x)-R(¥)). (1.5)

where 7' is the inverse of R, which turns group elements into coordinates. In other
words, multiply the group element corresponding to x and the group element
corresponding to ¥ and figure out the coordinates of the resulting group element. As an
example, suppose we are working with the complex numbers, and we denote them by a
pair of coordinates £(x,, v, )=x, +ix,. Then we would have

nxy) =, v ) = 8 [ROg, 0 ) ROy v ) = RO [ i )+ r]“ 0

=R [ = )i+ )] = (s —xpanys +50,)
Another example:
R(a) = Op(@,2)
e, ) =R (R(@)R(@,))=a, +a,
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From the associative and identity properties of the group, it is easily proven that
p(x.e)=plex)=x, (1.7a)
plxp(y.e))=p(p(xy)z) (L.7b)

Use of measure function to perform needed integrals

JduR £(R)=C[d"slom (v.x)fay, [ F(R(x)) (L11a)
[dr f(R) = e 4
jd,R_J’[R!:erf‘xZc"',u,{x._vj.."’fj'_L_'_.f'(R[x]}. (L.11b)

Jacobian for left or
Normalization constant right measures

2/8/2017 PHY 745 Spring 2017 ~ Lecture 12 12




We are particularly interested in showing that the great
orthogonality theorem holds for continuous groups which
requires :

[7(R)dR = [ (RS)dR = f(SR)dR, (1.9)
Proof from Professor Carlson’s notes:

Let § be any element of the group, then § = R{s) for some coordinate s, We wish

to simplify the expression

JdiRf(5-R)=C[a s|op (x.x)/a, | F(R(s)R(x))

= cfd sl (y)fen r(R(n(s.x)
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Changing variables --
Now, change variables on the right side. Let = p(s,x), then as  varies over all
possible coordinates of the group, so will 2 so we can replace the integral over all x with

the integral over all z However, when performing such a change of variables, we know
from multi-variable calculus that a Jacobian must be included in the integral, so that

‘[tf'.2=fu'\lir':

This allows us to rewrite (1.12) as

=Jrf‘l|=",u,is..‘(}_,-":“.\l| {LI3)

fs,x}!‘l'r"p. (x.%) '

Jd.Rr(S-R)=C[a"z [ F(R(z))

&x;

! (1.14)
; — O (5,%) Oy (x,¥ "
= clave|y 2 5X) P rR(z
_[: ; 3 . (R{z))
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Using z varable:
I:f“z=fd"x i, "‘n_,|=Irf‘x|<‘-,u,1s.x}.."€:v.| (1.13)
This allows us to rewrite (1.12) as
a Ma Al
f‘” ,F{S-R]:{'Jd"zm o (x.y) f(R(z))
o fi. av, o
B (1.14)
‘ au(s.x) du (xy)|
=C{d 2|y == = f(R(z
J’ ‘2 ax, ay, i (R(@)

where we have used the fact that the product of & determinant of two matrices equals the
determinant of the product. Now, consider the expression

an(zy)| _eulnsx)y)| _au(sn(xy))|

E a0 | d,
' . : L n (1.16)
Zc-,u,{s.\'] u(x,y)| Zéﬂ_(s.l}ﬁﬂ,{s.
L T NI Ty LT
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When the dust clears:

JdRF(S-R)=C[d"2 oul -Y--’i F(R(z))=[d,R F(R) (L.I7)
A nearly identical proof then shows that
[dRf(R-S)=[d.Rf(R) (1,18)

These arguments form the basis of the extension of the
great orthogonality theorem to continuous groups.
See Professor Carlson’s notes for more details.
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