1/25/2017

PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

Plan for Lecture 6:

Continue reading Chapter 2

1. Methods of images -- planes,
spheres

2. Solution of Poisson equation in
for other geometries -- cylindrical
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PHY 712 Electrodynamics

MWF 9-8:50 AM OPL 103 lieis1Tphy 7121

Instructor; Natshe Holzwarth Phone:758-5510 |Office: 300 OPL e-mall:nataie @why edu

Course schedule for Spring 2017

{Preliminary schedule -- subject to frequent adjustment. )

Lecture date | JDJ Reading Tapic HW Due date
1 [Wea 01112017 Chap 1 Introduction, units and Poissan squation 21 S11E2017
2 [Fi 01132017 Chap. 1 Electrostatic energy calculations 2 01182017
Man: T1HE2017 MLK Haidy - 10 ciass

3 [Wed D118201T Chap 1 Faisson equation and Green's theorem # 20T

4 Fri 0120207  Chap 1and 2 Poisson equatian in 2 and 3 dimensians #4 01232017

5 Mon 01232017 (Chap 1and2  Brief introduclion 1o gid salubion methads 25 011252017
-! \Wed: 01252017 (Chap. 2 Methad of images 8 0102712017

T |Fr 01272017

8 [Mon: 01/202017
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Department of Physics

4:00pm - Oiin 101
Refrashmsents served
3:30pen - Olin Loungs

Professor Holey-Bockelmans,
Wardarbi L.

4:00pen - Oiin 101
Refreshments served
3:30pen - Olin Lounge
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Survey of mathematical techniques for analyzing
electrostatics — the Poisson equation

ViO(r) = P

&y

Direct integration of differential equation
Green'’s function techniques

Orthogonal function expansions
Numerical methods (finite differences and
finite element methods)

5. Method of images

hPoOb =
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Method of images
Clever trick for specialized geometries:
> Flat plane (surface)
> Sphere
Planar case: Consider a grounded
metal sheet, a distance d
from a point charge q.
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A grounded metal sheet, a distance d from a point charge q.

Mobile charges from the
“ground” respond to the
force from the charge q.

O(x=0,y,2)=0
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A grounded metal sheet, a distance d from a point charge q.

Vo =—L 5 (r-dk)

&
@@z&y;%ﬂ
Trick for x>0:
1 q q
Dx20,y,z)=—| ——F—17——F
(r20.7.2)= [r — r+d§(]
Surface charge density :

dx ar

d(0,,2) g [(d 2d ]

a(y,z):gOE(O,y,z):—f,‘Oi— EE 2)3/2
yi+z
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A grounded metal sheet, a distance d from a point charge q.

Surface charge density:  o(y,z)= _9 Lﬂ
4 (al2 +y° +zz)1

2d % d
Note :dedz o,z)= —1147 27;}[# =—q

o(:2)
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A grounded metal sheet, a distance d from a point charge q.

Surface charge density :
q 2d
oy,z)=———| 77
d 9 4”[(d2+y2+zz)”]
Force between charge and sheet :
= __~9 %
475,(2d )
Image potential between charge and sheet at distance x :
2
—4q
V(ix)=—F—
(x) 4re, (4x)
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A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.

Trick forr>a:
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R I A
2a)=
4re, [r—d %‘r—dg—i

|
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A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.

2

‘:

ga 0

4ﬂd@+§72
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. n A)s/z
“r-d

A grounded metal sphere of radius a, in the presence of a
point charge q at a distance d from its center.

Surface charge density :
_ga_ (-%
4rd (14 _2ei.d)
¥ Force between sphereand q :
2
q ad
Fl=
- B .




Use of image charge formalism to construct Green’s function

Example:
Suppose we have a Dirichlet boundary value problem
on a sphere of radius a:
vip - _£tr) d(r=a)=0
£y
V2G(r,r') =475 (r -1
1

» 2|

1
= For rr'>a: G(r,r'):——i
Sr=4%r

Ir—r'
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence

(infinitely long wire, for example): . .
Corresponding orthogonal functions from solution of

Laplace equation : VD=0
2
712 L2
pop\’ op) p Of

®(p,¢)=D(p,p+m27)
= General solution of the Laplace equation
in these coordinates :

O(p.)= A, + Byln(p)+ 3 (40" + B,p " sin(mg +a,

©
m=
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with no z-dependence
(infinitely long wire, for example):

Green's function appropriate for this geometry with
boundary conditions at p=0 and p=o0:

1o o 1 &
—— | p— |+ —5— |G(p,p'.¢,¢4") =
[pap[papj+ ,o2 8¢2J (p.p'$:9")

—ar2e=P) 4 )
P

Glp.p'.$.4") :fln(pf)uiii[%j cos(m(¢—4')

>
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Solution of the Poisson/Laplace equation in various
geometries -- cylindrical geometry with z-dependence

Corresponding orthogonal functions from solution of

Laplace equation : Vo =0

1o od) 100 &

A, t ot
p- 0f 0z

(D(p, @, z)= (D(p, o+ m27r,z)

®(p.4.2)=R(p)O(p)(2)
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Cylindrical geometry continued:

d’Z
dz*

KZ=0 = Z(z) = sinh(kz), cosh(kz), e

&ro. Lo e
G tme=0 = 0@)=e

d’R 1dR [ , m’
s+——+| k" ——
dp” pdp p

}w = 1, (ip) N, (ko)
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Cylindrical geometry example:

O(p,4,z=L)=V(p,9)
DO(p,¢,z)=0 on all other boundaries

O(p,4,2)= 4,,J,(k,,p)sinh(k,,2)sin(mp+a,, )

nm
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Cylindrical geometry example:

O(p=a,$,2)=V(4,2)
O(p,p,z) =0 on all other boundaries

L

D(p,¢,z)= z ol (@J sin(%) sin(m¢ +a,, )

nm
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Comments on cylindrical Bessel functions

d> 1d m .
Ll - Frwy=0
du*  udu uZD n ()

Fr(w)=J,w),N,),H,u)=J,w)*xiN, u)
F,w)=1,u),K,u)

I

o5y Ko 11/50
o

No
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Comments on cylindrical Bessel functions
d* 1d ?
MENLE [11 - ’"DF;(u) =0
u

F, () =J,),N,w),H,

W) =J, ) £iN, (1)
E, () =1,w),K,u)
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