PHY 712 Electrodynamics
9-9:50 AM MWF Olin 103

Plan for Lecture 22:
Start reading Chap. 9

A. Electromagnetic waves due to
specific sources

B. Dipole radiation patterns
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Maxwell’s equations

Microscopic or vacuum form (P=0; M =0):

Coulomb's law :

Ampere - Maxwell's law :

Faraday's law :

No magnetic monopoles :

V-E=p/g,

VXB—%G—E:
c” ot

V><E+6—B:0
ot

V-B=0

Ho




Formulation of Maxwell's equations in terms of vector and
scalar potentials

V-B=0 = B=VxA
VxE+a—B=O :VX(E+aAj=O
ot ot
E+6—A=—VCD
ot
or E=—VCD—6—A

Ot
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Formulation of Maxwell’'s equations in terms of vector and
scalar potentials -- continued

Lorentz gauge form - -require: V-A, + iz ag)L =0
c it
1 3’0
-V, +?7; =ple,
1 °A
-V?A, +6772L= Hod

General equation form :
2
(V 21 6}\{1 =—4nf

c* or
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Solution of Maxwell’s equations in the Lorentz gauge -- continued
(- 1 ! 1
G(r,t;r ,t):—é t'— t—|r—r|/c
[r—r]

Solution for field ‘{’(r,t):
Y(r,t)= Y, (r,6)+

Id3r"[ dar' ; _1 . 6{#(1 751‘ —r

Df(r',t')




Electromagnetic waves from time harmonic sources
Charge density :  p(r,7)= ‘R(ﬁ(r, )™ )
Current density :  J(r,z)= iR(j(r, w)e™™ )

Note that the continuity condition :
op(r,t)

7+V-J(r,t):0 = —iop(r,0)+V-J(r,0)=0

General source : f(r, t) = iR(f(r, a))e"‘”’ )

For f(ro)= ! A(r, )
4re,
or fr,m)= ﬂj,(r,a))
4r
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Electromagnetic waves from time harmonic sources —
continued:

¥(r,t)= Y, (r,6)+
[ar|ar L 5 t'f[t 71‘1‘ 4‘] (.1
Ir—r ¢
P(r,w)e™ = ‘T’f;o (r,o)e™ +
J.a”r'j dr' ! d| t'f(t fl‘r - r'j 7(r, o)
Ir—r c

iafer]

[, o)™

e

= ‘T’/vzo (r, a))e"‘“” + Jd3r' ‘r - r"
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Electromagnetic waves from time harmonic sources —
continued:

For scalar potential (Lorentz gauge, k = 2)
c

- ik|r—r|
O(r,w)=D,(r,w)+ R PN Ar', o)
4rg, Ir—r

. 9}
For vector potential (Lorentz gauge, k =—)
c

- ik|r—r'| N
A(r,w):Ao(r,w)+&J.d3r'e I, o)
r-r]




Electromagnetic waves from time harmonic sources —
continued:

Im

Useful expansion :
ik‘rfr"
m =ik i o oy (e )1, (B)Y o ()

Spherical Bessel function : j, (kr)
Spherical Hankel function : &, (kr) = j, (kr)+ in, (kr)

Blr.0)= B, (r.0)+ Z b (o) )

3 (r,0) =2 [ @ (1), )Y )
&y
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Electromagnetic waves from time harmonic sources —
continued:

Useful expansion :

r= ik gy G )Y, (B)Y o ()

4zjr—r g

:k‘rfr"

e

Spherical Bessel function : j, (kr)
Spherical Hankel function : &, (kr) = j, (kr)+ in, (kr)

X(r, a)) = KO (r, a))+ z a,, (r, a))Y,m (f‘)

Im

a,, (r, a)) =iku, J. d*r j(r' s a)) j; (kr< )h, (kr> )Y i (f")
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Forms of spherical Bessel and Hankel functions:

Jjo(x)= S h()(x):e'

X ix
()= smgx) _ cos(x) [ Lj
X X X
. 3 1) . 3cos(x) cos 3i
10 Z Jsintr)- =1+
X x x? X
Assymptotic behavior :

G
x<<1 2],() Qi+

x>>1 = h(x)=(=i)" e
X
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Electromagnetic waves from time harmonic sources —
continued:

Blr.w)=Dy(r.0)+ Xd, (r. ) F)

Aulr.0) =" [ (e o) b o b )

A(r, a)) = 7&0 (r, w)+ 251”1 (r, o), (f‘)

Im
A, (r, @)= iku, [ & (', ), (e iy (k. )Y (%)
For r >> (extent of source)

ulr.0)~ 2 ) ' (e 0) () )

a, (r, @)~ ikuyh, (kr)f rI(e, o), (k)Y (i)
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Electromagnetic waves from time harmonic sources —
continued:
For r >> (extent of source)
~ ik ~ Nt (A
b, (r @)= ;— h, (kr)fd%‘p(r', @), (k)Y "1 (#)
0
a, (r, @) = ikuyh, (kr)j d*r (e, o), (ke )Y (#)

Note that ,E(r‘ s a)) and j(r' s a)) are connected via the

continuity condition : —i@ ,B(r, a))+ Vv -j(r, a)) =0

ulr.0)~ 2 ) ' (e 0) ()

= _a)igo h (kr)j 13, @)V (j, ()Y i ()
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Electromagnetic waves from time harmonic sources —
continued:

Various approximations :

-
e

kr>>1 = h(kr)=(=i) p
-

kr'y

kr'<<l = j,lkr')= (

k) Qi+

Lowest (non - trivial) contributions in / expansions :
- eilrr

= k N,
¢1m(r7w)z_lgioﬁjdzr'p(r‘aw)?ry lm(r)

Eoo(r,w)zik,uo[(—i) jjdsrﬁ(r',w)y*oo(p)

eikr
kr
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Electromagnetic waves from time harmonic sources —
continued:

Lowest order contribution; dipole radiation :

Define dipole moment at frequency w:

plw)= Id3r rp(r,0)= —ijapr I(r, )

. ikr
Alr.0)=- 112 (o)
T r
~ i o, 0"
) = H 1+
(r,a)) 4rws, p(a)) r( " krj r

Note: in this case we have assumed a restricted extent
of the source such that kr'<<1.
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Electromagnetic waves from time harmonic sources —
continued:
E(r,0)=-V®(r, o)+ ia)X(r, o)

ikr

o EERD R

dre, 1 r

B(r,w)=Vx K(r, )

L& kz(fxp(w))@—ij

dre,c’ 1 ikr

Power radiated for kr >>1:

dP . I S ~.
oo P <S>Iwg = Zr . “R(E(r, w)xB'(r, w))

0

2kt R .
e et

Example of dipole radiation source

I(r,0)=2J,e'® A, 0)= To_cos e "
@R

B3

Alr,@)=2J, (k[ r* dr'e b )jy (k)

0

O(r,w)=— Jok cos 0.[ P2 drte”" ™ (ke )j, (k)
£,0R o
Evaluation for » >> R
ikr 3
Al o)=2Tu S —R
ro(1+KRf
ikr . 3
D(r,w)= J—Okcosﬁ ¢ (1+L) 2R
£y r kr (1+k2R2)2




Example of dipole radiation source -- continued
Evaluation for » >> R :

- R ikr 2R3
Alr, )=y, — T oov
r 1+ k2R?)
ikr . 3
D(r,w)= Jok COSeL[1+Lj 2R
£y r kr (1 +k2R2)Z

Relationship to pure dipole aqproximation (exactéNr}ee}r}kR-)O)
p(o)= Id3r rp(r,0)= f_—J.a”r I(ro)=-""""0;
iw iw
ikr

Corresponding dipole fields : K(r, )= —Z’Z—pr(w)e—
T

p(o) f‘(l + Lj il r

d —_
(r, a)) kr) r

4rwe,
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