Electrodynamics — PHY712
Lecture 4 — Electrostatic potentials and fields

Reference: Chap. 1 & 2 in J. D. Jackson’s textbook.

1. Complete ’proof” of Green’s Theorem
2. Proof of mean value theorem for electrostatic potential

3. Methods for constructing Green’s functions

Future topics

1. Brief introduction to numerical methods for determining electro-

static potential
2. Method of images for planar and spherical geometries

3. Special functions associated with the electrostatic potential 1n vari-

ous geometries
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Component’s of Green’s Theorem

p(r)

VER(r) = —— = (1)
V?2G(r,r') = —4n8°(r — 1'). (2)
d(r) = 47?150 /V d%’p(r’)G(r,r’)—l—% /S d*r' [G(r,r)V'®(r') — &(r')V'G(r,r")]-#.

3)
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Green’s theorem

For a vector field A in a volume V' bounded by surface .S, the divergence theorem states

/ Brv - A = 7{ d’rA -r. (4)
Vv S

A = oV —9Vo, )

where 1 and ¢ are two scalar fields.

It is convenient to choose

With this choice, the divergence theorem takes the form:

[ @r(ovie - uvie) = § dr(ove - vve) ¢ ©)
\% S
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Green’s theorem — continued

[ @ oV - ov20) = § dr (@6 - V) i 7
\% S

Choose 9(r) = G(r,r’) where V2G(r,r’) = —476%(r — r’) and ¢(r) = ®(r) where
V2®(r) = —4mp/eg. The divergence theorem then becomes:

—4m /V d°r (®(r)0°(r — ') — G(r,r")p(r) /o)

= %ngfr (®(r)VG(r,r") — G(r,*')VO(r)) - t. (8)
P(r) = 47:50 /‘/dST’p(r’)G(r,r’)Jr%/SdQT’ (G(r, e )\V'&(r") — ")\ V'G(r, )]t
)
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Another useful theorem for electrostatics
The mean value theorem (Problem 1.10 in Jackson)

The “mean value theorem” value theorem (problem 1.10 of your textbook) states that the
value of ®(r) at the arbitrary (charge-free) point r is equal to the average of ®(r’) over
the surface of any sphere centered on the point r (see Jackson problem #1.10). One way
to prove this theorem is the following. Consider a point r’ = r 4+ u, where u will
describe a sphere of radius R about the fixed point r. We can make a Taylor series
expansion of the electrostatic potential ®(r’) about the fixed point r:

i (V)2 B(E) 4 o (V)P D)+ 4 (V) D)+

(10)
According to the premise of the theorem, we want to integrate both sides of the equation

¢(r+u)=P(r)+u-Vo(r)+

10 over a sphere of radius R 1in the variable u:

27 +1
/ dS, = RQ/ dgbu/ dcos(fy,). (11)
sphere 0 -1
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We note that

and

Since V2®(r) = 0, the only non-zero term of the average is thus the first term:

or
1

41 R?

O(r) =

Mean value theorem — continued

27 +1
RQ/ d(bu/ dcos(0,)1 = 47 R?,
0 —1

27 +1
R2/ d¢u/ dcos(f,)u-V =0,
0 —1

27 +1 4 R4
R2/ dqbu/ dcos(6y)(u-V)? = z v?,
0 —1 3

27 +1
R2/ d¢u/ dcos(fy)(u- V)3 =0,
0 —1
271 +1 4 R6
RQ/ dqbu/ dcos(0y)(u- V)t = 7T5 v,
0 —1

271 +1
R? / deu, / dcos(0,)®(r 4+ u) = 4T R*®(r),
0 —1

5 27 +1 1
R /0 dgbuf_l dcos(0y,)P(r +u) = 2

sphere

Since this result is independent of the radius R, we see that we have the theorem.
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Orthogonal function expansions and Green’s functions

Suppose we have a “complete” set of orthogonal functions {u,,(z)} defined in the

interval xr1 < x < x5 such that

/ZI32 Un (T) U, (x) dT = O, (19)

1

We can show that the completeness of this functions implies that
Z Uy (T)up (2') = 0(x — ). (20)
n=1

This relation allows us to use these functions to represent a Green’s function for our
system. For the 1-dimensional Poisson equation, the Green’s function satisfies
82

@G(gj, :c/) — —47T5(CU — ZE,). (21)
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Orthogonal function expansions —continued

Therefore, 1f
d2
@un(x) = — QU (), (22)
where {u,,(z)} also satisfy the appropriate boundary conditions, then we can write the

Green’s functions as

Gw,a') =41y “”(w()f”(x/). (23)
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Example

For example, consider the example discussed earlier in the interval —a < x < a with

,
0 forx < —a

—po for—a <x <0
p(x) = « (24)
+po for0<z <a

0 forx > a

\

We want to solve the Poisson equation with boundary condition d®(—a)/dz = 0 and
d®(a)/dx = 0. For this purpose, we may choose

() = \/g sin (pn ‘gal]”> | (25)

The Green’s function for this case as:

. 2n+1]mrz \ _. [2n+1]7z’
4 > SIn (—a) S111 ( 0 )
G(z,2') = il Z ’ ’ .

2
a =0 ([Qn—l—l]ﬂ')

2a

(26)
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Example — continued

This form of the one-dimensional Green’s function only allows us to find a solution to
the Poisson equation within the interval —a < x < a from the integral

P (x) ! /a dx' G(x,z")p(x'),. (27)

47‘(’80 —a

The boundary corrected full solution within the interval —a < x < a is given by

% sin ([2n—|—1]7rx>

2a 1
+21. (28)

B2 “Bnyirp 2

n=0
The above expansion apparently converges to the exact solution:

/

0 forxr < —a
Po 2
D) = %(z—l—a) 2 for —a < x <0 (29)
—%(x—a)QJr% for0 <z <a
\ g—gaQ forx > a
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Example — continued

5 ~ gin ([271—;—1]7733) |
pod a
O(x 16 + = 1. 30
() €0 nz;; (|2n + 1]m)3 2 9)

0.8

0.6

0.5 1
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Orthogonal function expansions in 2 and 3 dimensions

3 dimensions in Cartesian coordinates

0?°®(r) 0°®(r) 0*P(r)
02 + Oy? + 0z2 = —rlr)/e.

V20(r) = (31)
The orthogonal function expansion method can easily be extended to two and three
dimensions. For example if {u,,(x)}, {v.(x)}, and {w,(x)} denote the complete
functions in the x, y, and z directions respectively, then the three dimensional Green’s

function can be written:

Clea g 5 7) = 4n Y (@) (@) om (Y)om (Y )on(2)0n () 55

P Q) + Bm + Yn ’
where
d? d? d?
@ul(a;) = —aquy(x), d—yQUm(az) = —BmUm(y), and @wn(z) = —Ypwn(2).
(33)
See Eq. 3.167 in Jackson for an example.
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Green’s functions in 2 and 3 dimensions — continued
Combined orthogonal function expansion and homogenious solution construction

As discussed previously, an alternative method of finding Green’s functions for second

order ordinary differential equations is based on a product of two independent solutions
of the homogeneous equation, u; (x) and us (), which satisfy the boundary conditions

at x1 and x1, respectively:

A7
G(z,2") = Kui(r<)uz(xs), where K = — —,
da:l Uz — uld—;

(34)

with £ meaning the smaller of = and z’ and x~ meaning the larger of x and x’. For
example, we have previously discussed the example of the one dimensional Poisson
equation to have the form:

G(x,2") = 4mz .. (35)

For the two and three dimensional cases, we can use this technique in one of the
dimensions in order to reduce the number of summation terms. These ideas are
discussed in Section 3.11 of Jackson. For the two dimensional case, for example, we
can assume that the Green’s function can be written in the form:

Gz, o', y,y) =Y un(@)un(z)gn(y,y')- (36)
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Green’s functions in 2 and 3 dimensions — continued
Combined orthogonal function expansion and homogenious solution construction

The y—dependence of this equation will have the required behavior, if we choose:

82 / /
[_Oén + (9—3/2] gn<y7 Yy ) — —47'('(5(3/ —Y )7 (37)

which in turn can be expressed in terms of the two independent solutions v,,, () and
Un, (1) of the homogeneous equation:

d2
[d—yg - O‘n] Un, (y) =0, (38)
and a constant related to the Wronskian:
47
K, = o o, (39)

dy vn2 - Unl dy

If these functions also satisfy the appropriate boundary conditions, we can then construct

the 2-dimensional Green’s function from
G(r,2',y,y") = Z Un (2)n (2") KnVn, (Y<)Ons (> )- (40)
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Green’s functions in 2 and 3 dimensions — continued
Combined orthogonal function expansion and homogenious solution construction

For example, a Green’s function for a two-dimensional rectangular system with
0 <z <aand0 <y < b, which vanishes on each of the boundaries can be expanded:

o sin (n;mc) sin (nzx’) sinh (%) sinh (%(b — y>))
Gz, 2", y,y") Z 1 sinh (228 .41

As an example, we can use this result to solve the 2-dimensional Laplace equation in the
square region 0 < xz < 1 and 0 < y < 1 with the boundary condition

O(x,0) =P(0,y) = P(1,y) = 0and ®(x,1) = V}. In this case, in determining ®(z, y)
using Eq. (9) there 1s no volume contribution (since the charge is zero) and the “surface”
integral becomes a line integral 0 < z’ < 1 for ' = 1. Using the form from Eq. (41)
with a = b = 1, it can be shown that the result takes the form:

O

sin[(2n 4 1)7z] sinh[(2n 4+ 1)7y]

O(x,y) = nz:% 4Vo (2n + 1) sinh[(2n + 1)7]

(42)
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