PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 11:
Continue reading Chapter 3 & 6

1. Constants of the motion

2. Conserved quantities
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PHY 711 Classical Mechanics and Mathematical Methods

[MWF 10 AM-10:50 PM [OPL 103 |nttp://www.wfu edu/~natalie/f12phy711] |

Instructor: Natalie Holzwarth [Phone:758-5510 |Office:300 OPL e-mail:natalie@vﬂu.edu‘

Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

|Date |F&W Reading |Topi|: |Assignment

|T|Wed, 8/29/2012 |Chap. 1 |Review of basic principles; Scattering theory |ﬂ
2 [Fri, 8/31/2012 [Chap. 1 |Scattering theory continued 42
|37|h-1|::n: 9/03/2012 |Chap. 1 |Scaﬁering theory continued |ﬁ
|?|Wed, 9/05/2012 |Chap. 1&2 |Scattering theory/Accelerated coordinate frame |@
|;|Fri, 9/07/2012 |Chap. 2 |Accelerated coordinate frame |ﬁ
6 [Mon, 9/10/2012 [Chap. 3 Calculus of Variation #6
7 [Wed, 9/12/2012 [Chap. 3 Calculus of Variation continued

8 [Fri, 9/14/2012 [Chap. 3 ILagrangian #7
@ [Mon, 9/17/2012 [Chap. 3& 6 [Lagrangian #8
[0 \Wed, 9/19/2012[Chap. 3& 6  [Lagrangian %0
11 [Fri, 9/21/2012 [Chap.3 &6  |Lagrangian #10
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Summary of Lagrangian formalism (without constraints)

For independent generalized coordinates g_(t):

L =L({a, (®} {4, ®}1)

d oL B oL 0

dt 6q, o2q,

Note that iIf g:O, then ii=O
oq,, dt g,

= i = (constant)
oq.,



Examples of constants of the motion:

Examplel: one-dimensional potential :
L =%m(>'<2 +y°+ 22)—V(z)

= %mx =0 = mx=p, (constant)

= %my =0 = my=p, (constant)
d . oV

= —Ml=——



Examples of constants of the motion:

Example 2: Motion in a central potential
L =2m(r?+r?g?)-V (r)

:%mr%:o = mrig= p, (constant)

2

N P, @V

d . v
= —mr=mr¢° — -
dt or mr° or




Recall alternative form of Euler-Lagrange equations:
Starting from:

L =L({g, ®} {a, ®)}.t)

d oL ~ oL 0

dt oq, aq,

Also note that : i—tzg%qajL;%qajL%
~5{-Fae)5



Additional constant of the motion:

%o,
ot
d oL aL
then: —|L-)> —q_ =0
dt( Za:&qg ] ot

=L _Z?q“ =—E (constant)

o o

Examplel: one-dimensional potential :
L :%m(x2 +y°+ 22)—V(z)

:%(%m(xz + Y+ z'z)—V(z)—mX2 —my? —mz'z):O

= —(%m(x2 + Y+ 2‘2)+V (z))z —E (constant)



Additional constant of the motion -- continued:

%o,
ot
d oL aL
then: —|L-)> —q_ =0
dt( Za:&qg ] ot

= L _Z?q“ =—E (constant)

o o

Example 2: Motion in a central potential

L=2m(r?+r2%6?)-Vv(r)

= %(% m(r‘2 + r2¢52)—v (r)—mr? — mr2¢'2)= 0
= —(% m(r2 + r2¢52)+v (r)): —E (constant)



Other examples
Lagrangian for symmetric top with Euler angles «, 3, v -

L=L(e, B,7.¢,5,%) :%Il(ok2 sin’ ,B+,6"2)+% l,(cccos B +7)
—Mghcos g

Constants of the motion:

oL 0 d oL

— = = ———=0 I, lacosf+7y)= constant

A o 9Ly l,asin® B+ 1,(ccos B +)cos B =p, (constant)
o dt o

E=Y g -1

=11,(asin? B+ B2)+21,(c cos B+ ) + Mghcos 3



Other examples

L =2m(x+y? + z'z)+21 B, (xy — yX)
C
Z—L =0 —mz = p, (constant)
Z

oL
E = . —L
279

+y2+ z'2)+2iC B, (xy — yx)

:m(x2

—im(x? 4y + z'z)—ziC B, (xy — yx)

1 2 w2 52
=1m(x2 +y? +2%)



Lagrangian picture
For independent generalized coordinates q_ (t):

L= L({a, O} g, ®4t)
d oL JL
dt aq.  oq.

= Second order differential equations for g_ (t)

=0

Switching variables — Legendre transformation



Mathematical transformations for continuous functions of
several variables & Legendre transforms:

Z(X,y) < Xx(y,z)???

(A7)
Z(X,y) = dz:ﬁgj dx + o dy
8X y \ay/x

[ Ay )
X(y,2) = dx= X dy+(?j dz
/; .
L () (@ley),
oy ), (ozlox),




Mathematical transformations for continuous functions of

several variables & Legendre transforms continued:
@z
Z(X,y) = dz=| — dx+( ?

Letu(j adv—(j
OX ), oy ),

Define new function

/
w(u,y) = dw:(@j du + @j dy
ou ), ]

For w=1z-ux, dw = dz —udx — xdu = udx + vdy —udx — xdu

oW oW 0z
dw = —xdu + vdy :(—j = —X — | =|—| =V
ou J, oy ), \oy)



For thermodynamic functions:

Internalenergy: U =U(S,V)
dU =TdS — PdV

dU :(Qj ds{@j dv
s ), oV ).

os ), N ).

Enthalpy: H=H(S,P)=U+PV

dH =dU + PdV +VdP =TdS +VdP = (2—2) dS + (ﬁj dP
P S

oP
aS ), oP ).



Name Potential Differential Form
Internal energy E(S,V,N) dE =TdS — PdV + udN
ATV 1 P
Entropy S(E,V,N) dS = TdE + ?oﬂ/ — Td:\
Enthalpy H(S,PN)=FE+ PV | dH =TdS + VdP + ndN
Helmholtz free energy | F(T,V,N)=E —TS | dF = —SdT — PdV + pdN
Gibbs free energy G(T.P,N)=F+ PV | dG=—-SdT +VdP + nudN
Landau potential QAUT,V,pu)=F —uN | dQ = —-8dT — PdV — Ndu
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Lagrangian picture
For independent generalized coordinates q_ (t):

L= L({a, O} g, ®4t)
d oL JL
dt aq.  oq.

= Second order differential equations for g_ (t)

=0

Switching variables — Legendre transformation
Define:  H =H({g, (1)} {p, () }:)

H=>¢,p,-L where paz%

oL oL oL
dH = 1dp +pdd ——dg_ ———dg_ |——dt
Z{qo P, + p,dd, 7 —da, 2o qaj -

o)



Hamiltonian picture — continued

H=H({g, )} {p, t)}t)
oL

H=)>4q,p,-L where =—
2.9 P P =,

oL oL oL

dH = 1dp +pdd ——dg_ ——dg_ |——dt

Z(qa P, + p,dd, 7 da, 2o qa) -

o)

:Z 8_qu0+6_Hdpa +ﬁdt
~\ 0q_ op,, ot
~ oH oL d oL . oH oL cH

S oq. dt aq 7 aq. ot ot

=
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