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TOTALLY ACYCLIC APPROXIMATIONS

PETTER A. BERGH, DAVID A. JORGENSEN, AND W. FRANK MOORE

ABSTRACT. Let R be a commutative local ring. We study the subcategory
of the homotopy category of R-complexes consisting of the totally acyclic R-
complexes. In particular, in the context where Q — R is a surjective local ring
homomorphism such that R has finite projective dimension over Q, we define
an adjoint pair of functors between the homotopy category of totally acyclic
R-complexes and that of @Q-complexes, which are analogous to the classical
adjoint pair between the module categories of R and Q). We give detailed
proofs of the adjunction in terms of the unit and counit. As a consequence,
one obtains a precise notion of approximations of totally acyclic R-complexes
by totally acyclic @Q-complexes.

INTRODUCTION

This paper was motivated by the desire to approximate in a meaningful way to-
tally acyclic complexes over a commutative local ring R by simpler totally acyclic
complexes, possibly even periodic ones. The subcategory Ki,.(R) of the homotopy
category of R-complexes consisting of totally acyclic R-complexes is a thick subcat-
egory, and therefore is also a triangulated category. To facilitate an approximation,
we assume that there exists a surjective local ring homomorphism ¢ : @ — R such
that @ is Gorenstein and R has finite projective dimension as a @-module. Our
approximation is then achieved through an adjoint pair of triangle functors

SS"
Ktac(Q) S — Ktac (R)

®

which are consonant with the classical adjoint pair of functors between the module
categories of () and R. Indeed, as is the case in the classical setting, S, is simply
the base change functor. However, as nontrivial totally acyclic R-complexes are
never totally acyclic Q-complexes when R # @), obtaining the right adjoint T,
requires a modification of the forgetful functor. Its construction is given in Section
2, and we prove in detail that it is a triangle functor. We remark also that the
condition of pdg R < oo is key to the existence of T,,. In Section 3 we prove that
S, and T, form an adjoint pair via the unit and counit natural transformations. In
Section 4 we recall the precise notion of approximation, in terms of the counit of the
adjunction. The approximations are especially meaningful in Remark [£.7] where
totally acyclic complexes over a quotient of a hypersurface ring are approximated
by period 2 complexes. Our interest in this project was also motivated by recent
work in [Ki], on approximations and adjoints in related categories.

Date: June 28, 2016.

2010 Mathematics Subject Classification. 13D02, 13H10, 13C14.

Key words and phrases. Totally acyclic complex, Approximation, Adjoint functors, Support
variety .


http://arxiv.org/abs/1606.07976v1

2 PETTER A. BERGH, DAVID A. JORGENSEN, AND W. FRANK MOORE

To put the functors S = S, and T = T, in further perspective, Let DP(R)
denote the bounded derived category of R and DP(Q) that of Q. The classical
adjoint pair of the base change functor and the forgetful functor for the module
categories extend to an adjoint pair of the bounded derived categories. Since the
projective dimension of R over Q is finite, a perfect complex in DP(R) under the
forgetful functor is a perfect complex in D?(Q). Thus the adjoint pair extends to
the verdier quotients of the bounded derived category modulo the corresponding
thick subcategories of perfect complexes, in other words the singularity categories
Di?g(Q) and Dl?g(R). This explains the right pair of vertical arrows in the diagram
below. The top horizontal arrow is the equivalence of categories proved in [Bu]; the
functor is defined by hard truncation of a totally acyclic complex to the right of
zero. It is proved in [BeJoOp| that the same functor is fully faithfully in general,
which explains the bottom arrow.

o~

I<tac(62) I)gé(CQ)
SlTT UlTT
Kao(R)—— Dg,(R)

The adjoint pair S and T of this paper is the corresponding adjoint pair making
the square commute.

1. PRELIMINARIES

Let R be a ring. By an R-complex C' we mean a sequence of left R-module
homomrphisms

BSH g
C: - —=Chy1 —C, —=Cph—g — -+

graded homologically, where each C), is a left R-module, and n is its homological
degree. Without prior stipulation, an arbitrary R-module is assumed also to be a
complex concentrated in homological degree 0.

Recall that a semi-free R-complex F' is one whose underlying graded R-module
F' has graded basis F which can be written as a disjoint union £ = Ll,,>o E™ such

that % (E™) C R(U}—, E') for every n > 1.

Definition. A semi-free resolution of an R-complex C is a quasi-isomorphism
F — C of complexes where F' is a semi-free R-complex.

We now state some important facts, and simply give a reference when the proofs
are available in the literature.

1.1. [ChFoHodl 5.1.7, 5.1.13] Every R-complex C' has a semi-free resolution 7 : F —
C with F,, = 0 for all n < inf{i | H;(C) # 0}. Moreover, 7 can be chosen to be
surjective. If R is left Noetherian and C is a bounded below complex of finitely
generated R-modules, then 7 can even be chosen to be surjective with F, finitely
generated for all n, and F,, = 0 for all n < inf{i | C; # 0}.

The next result is the so-called ‘Comparison Theorem.’

1.2. [ChFoHol 5.2.9] Let «’ : F/ — C” be a quasiisomorphism of R-complexes, and
a : F — (" a morphism of R-complexes with F' semi-free. Then there exists a
morphism of complexes p : F — F’ such that 7’y ~ «. If © is surjective, then p
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can be chosen such that 7’y = . Moreover, 1 is homotopic to any other morphism
of R-complexes pu' with 7’y = «.

From this point on we assume that R is a commutative Noetherian ring.

Definition. Recall from [AvMa] that an R-complex C' of finitely generated free
modules is called totally acyclic if

H(C) = 0 = H(Hompg(C, R)).

We denote by Ki..(R) the homotopy category of totally acyclic R-complexes; the
objects in Ki,.(R) are the totally acyclic R-complexes, and the morphisms are
homotopy equivalence classes of morphisms of R-complexes. For a morphism f :
C — C’ of R-complexes we write [f] for its homotopy equivalence class. Thus for
two morphisms f, g : C' — C’ of R-complexes, one has f ~ g if and only if [f] = [g].

The following facts we use often in the rest of the paper. Given an R-complex
C, from now on we write C* for the R-complex Hompg(C, R).

1.3. Suppose that s is an integer, C,C" € Kia(R) and f : C' — C’ is a morphism
of complexes. If there exist maps o, : C,, = Cj, ,, satisfying f,, = an_lag +a§;10n
for all n > s, then the o,, can be extended to a homotopy showing that f ~ 0.
Proof. By induction it suffices to show there exists a map o, : Cs — C[,, such
that f5+1 = 058§+1 + 856120’S+1.

Note that since C' is a totally acyclic complex and C,; is free, the complex
Hompg(C,C}, ) is exact. We have

HomR(C,C’+1) fod fod C
8s+1 (e — a5-1-2‘75+1) = (fot1— as-|-2‘75+1 85-1—2
_ C c’ c’
= fs+10542 — 0540 (fs+2 - aS+3Us+2)

_ C c’ [eiyNed
- (fs+las+2 - 8s+2fs+2) - 8s+385+3‘75+2

=0
/ Ho c,c’ Ho c,C’

Thus fs11 — 65+205+1 € Ker BSJFTR( 1) Im 9 ma( “). Therefore there
. Ho c,Cl ' .
exists a map o, : Cs — C} | such that 0 ma( +1)(os) = for1 — 8§+205+1, in

!
other words fs11 = 053§+1 + 8SC+QUS+1. O

1.4. Suppose that s is an integer and C,C" € Kiac(R). If there exist maps fp, :
C, — C! satisfying f, 105 = 3S,fn for all n > s, then the f,, can be extended
to a morphism of complexes f : C — C’. Any two such extensions are homotopic,
that is, if g : C — (' is a morphism of complexes such that there exist maps
on: Cp — Chq with fr — g = 0,105 + 9% o, for all n > s, then f ~ g.

Proof. The second statement follows immediately from [[.3l The proof of the first
statement is essentially that of [L3] and is left to the reader. ([

Definition. A complete resolution (see, for example, [AvMal]) of an R-complex C'
is a diagram of morphisms of R-complexes

UL FrLC
such that U € Kg,.(R), F' is a semi-free resolution of C, and p,, is bijective for all
n > 0. We will often abuse terminology and call U a complete resolution of C.
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The following is a slightly generalized version of [AvMal 5.3]. The proof is
essentially the same as that in ibid.

1.5. Complete resolutions are well-defined up to homotopy equivalence. Specifi-

cally, if U & F = C and U’ 2T O are complete resolutions of R-complexes
C and C’, and p : C — (' is a morphism of complexes, then by the comparison the-
orem there exists a unique-up-to-homotopy morphism & making the right-hand
square of the diagram

U F o
7 7 J/u
\ \

U’ F c’

commute up to homotopy, and for each choice of & there exists a unique-up-to-
homotopy morphism g making the left-hand square commute up to homotopy. If
1 = Ide, then 77 and i are homotopy equivalences.

1.6. Suppose that @) and R are commutative Noetherian rings, and ¢ : @ — R
is a surjective ring homomorphism. Let C be a complex of finitely generated free
@-modules. Then

Homg(C, Q) ®¢ R and Homg(C ®¢ R, R)
are isomorphic as R-complexes.

Proof. By Hom-tensor adjunction for complexes, and after making the canonical
identification of Hompg (R, R) with R, we immediately get that Homg(C' ®¢ R, R)
and Homg(C, R) are isomorphic. Therefore it suffices to prove that Homg (C, Q)®¢
R and Homg (C, R) are isomorphic.

Define maps o, : Homg(C_,,Q) ®g R — Homg(C_,, R) by an(f @ r)(z) =
<p(f(x))r, and By : HomQ(C’,n,R) - HOIHQ(O,"7Q) ®Q R by ﬁn(g) = g/ ®Q Ir
where g’ = g. Thus an(8a(9))() = an(g’ @ Lr)(@) = 9(¢'(z)) = g(x), and so
nfn = ldiomg (0, r)- Als0, Bulan(f ®@7)) = ¢’ ® 1r where ¢(g'(x)) = p(f(x))r,
and 8o Bnan = ldHome (c_,,Q)@or- Finally one just needs to check that v, and 3,
commute with the differentials, and this is left to the reader. O

2. THE ‘FORGETFUL’ TRIANGLE FUNCTOR

Let @ be a commutative local Gorenstein ring, and ¢ : Q — R a surjective local
ring homomorphism such that pdg R < cc.
The main objective of this section is to define the ‘forgetful’ functor

T =T, : Kc(R) = Kiac(Q)
and prove that it is a triangle functor. The definition of T is as follows.

Definition. Let C' € Ki,o(R). Then TC € K (Q) is a complete resolution of
Im 9§ over Q (which is uniquely defined by [L5l) Given a morphism [f] : C — C” in
Kac(R), we have the map  : Im 85 — Im 8§ induced by the morphism f : C' — "
of R-complexes. Then T[f] : TC — T'C" is the homotopy equivalence class [fi] of the
comparison map i : TC — TC’ between complete resolutions (which is uniquely
determined by p, by [L3l)

Proposition 2.1. T : Koo (R) = Kiac(Q) is an additive functor.
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Proof. The only verifications of the axioms of additive functor that are possibly not
obvious follow easily from the fact that T is well-defined on morphisms in Ky..(R),
which we now prove. Let [f] : C — C’ be the zero morphism in Ky,.(R). Let
p: Ima§ — Ima§ " be the map induced by f. Then there exists a homotopy
o € Hompg(C,C"); such that 9§ (01|, o) = pt, where 95" : Cj — Im 9¢" is the
map induced by 85". Let F and F’ be Q-free resolutions of Imd§ and ImdS",
respectively, and K a minimal @Q-free resolution of Cj. Then any chain map 7 :
F — F' lifting p is homotopic to a lifting of the composition

or c
Fl F() Im 80 0
lal ltm a8
V ('91K V ,
Kl KO CO O
V/ Of/ V/ c’
F] F} Im 8§ 0

which is eventually zero since K is a finite complex. This shows that & ~ 0, in
other words, T[f] = 0. O

Theorem 2.2. T : Koo (R) = Kiac(Q) 4s a triangle functor.

Proof. We first show that T' commutes with shifts, that is, there is a natural iso-
morphism between TS and 7. Let M = Imd§. From Corollary 2.4 below we see
that a minimal free resolution of Q£ (M) agrees with that of M beginning at degree
pdg R+ 1. Specifically if F and F’ are minimal free resolutions of M and Qff(M)
over Q, respectively, then we have X7 (Fscy0) = FL_, for ¢ = pdg R. This
implies that ~1(TC) ~ T(X~1C), which is another way of stating the result. It is
clear that this isomorphism respects morphisms in Ky, (R), that is, if [f] : C — C’
is a morphism in Ky,.(R), then the following diagram commutes.

T3] ,
s —L 30

l ZT(f] l

XTC ——— T’

Next we show that T takes distinguished triangles to distinguished triangles.
Any distinguished triangle in K, (R) is isomorphic as a triangle to one of the form

cY o cone([f]) — XC. We need to complete the diagram

7o Tﬂ]’ T cone([f]) —— £(TC)
rc e cone(T(f]) S(TC)

so that the second two squares commute.

’
T

Let TC % F 5 Cs_ and TC' &5 F' 55 C%, be complete resolutions over
Q, and p : C>_1 — C%, be the map induced by f. Then by there exists
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a morphism of Q-complexes i : F' — F’ such that all squares in the following
diagram commute (we can assume that 7’ is surjective.)

. F2 ) Fl i F() F,l
F} B |7 Fl N F £ | T
P
Cs Ch Co C_q
Cs C1 Co

This diagram gives rise to a commutative diagram of short exact sequences of
morphisms of @-complexes

0 F’ cone(fr) XF 0
Lw M%&) Lm
0 Ly cone(p) ——=X(C>_1) ——0

The resulting commutative diagram of long exact sequences of homology shows that

the morphism of Q-complexes cone(fr) — cone(u) is a quasiisomorphism. Thus

cone(r) is a semi-free resolution of cone(y), and therefore also of Im 95"V, 1t

follows that

cone(f)

cone(fi) — cone(fr) — Imd, s

is a complete resolution of Im Bgonc(f), where 71 : TC — TC' is a morphism of

Q-complexes as in We now have that the diagram of morphisms

m

TC TC T cone(f) (TC)
TC —" 70 cone() (TC)
which commutes up to homotopy. The result follows. (|

For an arbitrary commutative local ring A, consider a short exact sequence of
finitely generated A-modules 0 -+ X — Y 5 Z — 0. Let F and G be minimal free
resolutions of Y and Z, respectively. Let cone(¢) denote the mapping cone of the
morphism ¢ : F — G lifting the surjection 7:

-aF o
G aG
(3 02) oo (ot

cone(q) : -+ — Fy @ Gs Go.

Lemma 2.3. In the notation of the previous discussion, the truncated mapping
cone
(—65 0 ) (—af 0 )
$2 05 ¢1 0
TR ST

trcone(¢) : -+ — Fo & G @Gy

is (after shift) a free resolution of X.

ker (o OF)
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Proof. We first note that Since F' and G are both minimal free resolutions, the map
¢o is surjective. Therefore so is the map (¢o 8¢ ), and so ker (4o oF ) is free.

From the short exact sequence of complexes 0 — G — cone(¢) = LF — 0, we
get the long exact sequence of homology

-+ — Hy(G) — Hy(cone(p)) — Ho(F) = Ho(G) — Hy(cone(¢)) — 0.

Since (¢o 8¢) is surjective, Ho(cone(¢)) = 0. Thus this long exact sequence of
homology reduces to the short exact sequence

0 — Hy(cone(¢)) =Y 5 Z — 0,

and so X 2 Hj (cone(¢)). Since H;(cone(¢)) = H;(trcone(¢) for all ¢ > 1, the result
follows, that is X! trcone(¢) is a free resolution of X. O

Corollary 2.4. Let K be a minimal free resolution of R over Q, F' a minimal
resolution of M over @, and p = rank Fy. Consider the morphism of complexes
¢ : KM — F lifting the surjection Fy — M. Then ¥ ~! trcone(o) is a free resolution
of QF (M) over Q. If ¢ = pdg R < oo then (X7 trecone d)>cp1 = 7 (Foey2)

3. ADJUNCTION

Keeping the same assumptions on @ and R as in the previous section, the goal of
this section is to compare Ky, (R) with K¢..(Q). This will be done by constructing
an adjoint pair of triangle functors between the two categories.

The descension functor is easy:

S=28,: Kiac(Q) = Kiac(R)

is defined by SC = C®¢ R and S[f] = [f ®¢ R] for C an object and [f] a morphism
in Ki,c(Q). This is a triangle functor due in part to Indeed, if C is acyclic
complex of free Q-modules, then C' ®¢g R is an acyclic complex of free R-modules
(since pdg R < oc), and Homg(C,Q) being acyclic implies Homg(C, Q) ®q R
is acyclic. Hence Homp(C ®¢g R, R) is acyclic by It is easy to see that S
takes homotopic morphisms of complexes to homotopic morphisms of complexes,
commutes with shifts and takes distinguished triangles to distinguished triangles.
The ascension functor

T="T,: Ktac(R) — KtaC(Q)

is the functor defined in Section
Our main result for this section is the following.

Theorem 3.1. The triangle functors S and T form an adjoint pair, that is, they
satisfy the following property: for all C' € Kiac(R) and D € Kiao(Q) there exist a
bijection
(1) HOmeC(Q)(D,TC) — HOmKtaC(R)(SD,C)
which is natural in each variable.
Before engaging the proof, we observe that for D € K;,.(Q) one has
TSD~D®qgK

where K is a (Q-free resolution of R. Indeed, one has that D>¢ ®g K is a Q-free
resolution of Im 957 = Tm P ®¢g R. The assertion is now clear.
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Proof. In order to prove the theorem we define natural transformations
n: Ithac(Q) - TS

and
e: ST — Ithac(R)

— the unit and counit, respectively, of the adjunction — as follows. For D €
Kiac(Q) define np : D — TSD to be the morphism of complexes embedding
D,, into the first component of TSD,, = @, D,—; ®q K; for all n. And for
C € Kiac(R) define e : STC — C' to be the morphism induced by the comparison
map F — C>o, where F is a free resolution of Im 9§ over Q. It follows from [[4]
and that n and e are natural in their arguments.

We just need to show that

Tec onrc ~ Ich and €ESD © S’I]D ~ IdSD

First we discuss the map Tec. We have a morphism of complexes

TC

d
TC, ———=TC) Imof¢ ——0
lﬁl Lﬁo l”
of c
F1 FQ Im 80 ——0
where F is a Q-free resolution of Im 9§’. Suppose that ker ¢ = (z1,...,z,). For each

1<i<r,leto; : TCy — F be the beginning of homotopies expressing the fact that
the morphisms z;7i are null homotopic, that is, 9 o o; = z;1ip for 1 < i < r. Now
let K be a minimal free resolution of R over () and define maps ug : TCo ®g Ko —
Fy by up(a ® b) = fip(a)b, and ui(a ® (by,...,b:)) = o1(a)by + -+ + o.(a)b, for
a® (by,....b) € TCH®qg K1, u1(a®b) = fi1(a)b for a®b € TC1 ®¢g Ko. Then one
checks easily that the following diagram commutes.

TCy®q K1
TCo®05
&
8TC®K

TC) ®g Ky ————=TCy ®¢ Ko Imdf® ®@q R 0

lul l/uo lu@R

of
F Fy Imgf ————=0

This gives rise to a morphism of @Q-complexes (I'C>9 ®¢g K) — F such that u,(a®
b) = fin(a)b for a ® b € TC,, ®¢g Ko, the former complex being a Q-free resolution
of Im 9F'¢ ®q R, It follows that we may achieve the morphism T'ec : TSTC — TC
satisfying (T'ec)n(a ® b) = ab for a @ b € TC,, ®¢g Ko.

We have the natural embedding npo : TC — TSTC with nre(a) =a®1 €
TC, ®qg Ky for all a € TC,,. Thus we have shown that Tec o nrc ~ Idrc.

The morphism Snp : SD — STSD embeds SD,, into the first component of
STSD ~ EB‘;:O SD,—; ®g SK; for all n. And the morphism egp : STSD — SD
takes the first component of STSD ~ @‘;:0 SD,_; ®q SK; to SD,, for all n € Z.
Thus we have egp o Snpp ~ Idgp. O
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4. APPROXIMATIONS OF TOTALLY ACYCLIC COMPLEXES

Our main application of Theorem [3.1] is a resulting notion of approximation in
the homotopy category of totally acyclic complexes. We now recall the notion of
approximation we use, due to Auslander and Smalg [AuSm]|, and independently,
Enochs [Enl,

Let X be a full subcategory of a category C. Then a right X -approrimation of

C € C is a morphism X < C, with X € X, such that for all objects Y € X, the

sequence Home (Y, X) Hom(¥:0), Home (Y, C) — 0 is exact.

Dually, one has the concept of left X-approximations. Specifically, a morphism
C 5 X, with X € X, is called a left X-approzimation of C € C if for all objects

Y € X, the sequence Home(X,Y) Hom(p,Y), Home¢(C,Y) — 0 is exact.

The full subcategory X is called functorially finite in C if for every object C' € C,
there exists a right X-approximation of C' and a left A-approximation of C.

We let S Kiac(Q) = {D®qR | D € Kiae(Q)}. Our main application of Theorem
[BTlis the following.

Theorem 4.1. S Kiac(Q) is functorially finite in Kiae(R).

Proof. That every C € Ki,c(R) has a right S Kia.(Q)-approximation follows im-
mediately from Theorem B} the morphism [e¢] : STC — C is a right approx-
imation in Kiac(R). Indeed, if [f] : SD — C is any morphism in Kac(R) with
D € Kiac(Q), then from the natural transformation e : ST — Idk,, (r) we have
equality [ec] o ST[f] = [f] o [esp]. Composing on the right with S[np] we obtain
[ec] o ST[f] o S[np] = [f], and thus ST[f] o S[np] : SD — STC is the morphism
we seek.

Now we show that every C € Ki..(R) has a left approximation. This can be
done by simply dualizing a right approximation. For this we will use several times
that for any given D € Ki,.(Q), one has the natural isomorphism of complexes
Homp(D®g R, R) =2 Homg(D, Q)®¢q R from[[.6l We have the right approximation
lec+] : STC* — C* of C*. The claim is that [e}.] : C = C** — (STC*)* is
a left approximation of C. Note that the target of €5. is in SKiac(Q) by the
aforementioned isomorphism of [l Now let E € Ki,.(Q) and f : C — SE be
a morphism in Kiac(R). Then we have the morphism f* : (SE)* — C*, with
(SE)* in SKiae(Q). Therefore we have that f* ~ ec-g for some morphism g :
(SE)* — STC*. Dualizing back we have that f ~ g*ef., which is what we needed
to show. (|

Motivated by results along the lines of [Ne|, Proposition 1.4], we ask the following:
Question 4.2. Is S Ki..(Q) a thick subcategory of Kiac(R)?
We illustrate Theorem [£.1] with an example.

Example 4.3. Let R = k[, y]/(2%,y?), and C be the totally acyclic R-complex
with Im 9§ = Ray = k:

(542

C:oi o R )R2 SN NCON S CINE S
Then a free resolution of Im 9§ over Q = k[x, y]/(z?) is given by

(62 L, GO 5 (53Y)

(zv)

Fioo— Q2 Q? Q? Q? Q—0
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The right approximation ec : STC — C takes the form

w0 G G L GD
(88) e oo Jeo {0

R3 R? R R R?
(gg;y) (zy) (zy) (%)

Since C is self-dual in this example, that is C' =2 X71(C*), the left approximation
[ec] : C — (STC)* takes the form

x 0 —1 z
R3(Oy JQARQ SR N C N ¢ B

(500) |(§0) (%) (3) e
2 2 2 2 2

0 R 0 R 0 0
(%2) G (%) G2
Approximations may be trivial, in particular, when the projective dimension of
Im 9§ is finite over @, as is the case in the next example.

Example 4.4. Let R = k[x,y]/(2%, y?) and C the totally acyclic R-complex with
Im o = Ry:

(¥) (¥)

Ciiin R R g W g Wip

Then for Q = k[z,y]/(2?), pdy Im 8§ < oo and the approximation is [ec] : 0 — C.

Recall (from [AuSm|, for example) that a morphism X < C is called right

minimal if for every morphism X 7y X such that e f = e, we have that f is an
isomorphism. We now point out that the right approximation [e¢] : STC — C may
or may not be right minimal.

Proposition 4.5. Suppose that D € Kiac(Q). Then [esp] : STSD — SD is not a
minimal approximation.

Proof. Let K be a Q-free resolution of R. As described in the proof of Bl esp :
STSD — SD takes the first component of STSD ~ @;_,SD,—; ®¢g SK; to
SD,, for all n € Z. Thus taking as [f] : STSD — STSD the morphism sending
SD,, ®q SKj to itself and everything else to zero, we have [egp] o [f] = [esp] and
[f] is not an isomorphism in Kg,e(R). O

Example 4.6. Let R = k[z,y]/(22,y?) and C the totally acyclic complex
C:----RLERLERLR— .-

Then M = Im 9§ = Rx and a free resolution of M over Q = k[x,y]/(z?) is given

by
(=) (zv

e Q2 ) 0> (zy?) Q=0
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Thus STC takes the form

(6

o B B e B

and e¢c : STC — C is given by (ec), = (10) for all n. This is not a minimal
right approximation. Indeed, consider the morphism f : STC — STC given by
fn=(49). Then one has ecf = ec and f is not a homotopy equivalence.

4.7. Approximations by period 2 complexes. Recall that a local ring @
is a hypersurface ring if @) is the quotient of a regular local ring by a principal
ideal; hypersurface rings are Gorenstein. In this case, Eisenbud [Ei] has shown that
totally acyclic complexes are always periodic of period at most two. Thus in the
setup where @ is a hypersurface (and, as always, that pdg R <ooviagp:Q — R),
our approximations compare nonperiodic totally acyclic complexes with those of
period two. This setup occurs when R has an embedded deformation [Av].

We next state a few results for later reference. They have to do with compositions
of approximations, in two different senses.

Proposition 4.8. Consider a sequence of finite local ring homomorphisms
QLR LR

such that Q and R’ are Gorenstein, pdg R < 00, and pdp R < co. Then Sy, and

Ty, are naturally isomorphic to SyS, and T,T, respectively.

Proof. This follows from the fact that the assertion is clear for the S functors, and
from uniqueness of adjoints. O

4.9. Upon computing the right approximation [ec] : STC — C, one may iterate
this process. Indeed, complete [ec] to a triangle in Ki,.(R) and rotate it to obtain

¥t cone([ec]) = STC — C — .
Now compute a right approximation of X ~1STC, and repeat. One then obtains a
sequence of maps in Ky,.(R):
B:---—>Bs—>By— By — By—~C
where By is a right approximation of C, By is a right approximation of ¥~ cone(By —

(), ete. Note that since composing two consecutive maps in an exact triangle is
the zero map, one has that the same holds for the maps in B.

Proposition 4.10. Let ¢ : Q — R be a surjective local homomorphism of Goren-
stein rings with pdg R = 1, and let C' € Kuac(R). If [ec] : STC — C' is the right
approzimation of C, then cone([ec]) is isomorphic to $2C.

Proof. By the assumptions of the proposition, we have that R = Q/(z) for some
nonzerodivisor x contained in the maximal ideal of Q. Now let ¢ : C' — 32C be the

cohomology operator defined by the embedded deformation R = Q/(x) (see [Av]).
Then one can show that we have an exact triangle

L ¥2C 5 ¥STC —

where the last arrow is the approximation map X[ec]. Therefore, after rotation we
have

ste L o by2o
which proves the claim. O
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The following proposition follows from the previous one.

Proposition 4.11. Let ¢ : Q — R be a surjective local homomorphism of Goren-
stein rings with pdg R =1, and let C' € Kiac(R). Then the triangle resolution, as
in[f-9 of C in Kiac(R) with respect to Kiac(Q) has the form

[AuSm]
[Av]
[AvMa]
[BeJoOp]

[Bu]

[ChFoHo)
[Ei]
[En]
[Kr]

[Ne]

e YT28TC - XTISTC = STC — C.
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