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Abstract We study H. Dao’s invariant nf of pairs of modules defined over a complete
intersection ring R of codimension ¢ having an isolated singularity. Our main result is that
nR vanishes for all pairs of modules when R is a graded complete intersection ring of codi-
mension ¢ > 1 having an isolated singularity. A consequence of this result is that all pairs of
modules over such a ring are c-Tor-rigid.
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1 Introduction

Let R be an isolated complete intersection singularity, i.e., R is the quotient of a regular local
ring (Q, m) by a regular sequence fi,..., fc € O, and Ry is regular for all p # m. For
any pair (M, N) of finitely generated R-modules, the Tor modules Torj.e (M, N) have finite
length when j >> 0. Moreover, the lengths of the odd and even indexed Tor modules in high
degree follow predictable patterns. There are polynomials
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908 W. F. Moore et al.

Poy(j) =ac1j" + -+ +arj+ao and Poaa(j) =be—1j" + -+ +b1j +bo
of degree at most ¢ — 1 such that
length Torf; (M, N) = Pey(j) and length Tor5; | (M, N) = Poaa(j)

for all j > 0O (see, for example, [7, Theorem 4.1]).

The polynomials Pey and P,gq need not be the same, nor is it necessary that the coefficients
of jc’l coincide. A natural invariant of the pair (M, N) is thus the difference, a.—1 — b.—1,
of these coefficients. Up to a constant factor, this difference is Dao’s nX-invariant.

For example, if ¢ = 1, then Pey = ap and Pogq = by are both constants. This reflects the
fact that, in our present context, the Eisenbud operator

x: Tor®(M, N) 5 Tork ,(M, N)

is an isomorphism for j >> 0. In this case, the invariant r/f(M , N) is (one half of) the
difference ag — bo of these Tor-lengths. This difference is Hochster’s 6 -invariant.

In our previous paper [14] we studied Hochster’s #-invariant in the special case where R
is a graded, isolated hypersurface singularity. Now we employ similar techniques to study the
invariant n® for graded, isolated complete intersection singularities of codimension ¢ > 1.
That is, we assume

R =K[x0, ..., Xuge11/(f1, oo os fo) (L.1)
where K is a field, the f;’s are homogeneous polynomials, and Proj(R) is a smooth K-variety.
With these assumptions, the irrelevant maximal ideal m = (xo, ..., Xp4c—1) of R is the

only non-regular prime in Spec R. Our main result is that, for such a ring R, the invariant
nf (M, N) vanishes for all R-modules M and N, provided ¢ > 1. See Theorem 4.5.

H. Dao [7, Theorem 6.3] has proven that the vanishing of n% (M, N) implies that the pair
(M, N) is c-Tor-rigid, meaning that if ¢ consecutive Tor modules vanish, then all subsequent
Tor modules vanish too. We therefore conclude that all pairs of modules over rings of the
form (1.1) having an isolated singularity are c-Tor-rigid, provided ¢ > 1; our previous result
[14, Remark 3.16] shows c-Tor-rigidity for ¢ = 1 when the dimension of R is even. In gen-
eral, one only has (¢ 4+ 1)-Tor-rigidity for pairs of modules over a codimension ¢ complete
intersection [15].

We conjecture that nf (M, N) = 0 for all pairs of modules (M, N) over an isolated com-
plete intersection singularity of codimension ¢ > 1, and hence that all pairs of modules over
such a ring are c-Tor-rigid. There are many well-known examples (of isolated hypersurface
singularities) where (M, N) is not 1-Tor-rigid, and hence oR(M, N) # 0.

The invariant n® (M, N) is also defined for complete intersection rings that are not isolated
singularities, provided the pair (M, N) has the property that Torf(M , N) has finite length
forall j > 0. We include an example due to D. Jorgensen and O. Celikbas that shows that n§
need not vanish for a complete intersection of codimension 2 if the dimension of the singular
locus is positive.

2 Dao’s pR-invariant

In this section we recall the definition of Dao’s n f -invariant for complete intersections.

Proposition 2.1 Let R be the quotient of a noetherian ring Q by a regular sequence fi, . ..,
fe- For a pair of finitely generated R-modules M and N, suppose the Q-module Toer (M, N)
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An invariant for complete intersections 909

vanishes for all j >> 0 and that the R-modules Tor® (M, N) are supported on a finite set
of maximal ideals {my, ..., mg} of R for all j > 0. Then there are polynomials Pey =
PCS (M, N) and Pogq = Polgd (M, N) of degree at most ¢ — 1 so that

length Tor3; (M, N) = Pey(j) and length Tor5; (M, N) = Poga(j)

forall j > 0.

Proof Apply [7, Theorem 4.1(2)] to each Ry,; and add the resulting polynomials to obtain
the polynomials here. See Appendix A for an alternative proof of this result. O

The difference of the coefficients of j¢~! in Psy, = Pels(M , N) and in Pyyq is the basis for
aninvariant of (M, N). We can obtain these coefficients through the (¢ —1)-stiterated first dif-
ference: the first difference of a polynomial ¢ (j) is the polynomial q(1 V() =q()—q(G—-1),
and recursively one defines ¢ = (g@~D)(M,

Definition 2.2 In the set up of Proposition 2.1, define
(Pey — Podd)(c_])
2¢ . ¢! '

This invariant of the pair (M, N) is Dao’s nf-invariant [7,4.2].

nRM, N) =

Remark 2.3 For a pair of R-modules, Dao sets

length Tor® (M, N) if length Tor® (M, N) < oo and
5,1, Ny = [1ene Tor (. N if length Tor (a1, )

0 otherwise.
It can be shown, as an easy application of Proposition 2.1, that under the assumptions in that
result, if ¢ > 0, then

" .
i—o(=1D/B;(M, N)
nR(M, N) = lim 2j=0 Sl .
n—o00 ne¢
This limit is the original definition of nf (M, N) due to Dao.
Our main result, Theorem 4.5, suggests the following conjecture:

Conjecture 2.4 Suppose R = Q/(f1, ..., fc) with Q aregular noetherianring and f1, . . .,
fe a regular sequence, with ¢ > 1. If the singular locus of R consists of a finite number of
maximal ideals, then nf (M, N) = 0 for all finitely generated R-modules M and N.

Remark 2.5 The case N = Kk of Conjecture 2.4 follows from a result due to L. Avramov,
V. Gasharov, and I. Peeva [2, 8.1]. In this case, the length of the Tor ; record the Betti numbers
of M over R, and part of their result states that both the even and odd Betti numbers grow at
the same polynomial rate and have the same leading coefficient.

Example 2.6 The following example is due to D. Jorgensen [13, Example 4.1] and O. Cel-
ikbas [5, Example 3.11]. Let K be a field, and let R = K[[x, v, z, u]l/(xy, zu). Then R is a
local complete intersection of codimension two with positive dimensional singular locus. Let
M = R/(y,u), and let N be the cokernel of the map

0 u
ox
R 0 R3.

Then the pair (M, N) is not 2-Tor-rigid, and hence, by [7, 6.3], nf (M, N) #0.
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3 The graded case

3.1 Let Q be a graded noetherianring, f1, ..., f. be a Q-regular sequence of homogeneous
elements, and R = Q/(f1, ..., fc). Then for each pair of finitely generated graded R-mod-
ules M and N, Torf(M , N) is a graded R-module for all j. Moreover, with the notation
d; = deg f;, the Eisenbud operators [8] xi, ..., xc determine maps of graded R-modules

x1: Torf (M, N) — Tork (M, N)(—dp)

for all j, where for a graded R-module 7', we define T (m) to be the graded R-module satis-
fying T (m)x = Ti+m. Since the actions of the x; commute, we may view @j,i Torﬁ.e (M, N);
as a bigraded module over the bigraded ring S = R[x1, - .., xc], where the degree of y; is
(=2, —dyp).

The operators x; first appeared in work of Gulliksen [10] as (co)homology operators
(albeit in a different guise), where he proved that Torf (M, N) is artinian over S if and only

if Tor*Q (M, N) is artinian over Q. Compare our Appendix A.

Proposition 3.2 Let Q and R be as in paragraph 3.1. For a pair of finitely generated graded
R-modules M and N, suppose the Q-module Toer(M , N) vanishes for all j > 0 and there

is a finite set of maximal ideals of R on which the R-modules Tor;e (M, N) are supported for
all j > 0. Then the action of the Eisenbud operators induces an exact (Koszul) sequence

0 — Torf (M, N) — @ Tork (M, N)(—d)) —
=1
P Tork (M, N)(—dy, —diy) — -+ — Tor® ) (M, N)(—d) — -~ —de) > 0 (3.1)

li<ly

of graded R-modules for j > 0.

Proof Within this proof, we use a simplified grading on S = R[x1, ..., xc], effectively
ignoring the twists given by the d; in (3.1). We let R lie in degree O and let each y; lie in
degree —2. By [7, Lemma 3.2], for a sufficiently large J, the module 7 = @jzf Torf (M, N)
is graded artinian over the ring S. Consider the Koszul complex K = K[, ..., xc] Qs T.
For j > 0, the complex (3.1) is the jth graded piece of K. We prove this complex K is exact
in all but finitely many degrees.

As T is graded artinian over S, the total homology module H (K) is as well. The descend-
ing chain of R-submodules

HK)2 P HK); 2P HK); 2
j=1 j=2

intersects to 0. Since x; H(K) = 0, see [16, IV.A.4], these R-submodules are in fact S-sub-
modules. Since H(K) is artinian over S, the descending chain stabilizes. Thus there exists

anm > 0 such that H(K); =0 forall j > m. O
3.3 For the remainder of this section, we assume Q = K[xo, ..., Xs+c—1] is @ polynomial
ring over a field with each x; of degree one, fi, ..., fc is a Q-regular sequence of homo-

geneous elements, and R = Q/(f1, ..., fc). Let di = deg(f;). In particular, R is graded.
When M and N are finitely generated graded R-modules, the torsion modules Tor;e (M, N)
are also graded.
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Definition 3.4 Let R be as in paragraph 3.3. For finitely generated graded R-modules M
and N, and an integer F, define

Gr(x.1)= > dimg (Tor§+2j(M, N),-) t'x) e Qllx, t]].
i,j=0

Remark 3.5 Note that if for some F > 0, TorIFe +2) (M, N) has finite length for all j > 0,
then G r(x, ) belongs to (Q[¢])[[x]].

For a finitely generated graded R-module T, its Hilbert series is
Hr (1) = D dimy(T)r'.
i>0
Hr (¢) is a rational function with a pole of order dim 7 at r = 1. In fact,

er(t)

Hr(t) = W,

(3.2)

where er(¢) is a Laurent polynomial [1, (1.1)], sometimes called the multiplicity polyno-
mial of T. The multiplicity polynomial of R is calculated by using the presentation R =
Q/(f1, ..., fo); explicitly, since deg(x;) = 1 and deg(f;) = d,

er() =[] =M/ —nc. 3.3)
=1

For graded R-modules M and N, we write the Hilbert series of Torf (M, N) as H;(t) or

just H;. If M and N are such that the T0r§e (M, N) have finite length for j > 0, then H;(¢),
J = 0, has the property that the number of initial terms of H(¢) that vanish goes to infinity
as j — oo. It thus makes sense to form the sum

D (=1 H; o),
Jj=0
and, more generally, to evaluate G (x, ¢) atx = 1 (or any constant; see Remark 3.5). Observe
that
D (=D Hjp() =Gr(1,0) = Gry(l, 1), (3.4)
j=0

for any F.

Lemma 3.6 Let R be a graded ring as in paragraph 3.3, and let M, N be finitely generated
graded R-modules such that Torf(M, N) has finite length for j > 0. For F > 0 there is a
unique polynomial br(x,t) € Q[x, t] such that

br(x,1)
[T (1 =)

For E > 0 and even there is a unique polynomial nfE(M, N)(t) € Q[t] such that

Gr(x,1) = (3.5

g g(M, N) (@)

R = C. . R
end i 4 NepM N =2 ¢l -0 (M, N), (36)

D (=D H;@1) =

JZE

where eg(t) is the multiplicity polynomial of R defined in (3.3).
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Proof Letso=1,s; =t 4+ 4% ... and s, = rD1T 1+ that is, the s; are elementary
symmetric functions on the symbols 9. The exactness of (3.1) for j > 0 gives the relation

soHj —s1Hj2+s2Hj_4+ -+ (—=1)scHj_2. =0,
from which it follows that, for F > 0, we have
(1= s1x + s267 =+ (=D sex)Gp(x, 1) = bo (1) + b1 p(0)x + -+~ +bey p ()",

for some polynomials b; ¢ (7). Set br(x, t) equal to the right hand side of this equation and
use Z;zo(—l)kskxk = [15_, (1 — t%x). Then (3.5) follows easily.
To establish (3.6), observe that for F' >> 0, we have

br(x,1)

T—n = Grpx,1)= Zdimk T0r11§+2j(M, N/

j=0

Taking E >> 0 to be even, set ngE(M, N)()tobe brp(1,t) — bpy1(1, t). The first equation
in (3.6) follows immediately from (3.3), (3.4), and (3.5).

The leading coefficients of Pey(M, N) and Poga(M, N) are bg(1,1)/(c — 1)! and bg
(1, 1)/(c = 1)!, and so the value of nf . (M, N)(1) att = 1is 2° - ¢! - nf (M, N). o

Remark 3.7 The polynomials nf g (M, N)(¢) depend on E, but, as Lemma 3.6 shows, they
have a common value at t = 1.

4 The vanishing of nX

Throughout the remainder of this paper, we use the following notations and assumptions:

e Kkisafield;
e R = Klx0,...,Xutc—11/(f1,..., fc), where degx; = 1 for all i and
the f;’s are homogeneous polynomials in m = (xg, ..., Xp4+c—1) With 41
dy = deg(f1); @
e c¢>0and f1,..., f. forms a regular sequence;

e X = Proj(R) is a smooth k-variety.

Remark 4.1 Recall that the variety X is smooth if and only if m is the radical of the homoge-
neous ideal generated by the f;’s and the maximal minors of the Jacobian matrix (3f;/dx;).
In particular, by the smoothness assumption, m = (xp, ..., Xp+c—1) is the only non-regular
prime of R.

For a quasi-projective scheme Z over a field k, we let G(Z) and K (Z) denote the Grot-
hendieck groups of coherent sheaves and locally free coherent sheaves, respectively. Recall
thatif Z is regular (for example, if it is smooth over K), then the canonical map K (Z) — G(Z)
is an isomorphism. For further explanation and discussion of the relevant groups and maps,
see [14, §2.1].

From the assumptions (4.1), the smooth variety X = Proj(R) C P"*°~! has dimen-
sion n — 1 and degree d = d; ---d.. When K is infinite, there is a linear rational map
prte—1 — — > pr—1 that determines a regular function on an open subset containing X,
and hence it induces a regular map

p: X > P!
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An invariant for complete intersections 913

that is finite, flat, and of degree d. As X and P"~! are smooth and p is finite, we have the
following map and isomorphisms:

p: K(X)ZGX) —» G H= k@ .
We also have the isomorphism
ZIt/(1 — )" = KP"

that sends t — [O(—1)]. We will often identify K (P*~") with Z[r]/(1 — t)"; for example,
if « € K(X), then p, () is interpreted as belonging to Z[7]/(1 — t)". Likewise, we identify
K(®" 1) ®z Q with Q[t]/(1 — )"

The following three results are similar to [14, 4.1, 4.2, and 4.3]. We will establish the
vanishing of nf(M , N) for ¢ > 1 by employing them in the same way that we used our
earlier results to show the vanishing of OR(M,N) = anz(M , N) when dim R is even
[14, Theorem 3.2].

Lemma 4.2 [14, Lemma 4.1] Under the~assumptions in (4.1) with K infinite, let M be a
finitely generated graded R-module and M the associated coherent sheaf on X. Then

P (M) = (1 = 1)" Hu (1)
in K(IP’"_I)Q = Qlt1/(1 — v)". In particular,

pe(1) = pu([Ox]) = er() = [ [+ 1+ 2+ +1%7) e Qul/(1 — 1)
i=1

Proof The proof of [14, Lemma 4.1], which is the ¢ = 1 case, applies verbatim. O
Lemma 4.3 [14, Lemma 4.2] Under the assumptions in (4.1) with K infinite, let M and N

be finitely generated graded R-modules. For any sufficiently large even integer E and for
any integer m > 0, the rational function

g (M, N)(1)
(er(1))?
does not have a pole at t = 1. Its image in Q[t] /(1 — )" = Q[t]/(1 —1)" = K(]P’"_l)@
satisfies the equation
pim—cleg M N)(@) w [ P<(MD  p(IND)  pu([M] - [N])
(1 —pymme 2B s — (- ) : -
(er (1)) px(1) px(1) px(1)

In particular, taking m = ¢ — 1 yields

(1 -n! (d ps(IMD) d-pu(IND  d*- pu([M]- [ﬁ]))

(l _ t)n+mfc

1— n—1_R M, N) =
(I=0)""n; (M, N) 2 ol o (1) px(1) px(1)

wheredeg X =d =dy---d,.

Proof As in [14, Lemma 4.2], start with the equation of Hilbert series from [1, Lemma 7],
namely

Hully 51y
= > (-D'H;j.
Hr =
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914 W. F. Moore et al.

Splitting the sum at £ >> 0 and using the first relation in (3.6) gives

E—1 R
Hy Sy Ne.g (M, N)(1)
j:o( P o A=y

Upon multiplying by (1 — )™ /Hg = (1 — t)"t" /eg(t) and rearranging, this yields

(1—0)"Hy (1 —1"Hy —1)"H;
1—n" . — (1 =" 1 jU=0"Hj
) x40 :E:( Y e ®
_ nfp(M N)(@)
T (er())?

4.2)

(l _ t)n+mfc.

The first assertion follows from the fact that the expression before the equality in (4.2)
does not have a pole at t = 1, using (3.2). Since both sides of this equation are power series
in powers of 1 — ¢, we may take their images in Q[¢]/(1 —¢)". Apply Lemma 4.2. The
expression before the equality in (4.2) becomes

—~

p«([Tor ¥ (M, N)])
px(1)

po([HT]) o (LN
— - 1/
== 0 an U )Z(

=0

If E is large enough so that Torj.e (M, N) has finite length for j > E, then the alternating
sum is ,0*([]\7] . [ﬁ])/p*(l) where [Il~4] . []V] is multiplication in the ring K (X). This gives
the first equation in the Lemma.

For the second equation, set m = ¢ — 1. Define g(¢) = nfE(M, N)(t)/(eR(t))z. As
er(1) =d and nfE(M, N)(¢) is a polynomial, g(¢) is a rational function without a pole at
t = 1. Thus, modulo (1 — 1)",

—-g(
g1~ =gy oy 4 EOZED = gy ey,

Multiplication by d? establishes the second equation. O

In the next lemma and in the proof of our main theorem, we use étale cohomology. Assume

K is a separably closed field, fix a prime £ # char K, and write Hét(Z , Q¢(@)) for the étale
cohomology of a scheme Z with coefficients in Q¢ (7). In addition, write Hz*(Z Q¢ (*)) for

b, H2’ (Z,Qg(i)). This is a commutative ring under cup product. Moreover, the étale Chern
character gives a ring homomorphism
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An invariant for complete intersections 915

che s K(Z)g — HEH(Z, Qu(%)).
We refer the reader to [9] for additional background.

Lemma 4.4 [14, Lemma 4.3] Under the assumptions in (4.1) with K separably closed, the
diagram

K(X)g K(P" g
ché,l lChé’ 43)

HZ (X, Qe(#) ——— = HZ ("', Q¢(%))

*

commutes, where pi’ is the push-forward map for étale cohomology.

Proof The proof of [14, Lemma 4.4], which is the ¢ = 1 case, applies verbatim. m}
The following is the main result of this paper.

Theorem 4.5 Under the assumptions in (4.1) with K separably closed, let M and N be
finitely generated graded R-modules. For E a sufficiently large even integer, r]£ (M, N)()

has a zero att = 1 of order at least ¢ — 1. In particular, nf (M,N)=0forc> 1.

Proof The claim is vacuous if ¢ < 1, and so assume ¢ > 1. Let y be the element chg (1 —t)

of HZ (P"~1, Qu (x)).

We apply chg to d? times the first equation in Lemma 4.3 and use the commutative
diagram in Lemma 4.4 to obtain

d* - chg ((1 — e gk oM, N)(t))
chey(er()?)
7" (oS cha (LD - pf'che (ND) = d - pf* (chey (1)) - cher(IND)) . (44)

For o, B € HZ* (X, Q¢ (%)), define
Wi (e, B) = y" (o5 (@) - o5 (B) —d - p! (@ - B)).
We will prove that W,,, vanishes for any m > 1. Using the projection formula
Py (pé (@) - ) = o pf ()

with w = 1, and using the fact that ,off(l) = d, we see that if o = pé“t(cx’) for some
o' € HZF(P"~1, Q¢ (%)), then

W (e, B) = y™ (@' p (1S (B) —d - o p' (B)) = 0.

Likewise, W, (o, ) = 0if B = pZ,(B). But since X is a complete intersection in projective
space, the map

pk s HZ (P, Qu(j)) — HZ (X, Qu(j))
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916 W. F. Moore et al.

is an isomorphism in all degrees except possibly in degree 2j = n — 1 (see [18, XI.1.6]).
n—

So we may assume n is odd and that o, § € Hg’:l(X, Qe( 21)). Noticing that y is in
;=1 HZ (X, Qu(i)), we see that y" p' () - p£(B) and y™d - p' (e - B) belong to

PHE T X, Qo — 1+ m+ ).
Jj=0

This group vanishes when m > 1 because dim(X) = n — 1 and étale cohomology vanishes

in degrees more than twice the dimension of a smooth variety over a separably closed field

[17, X.4.3]. As I, is zero for m > 1, so too is the expression on the left-hand side of (4.4).
We have proven that for m > 1,

@ chg (1= R LN
che(er(1))? B

and hence
che (1 — 1"~ X (M, N)(1)) = 0.

But the Chern character map with Q; coefficients induces an isomorphism on projective
space,

che : K(P" ) @ Q = HI P, Qu(%),

and therefore, (1 — ¢)"t7=¢. ngE(M, N)() =0in Q[r]/(1 — ). That s, (1 — ¢)" divides
(1 — pyntm=—c. nfE(M, N)(¢) in Q[¢] so that ngE(M, N)(®)/(1 —1)™™ is a polynomial.
Taking m = 1 < ¢ proves the Theorem. O

The familiar example below shows that nf (M, N) need not vanish, even under the assump-
tions (4.1), if dim R is odd.

Example 4.6 [12, Example 1.5] The assumption that ¢ > 1 is necessary in the Theorem. Let
R = Clx, y,u,v]/(xu + yv) and set M = R/(x,y), N = R/(u,v), and L = R/(x, v).
Then nf(M, M) = 5, n® (M, N) = L, and nf (M, L) = - 1.

Corollary 4.7 Under the assumptions in (4.1) and for every pair of finitely generated, but
not necessarily graded, R-modules M and N, if dim R > O, then nf (M, N) vanishes when
¢ > 1. When dim R = 0, then nf (M, N) vanishes for all c.

Proof Upon passing to any faithfully flat field extension k” of k, the assumptions (4.1) remain
valid, and, moreover, for finitely generated R-modules M and N, the value of nf (M, N) is

unchanged. In more detail, since the lengths involved are dimensions over the field k for n®

and dimensions over the field k' for nf ok , we have equality

nRm, Ny = nREK (M @ K, N @ K).

In particular, by passing to the separable closure of k, we may assume that K is separably
closed.

Since nX(—, —) is biadditive [7, Theorem 4.3] and defined for all pairs of finitely gen-
erated R-modules, it follows that nf determines a bilinear pairing on G(R), and hence on
G(R)g := G(R) ®z Q. It suffices to prove that this latter pairing is zero.

Assume dim R > 0.From [14, Section 2.1], we recall the mapping from K (X)q to G(R)q
given as follows: if T is a finitely generated graded R-module with associated coherent sheaf
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An invariant for complete intersections 917

T on X, then K(X)g — G(R)g sends [f] € K(X)g to [T] € G(R)q. As proven in [14,
(2.4)], this mapping is onto, and hence the vector space G(R)q is spanned by classes of
graded R-modules. Therefore, Theorem 4.5 applies to prove the pairing on G(R)g induced
by nX is the zero pairing.

Finally, if dim R = 0, then [R] = dimk(R) - [K] in G(R)q, and hence [M] = length(M) -
[k] in G(R)q. Since nf (R, R) = 0 as R is projective, it follows that nf vanishes for all
pairs. O

Corollary 4.8 With the assumptions in (4.1), let M and N be finitely generated, but not
necessarily graded, R-modules. Then for ¢ > 1, the pair (M, N) is c-Tor-rigid; that is, if c
consecutive torsion modules Torl.R (M,N), ..., Torﬁﬁ1 (M, N) all vanish for some i > 0,
then Torj?(M, N)=0forj>i.

Proof By Corollary 4.7, nf(M ,N) = 0 when ¢ > 1, and the result immediately follows
from [7, Theorem 6.3]. O

Appendix A Adapting Gulliksen’s Work

We show in this appendix how to modify Gulliksen’s work in [10] to give an alternative proof
of Proposition 2.1 from the body of this paper. The key result is Proposition A.1 below, which
was originally proven by Dao [7, Lemma 3.2]. Using this result, a standard argument easily
establishes Proposition 2.1.

Proposition A.1 Assume Q is a noetherian ring, f1,..., fc € Q is a regular sequence,
R = Q/(f1, -+, fe) and M and N are finitely generated R-modules. If for all i > O,
ToriR (M, N) has finite length and ToriQ (M, N) = 0, then there exists an integer j such that
69531' ToriR (M, N) is artinian as a module over the polynomial ring R[x1, ..., xc], where
the x;’s act via the Eisenbud operators.

Our proof of this result follows Gulliksen’s proof of [ 10, Theorem 3.1]; we use two lemmas,
both of which are analogues of his results. Our Lemma A.3 sidesteps the issue raised in [7,
Example 2.9] while following [10, Lemma 1.2]. First we give some notation.

A.2 Let G be aZ graded ring concentrated in non-positive degrees (i.e., G; = Oforalli > 0).
Note that given a graded G-module H, for any integer r, we have that H., := €,_, H;
is a G-graded submodule of H and H>, := H/H., is a G-graded quotient module of H.
Following Dao, we say that a graded G-module H is almost artinian if there is an integer r
such that H, is artinian as a G-module.

Lemma A.3 Let G and H be as in paragraph A.2. Assume that H; is an artinian Go-module
foralli > 0. Let X: H — H be a homogeneous G-linear map of negative degree. If ker(X)
is almost artinian as a G-module, then H is almost artinian as a G| X |-module.

Proof Let X have degree w < 0. For each r, there is a map of degree w on quotient modules
given by multiplication by X:

er : Hz,- — Hzr_i,_w.

Note thatker(X>,) = ker(X)s,, where the latter uses the notation of A.2, and henceker(X>,)
is artinian as a G-module for r > 0, by assumption.
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Since w < 0, there is a canonical surjection >,y : H>p4y — H>, of graded G-mod-
ules having degree 0. Define Y, = m>,4 o X, so that Y=, is the endomorphism of H>,
of degree w given by multiplication by X, and we have the left exact sequence

0 — ker(Xs,) — ker(Yar) > ker(=yu). 4.5)

The module ker (7>, ) may be regarded as a Go-module via restriction of scalars along
the inclusion Go — G. As a Go-module, ker(m>,4,,) is a finite direct sum of H; for
i=r+w,...,r.Hence for r > 0, it is an artinian Go-module by our assumption. So for
r > 0, it follows that ker (7r>1,,) must also be artinian as a G-module. Thus for » >> 0, the
module ker(Y>,) is an artinian G-module, as follows from the exact sequence (4.5).

It follows from [10, Lemma 1.2] that H>, is artinian as a graded G[Y=,]-module, for
r > 0; that is, H is an almost artinian G[X ]-module. O

The Koszul algebra K associated to a regular sequence fi, ..., fo of elements of a
commutative ring Q is defined to be the following DG Q-algebra: The underlying graded
Q-algebrais the exterior algebra /\’(‘2 (Q°) on the free Q-module Q¢, indexed so that /\i) Q%
lies in homological degree j. Let T4, ..., T, be the standard basis of Q€. The differential 9
of K is uniquely determined by setting d(7;) = f; and requiring that it satisfy the Leibniz
rule: d(ab) = d(a)b + (—1)%€% 3 (b).

The Koszul algebra comes equipped with aring map, called the augmentation, to its degree
zero homology, namely Ho(K) = Q/(f1, ..., fc) =: R. Since fi, ..., fc is Q-regular, the
augmentation K — R is a quasi-isomorphism, so that K is a DG algebra resolution of R
over Q that s free as a Q-module. Recall that a DG module over K is a graded K-module L
equipped with a differential d;, of degree minus one so thatdy, (ax) = d(a)x+(— Dllady (x)
holds for all homogeneous elements a € K and x € L. See [3] for more background material
on DG algebras and DG modules.

A4 Let K be Koszul algebra over Q associated to a regular sequence fi, ..., fe in Q and
let I = ker(K — R) be the augmentation ideal. Let L be a DG module over K that is
graded free as a module over the graded ring underlying K. Let N be a finitely generated
R-module. Define Y to be L ®p R = L/(f1,..., fc)L. For any subset S = {iy, ..., i}
of {1,...,c}, define Is = (T}, ..., T;,) and set YS = Y/IsY. In particular, Y? = Y and
Yt = y/IY = L/IL = L ®k R. For each S, the complex Y5 is a complex of
Q-modules, and in fact of R-modules.

A.5 Gulliksen shows [10, p. 176-8] that for i € § there is an exact sequence of complexes
of Q-modules

0— YSE Y\ 5 yS 50
that is degree-wise split exact. It follows that
0> Y509 N - YS\I@y N> YS®e N —0 (4.6)

is also exact, giving a long exact sequence in homology. The boundary map in this sequence,
H(YS ®o N) — H(YS ®gp N), is, up to sign, the action of X; on H(S ®o N) as defined
by Gulliksen. Thus X; has degree —2, since 7; has degree +1. Gulliksen proves that these
actions commute: X; X; = X;X; on H(YS ®p N) wheni,j € §. When § = {1,...,c},
these actions endow H(L/I L ®g N) with the structure of a graded module over the graded
ring R[ X1, ..., X.] where each X; has degree —2.

Our next lemma is similar to [10, Lemma 3.2(ii)].
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Lemma A.6 With the assumptions in paragraph A.4, and with the X; from paragraph A.5,
if Hi(L/IL ®g N) is artinian as an R-module and H; (L @ N) = 0 for i > 0, then
H(L/IL ®g N) is almost artinian as an R[X1, ..., X.]-module.

Proof We have that for i > 0, the R-module H; (YU @r N) = H; (L/IL ®g N) is
artinian and H; (Y” ®o N)=H;(L/(fi,..., fOL®g N) =0.

We first observe that, for every S C {1, ..., c}, H;(YS ®¢ N) is also artinian over R,
for i > 0. Indeed, this follows immediately by descending induction on the cardinality of S
using the long exact sequence in homology associated to the exact sequence (4.6).

For S = {i1,...,is} € {I,...,c},let G5 = R[X;,, ..., X;,]. In particular, G = R and
Glled = RIXy, ..., X.]. We prove H(YS ®¢o N) is an almost artinian GS-module for each
S, by induction on the cardinality of S. When S = ), then YS=v"= L/(f1,..., fe)L and,
by assumption, H(yY ®o N)=H(L/(f1,..., fo)L ®¢ N) is an almost artinian R-module.

Assume that i € S. The exact sequence (4.6) gives an exact homology sequence

. Xi
HYS\WW @o N) —=H(YS @9 N) — = H(¥® ®¢ N).

By the induction hypothesis, H(Y S\l/} ®gp N) is almost artinian as a GS\)-module, and
since the graded quotient of an almost artinian module is almost artinian, we see that ker (X;)
is almost artinian. Since Hq(YS ®¢ N) is artinian over Gy = R, for ¢ > 0, as was shown
above, Lemma A.3 applies to show H(YS ®¢ N) is an almost artinian GS-module. O

Proof of Proposition A.1 Regard M as a DG module concentrated in degree O via restriction of
scalars along the augmentation. Gulliksen shows in [10, Lemma 2.4] how to construct a DG
module L over K and amap L — M of DG modules such that L is free over the graded ring
underlying K and the map L — M is a quasi-isomorphism. Note that L — M is, in particu-
lar, a resolution of M by free O-modules. Moreover, Gulliksen shows [10, Lemma 2.6] that
the projection map L — L/IL = L ®k R is a quasi-isomorphism where I = ker(K — R)
is the augmentation ideal. In particular, this means that L/ L is an R-free resolution of M.
We therefore obtain the isomorphisms

Hi(L®o N) = Tor®(M,N) and H;(L/IL ®g N)=TorX(M, N)

for any R-module N.

Lemma A.6 now applies to prove that &p; Torl.R(M, N) is almost artinian as a R[ X1, ...,
X.]-module. Finally, Avramov and Sun [4, §4] prove that the X;’s as constructed by Gulliksen
agree with the Eisenbud operators, up to a sign. O

Acknowledgments We thank the referee for helpful comments regarding this paper.
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