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Examples

Example 1.1The atmosphere consists of 78.08% by volumexnfadd 20.95% of @ Calculate the

partial pressures due to the two gases.

The specification "% by volume" may be interpreted as follows. If the components of the
atmosphere were toe separated, at the pressure of 1 atm, the volume occupied by each component is
specified by the volume %. Thus, if we isolate theitN1.000 L of dry air, at a pressure of 1 atm its
volume will be 0.781 L. According to the ideal gas law, at a fixedqrre and temperature, the amount
of gas in moles N = V(p/RT), i.e. the amount in moles is proportional to the volume. Hence percentage
by volume is the same as percentage in N, i.e. 1.000 moles of air consists of 0.781 mgles of N

According to the Dabn's law (see (1.3.5)) the partial pressure is proportional to the N, the partial
pressure of Ris 0.781 atm and that of2Gs 0.209 atm.

Example 1.2Using the ideal gas approximation, estimate the change in the total internal energy of 1.00 L
of N2 a p=2.00 atm and T = 298.15 K, if its temperature is increased by 10.0 K. What is the energy

required to heat 1.00 mole obNrom 0.0 K to 298 K ?

The energy of an ideal gas depends only on the amount of gas N and the temperature. For a
diatomic gassch as ¥ the energy per mole equals (5/2)RTotUHence, for N moles of Nthe change

in energyAU for a change in temperature from T2 is:

AU = N(5/2)R( DT1)

=8.17x10" Zmol.

2.00atm x LOOL
In the above case N=pV/RT—= =TT
0.0821 L.atm.mol " "K' "(298.15)

L1} 5 n n
I U =817x10 2mol—(8.314].m01 Ik 1)(10.01()
Hence: 2

=17.0J

(Note the different units of R used in this calculation.)

The energ required to heat 1.00 mol ofoNrom 0 K to 298 K is
=(5/2)RT=(5/2)(8.314JKmol")298K=6.10kJ mot.
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Example 1.3At T=300 K, 1.00 mol of C®occupies a volume of 1.50 L. Calculate the pressures given

by the ideal gas equation and the van der Weglstion. (The van der Waals constants a and b can be
obtained from Table 1.1)

_1.00mol 0.082AtmL molK *x300K
1.5

Ideal gas pressure  p =16.4atm

The pressure according to van der Waals equation:

NRT N2

. I a
P=vine &2

Since the van der Waatenstants a and b given in Table 1.1 are in unitsadtn.mot2 and L.mot2

respectively, we will use the value or R=0.0821atm.L:koil. This will give the pressure in atm.

100(0.0821300 | 359 100

= ! 9 =153atm
150! 100(0.042)) 150°
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Exercises

1.1 Describe an expariental method, based on the ideal gas law, to obtain the molecular mass of a gas.

Answer: By measuring p, V and T of a gas, its mole number can be determined because N=(pV/RT). If
a flask of volume V is filled with the given gas of mass m, and if thengh T are its pressure and

temperature respectively, then the molar mass of the gas

mRT

M:m:—
N pV

1.2 The density of dry air at =0 bar and T = 300 K is 1.161 kg/mAssuming that it consists entirely
of N, and Q and using the ideal gas law, determine amount of each gas in moles in a volumendim
their mole fractions.

Answer: Using the ideal gas law we see that the tatadunt of gas (Mlplus Q) is equal to:

\Y; 1.0bar x 10°L
Ny, +Ng, = N=P~ = a = 40.0amol @
RT 0.08314barL/molK)x300K
The total mass of the two gasses
M,Ny, + My,N,y, =1.161kg (b)

in which is the molar massele}/I=28.le103kg/moI and M =32.00x103kg/mol. Solving the two
simultaneous equatns (a) and (b) for f and Ny,, we find: Ny = 30.55 mol and Bb= 9.54 mol. The
corresponding mole fractions arg;x 0.762 and &, = 0.238.

1.3. The density of interstiar gas clouds is about 4Molecules/mL. The temperature is approximately
10K. Calculate the pressure. (The lowest vacuum obtainable in the lab is about 3 orders of magnitude
larger.)

. 10* /N .
Answer: The pressure p=(N/V)RT. In this case: = 10..6—’3* =1.66x10" mol/n. Hence the in
m

interstellar pressure p=(1.66x1®nol/m’)x(8.314 nmPa/molK)x10K=1.38x10Pa.

1.4 A sperm whale dives to a depth of more than a 1.5 knmtlrt@cean to feed. Estimate the pressure

the sperm whale must withstand at this depth. (Express your answer in atm).
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Answers: At a depth h, the pressure p pghin whichp is the liquid density and g = 9.8 rff.s The
density of sea water is abol027 kg/ni. Hence the pressure:
p = 1.5x16m (1027 kg/rf) (9.8 m &) = 1.5x10 Pa. = 149. 5 atm

(1.0 atm = 101.3 kPa). In the oceans, the pressure increases by about 1 atm for every 10 m of depth.

1.5 (a) Calculate the amount of gas in moles p@rcrhatmosphere at p=1 atm and T=298 K using the

ideal gas equation.
(b) The atmospheric content of @ds about 360 ppmv (parts per million by volume). Assuming a

pressure of DO atm, estimate the amount of €@ 10.0 km layer of the atmosphere at the surface of the
Earth. The radius of the Earth is 6370 km. ( The actual amount ofi€@he atmosphere is about
6.0x10L6 moles).

(c) The atmospheric content 0p@ 20.946 % byolume. Using the result in part (b), estimate the total
amount of @ in the atmosphere.

(d) Life on Earth consumes about 0.47%8amoles of @ per year. What percent of the, @ the
atmosphere does life consume in a year?

Answers:

(a) Since 1.0 M = 103L, the number of moles of gas in 1.8 s

_pVvV_ 1.0atm" 10°L

= = = 40.9mol
RT 0.0820L.atmK* mol'x298

(b) At a given temperature and pressure, the number of moles is proportional to the volume. Since the
CO2is 360 ppm by volume, the number of e®bf CQ® per v is:

NCO2= 40.9 x 360 x1® = 0.0147 moles/M

If RE = 6370x18m is the radius of the earth, the "volume" of the atmosphere in a layer of height h can be

approximated by:

4nR2E h = 4x3.141x( 6370x1N)2 (10x163m) = 5.098 x 148 m3.

(the exact volume is (4/8)(6380x13)3 D (6370x13)3]=5.1061x13-8)
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Number of moles of C®in this layer = 0.0147 molesAx 5.1 x 168 m3
= 7.4 x 186 moles.

( this estimate is largethan the actual value of 6.0x }® moles because the pressure decrease with
height ).

(c) 360 ppm = 3.6x1% = 3.6x102%. Since 20.9 % of the atmosphere i the amount of @in the 10
20.9
km layer =————x7.4x10" = 4.3x10" mol-
3.6x10

(d) Since the consumption of2y life on the planet is approximately 0.47)@0nollyear

the oxygen should last about :
4.3x10"mol

0.47x10'°mol/year

=9100 yeard!

1.6 The production of fertilizers begins with the Haber processes which is the reaction

3 H +N, ! 2NH; conducted at about 500 K and a pressure of about 300 atm. Assume that this
reaction occurs in a container of fixed volume and tempieratii the initial pressure due to 300.0 mgl H
and 100.0 mol Nis 300.0 atm, what will the final pressure be ? What will the final pressure be if initially
the system contained 240.0 mo} Bhd 160.0 mol N? (use the ideal gas equations even thohgh t

pressures are high)

Answers:
Initially there are 400 mol of gas at T=500K and p=300atm. After the reaction, there are only
200.0 moles of NKI. Since molar amount of gas, N, decreased by a factor of 2, for the same V and T, the

pressure will alsoe&kcrease by a factor of 2, i.e. p=150 atm.

If initially there are 240.0 mol Hand 160 molIN,, 80 mol of N, will react with the H and
produce 160 mol NHand 80 mol ofN, will remain. Hence the total number of moles in the volume is
240 mol. Thus theumber of moles has decreased by a factor (240/400)=3/5. Hence the presser will also

decrease by a factor of 3/5, i.e. the final pressure will be (3/5)300.0atm = 180.0 atm
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1.7 The van der Waals constants fop Bre: a= 1.370 2 atm.mot2 b= 0.0387 L.moil. Consider 0.5

moles of N(g) is in a vessel of volume 10.0L. Assuming that the temperature is 300 K, compare the

pressures predicted by the ideal gas equation and theevakadhls equation.
(a) What is the percent error in using the ideal gas equation instead of van der Waals equation?
(b) Keeping V= 10.0L, use Maple/Mathematica to plot p vs N for N = 1 to 100, using the ideal gas and
van der Waals equations. What dauymotice regarding the difference between the pressure predicted by
the two equations ?
Answers:
(a) The pressure predicted by ideal gas equation:
p=NRT/V =1.231 atm.

The pressure predicted by van der Waals equation:

2
ﬂ a(N_) =1.230 atm

S (VYT B AVE

The percent error éLM)# 100=0.08%

1.230

Mathematica Code

(* Exc. 1.7(b)*)!

Clear[a, b, R, T];

la=1.390; b =0.039; R =0.0821; T = 3Q0;

VWP[N_] := (N*R*T/(10.0 - b*N)) - (a*(N/10.0)"2)

lidp[N_] := N*R*T/10.0 "Plot[{vwp[N], idp[N]}, {N, 1, 100}]!

250
Zo0 ¢
150
100

=11

20 40 &0 a0 100
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Maple Code
#Exc 1.7 (b);
restart;
VWP:= N->(0.082*%300*N/(10.0-0.0391*N))-1.390*(N/10.0)"2;
N 2
VWP :=N -> 24.600 --—-----—---—-- -.01390000000 N
10.0 -.0391 N
> IDP:= N->0.082*300*N/10.0;
IDP := N ->2.460000000 N

> plot([VWP(N),IDP(N)],N=1..100);

190

100

1.8 For 1.00 mol of Gl in a volume of 2.50 L, calculate the difference in the energy betwgrmland

Uyw. What is the % difference when compared tgdd|?

Answer: From equation (1.3.11) it fows that:

2
Uideal- Uyw = a(N&/V) = 6.51L2.atm.mol‘2%Q.Gomm.L

Note: 1.0 atm.L = (101.3x£0Pa) x (163 m3) = 101.3 J
Hence:2.60 atm.L. =263 J
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Uideal = (5/2)RT = (5/2) (8.314 J#)(298K) = 6.19 kJ

Yisea " Y #100= _ 289 #100=4.2%
6.1%10°J

ideal

1.9 (@) Using the ideal gas equation calculate the volume of one mole of a gas at temperature of 250C

and pressure of 1 atm. iBhvolume is called thAvogadro volume

(b) The atmosphere of Venus is 96.5%404). The surface temperature is about 730 K and the pressure

is about 90 atm. Using the ideal gas equation calculate the volume of one mole(gl G@ler these

conditiors (Avogadro volume on Venus).

(c) Use Maple/Mathematica and van der Waals equation to obtain the Avogadro volume on Venus and

compare it (find the % difference) with the result obtained using the ideal gas equation.

Answers:
(@) Vavgd= RT/P = R*T =(1.00 mol) (0.0821 atm.L.md}l.K-1) 298K/1.00atm

=24.5L

(b) On Venus, Wygd= ( 1.00 mol) (0.0821 atm.L.mdLK-1) 750K/(90.0atm)
=0.684 L

(c) Mathematica Code

In[3]:=

(*Exc. 1.9(c)*)

Clear|a,b,R,T];

a=3.59; b=0.0427;R=0.0821; T=750;
eq:=(1.0*R*T/(V-1.0*b))-a*(1/V~2)-90
Solve[eq==0,V]

Out[4]=
{V ->0.0278235 0.0419929 I}, {V->0.0278235 + 0.0419929 I}, {V> 0.67122}}

Since the above equation is a third degree equation, there are 3 roots, two of them being complex.

real root V=0.671Lis the Avogadro volume on Venus.

The
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Maple Code:

> #Exc 1.9(c);

> restart;R:=0.0821;T:=750;a:=3.59;b:=0.0427;
> eq:=(1.0¥*R*T/(V-1.0¥*b))-a*((1.0/V)"2)=90;

> solve(eq,V);

R :=.0821
T:=750
a:=3.59
b :=.0427

61.57500 3.5900
eq 1=-------- - =90
Vv .04270 2

V

.02782347980.04199293909 [, .02782347980 + .041992939009 |,

.6712197071

Since the above equation is a third degree equation, there are 3 roots, two of them being complex. The
real root V=0.671L is the Avogaa volume on Venus.

1.10 The van der Waals parameter b is a measure of the volume excluded due to the finite size of the

molecules. Estimate the size of a single molecwmfthe data in Table 1.1.

Answer: A crude estimate of the size of the molecule can be obtained by assuming that it is spherical and
by equating b to the total volume ofaNmolecules. For CQ for example this gives:

4
3 "r*N, =0.0427#10 *m> mof**

This gives aradius r= 2.5x1010m,
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A better estimate is obtained by identifying the "excluded volume" by the finite size of the molecules. As

shown in figure bellow, in a gas, each pair of molecules "excludes" a

volume equal to%L "(2r)’.

%n(Zr)s % N, =0.0427x 10 *m*mol™.

Hence the total reduction in the available volume is

This gives a radius r=1.6x14Pm.

1.11 For the van der Waals equation, express the pressure as a power series,)n (WBihg this

expression determine the Boyle TemperatugeaT which p!RT/V,.

Answer: For the van der Waals equation

RT . a
(Vm n b) Vm2
The factor 1/(\, Bb) can be written as:

1 o] 1], b (bY
—-— =—|1+—+|—| +...
Vm Vm Vm Vm Vm
Substituting this expression in the expression in the expression fooptaia:

Wy & #p &
RT " 1 RT7b b
p=V—+[RTb a]F-I-V_:%/V( +%V( + ..

m m m

p:

The Boyle temperature g Tis the temperature at which the coefficient of the term,2i&/zero so that to
the leading approximation, p = RT/V By setting the coefficient of 1/{ to zero we obtain:
Tg=al/bR
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RT , a 1
V."b ATV, (V,"b

i.e., show that for large T, p does not have an extremum.

1.12 For the RedlickcKwong equationp = show that there is a critical point,

#rp &
Answer: At a fixed T, p las an extemum whe%,viﬁ =0. This implies:
m T
#up & RT a (2v,) b
oﬁ_p( - JRT _ +_—(2 n) )2 (1.12.1)
$Va'r (Vi) B)* AT VA(V,) b)

For large T, the second term becomes much smaller than the first making it impossible for the right hand
side of the above equation to equal zero.
Alternatively one can equate the righénd side of (1.12.1) to zero and look for the solutions
when T is large. Equating the righéand side of (1.12.1) zero we obtain:
RTman -2aV_ +ab=0
Writing the solutions of this quadratic equation, it is easy to seehia are no real solutions when T is
large.

1.13 Though van der Waals equation was a big improvement over the ideal gas equation, its validity is
also limited. Compare fawing experimental data with the predictions of the van der Waals equation for
one moleof COp at T=400C. (Data sourtePrigogine and R. Defay, "Chemical Thermodynamics".

1967, London: Longman.

p/ atm Vm/L.mol1
1 25.574

10 2.4490
25 0.9000
50 0.3800
80 0.1187
100 0.0693
200 0.0525
500 0.0440

1000 0.0400
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1.14 (a) Use Mathematica/Maple to plot the van der Waals qurves for Ar, N and GHg using data

listed in Table 1.1 (see Appendix 1.3 for sample programs). In particular, compare the van der Waals
curves for CQand He and the ideal gas equation.

Mathematica Codes are shown in the Appendix 1.3.

Maple Code:

># Exc 1.10 Maple code for plotting van der Waals curves for CO2;
> restart;

> VWCO2:= (V,T)->(0.0821*T*1.0/(V-0.0427))-3.59*(1.0/(V"2));

> ID:=V->0.082%310/V;

> VWHe:= V->(0.082%310%1.0/(V-0.0237))-0.034*(1.0/V"2);

> plot([VWCO2(V,310),ID(V),VWHe(V)],V=0.05..0.3, thickness=2);

(] (g [} 3 i (¥ s

1.15For CQ, plot the compressibility factor Z=p¥RT as function of the reduced pressurdop fixed
reduced temperatures ¥ 1.2 and FE1.7. Verify that the £, curves are the same for all van der Waals
gases. (This can béopted using Parametric Plots )
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1.16 Using Table 1.1 and the relations (1.5.4) obtain the critical temperagucegitical pressure gand

critical molar volume Ync for CO,, H, and CH . Write a Maple/Mathematica code to calculate the van

der Waals constants a and b givey dc and \inc for any gas.

Gas Tc /K
COp 3034
H2 33.1
CHs 189.7
MathematicaCode

pc /atm
72.9

12.7
455

Ve /L
0.128

0.0798
0.128

Clear|a,b]
a=3.59;b=0.0427;R=0.0821;
T=8%a/(27*R*b)
p=a/(27%b"2)

v=3*b

restart;

> a:=3.59;b:=0.0427;R:=0.0821;
> T=8*a/(27*R*Db);

> p=a/(27*b"2);

> y=3%*b;

1.17 (a) For the van der Waals equation, using (1.5.2) obtain (1.5.3) and (1 é}ke (calculations may
also be done using Mathematica/Maple). (b) Show tha(ZV,./RT.,) =3/8 a constant for all gases.

Answer

(a) For the van der Waals equation:
p =

At the critical point:

( ap ) -RT,
= — —2 +
&V T (Vmc - b)

a

Vo' b) V2

2a

V3

mc

(1.17.1)
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#12p&  RT
o E’( - c 3)6_4‘5‘=0 (1.17.2)
SV (Vo) B) 7 Ve

Solving these two equations for,Mand T, we find:

V,.=3b and T.=8a/27Rb

Substituting these values in the van Wéaals equation we get:

p. = al278.

From these equations, (1.5.3) and (1.5.4) follow.

1.18 Using Mathematica/Maple obtain the equation (1.5.6) from (1.5.5).

Answer

The Mathematica code is in Appendix 1.2, Code C.

Maple Code

> #Exc 1.13

> restart;

> p:=(T,V)->(R*T/(V-b))-(a/V*2);

> T:=(Tr*8*%a)/(27*b*R); V:=Vr*3*b;pc:=a/(27%b"2);
> eq:=p(T,V)/pc;

> eq1:=simplify(eq);

> convert(eql,parfrac,Vr);

14



Introduction to Modern Thermodynamics 15

1.19 For CQ, plot pV isotherms for van der Waals and Redii€ivong equations on the same graph for
T=200K, 300K ad 400K. The table below lists some constants a and b for the R&alichg equation
(Source: J.H. Noggle, "Physical Chemistry", 1996, Harper Collins):

a ( bar 2 /mol K?) b (L/mol)
Ar 16.71 0.0219
({0} 64.48 0.0296
0O, 17.36 0.0221

1.20 Show that Lennard3dones energyJ ,(r) = 4¢ has a minimum value equal b at

7

r=2"c

Answer
The value of r at which U takes its the minimum value can be obtained by solving the equation:

uU,(r . T -
M) ;J( ) =0. Evaluating the derivative, we obtain:
;

"ULJ(r) ¢,(<?$12fy12 60/6) -0

r’

Which can be simpllfled to:
6

~122_+6=0. Thatisr=2"°".
r

Substitutingr =2"°" into th expression for we see:

l 12 1 6 _
ERER

1

M =4¢ _4£Z =—¢

or
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1.21. Estimate the average diste between molecules at T=300K and p=1.0atm. (Hint: Consider a cube

of side 10 cm in which the molecules occupy points ofdar®nsional cubic lattice)

Answer

At p =1.0 atm and T = 300K, in volume of 1.0L there the amount of gas can be calculated:

_ PV _ 1.0atm 1.0L

RT 008218 300k
molK

Let us assume, 0.040gNmolecules to be in a cube of side 10.0 cm, arranged in an 3D array with n
molecules along each side of the cube. THen®0406N = 0.0406 (6.023x10). Hence

=0.0406mol

n = [0.0406 (6.023xT9)]? = 2.89 x D°.

The distance between the molecules is : 10 cm/2.89 xBM x 10 cm = 3.4 nm =34 .

1.22 According to the GrahamOs law of diffusion, the rate of diffusion of gas molecules is inversely
proportional to the square root of its mass. Explain why thisisisg the kinetic theory of gases. How
would you expect the diffusion coefficient to depend on the temperature?

Answer

Diffusion is a consequence of random motion of molecules. Hence, the rate at which molecules
diffuse can be expected to be propartibto the average speed of molecules. We have seen that the
average kinetic energy of a molecule:

<mv?/2> = (3/2) kT

From this it follows thaty/<v® > =+/3kT/m. Hence, we may surmise that the average speed is
inversely proportional to thequare root of the moleculeOs mass. This explains GrahamOs law. From this
expression it is also clear that the rate of diffusion is proportional to the square root of the temperature T.
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1.23 (a) Using the integrals in Appendix 1.2, obtain the average speed (1.6.19) and kinetic energy (1.6.20)
of a gas molecule.

(b) Using the Maxwell probability distribution f(v), obtain the most probable speed of a molecule of
molarmass M at a temperature T.

Answer

(a) The average speed is given by the integral:

V=2 ety 1.23.1)
(v) .
0

3/2

1 M

in which " = M /2RT and— :(2 RT) . The integral can be evaluated using the integral (d) in the
Z TU

#
appentix: $x%e > dx=1/2a%. Using this integral we see that:
0

13/2 12

n % IT}
=2 &y =L g M ) 1$zm2
Z 9 7 2# "RT{ 2%M
8RT 1/2
:(nM)

(b) The Maxwell probability distribution (1.6.15):

# &"”
f(v)ydv=4" %{&L( e V'vidv
K T

The most probable veldy is the one at which f(v) reaches its maximum value. At its maximum value the

3/2
derivative of the functionf (v) = 4n( ) e ™'v? must equal zero. Setting the derivative of f(v) to

27k, T
zero we obtain:
—[3’2ve"ﬁv2v2 +2ve™ =0

Solving for v we obtain: v? = 1/ =2k,T/m. Hence when v satisfies this equation, the
function f(v) reaches its maximum value, i.e. the most probable veIuc;ttx/ZkBT/m.



