Physics 741 — Graduate Quantum Mechanics 1

Solutions to Chapter 7

1. [10] Derive the identities (7.10b), (7.10c), and (7.10d) using only the
commutation relations (7.7).

We simply begin working (7.10b) out:
[32,3,]=0+[32,3,]+[32,3,]=9,[3,,3,]+[ 3,, 3, ]9, + 3.[3..9,]+[3.. 3,19,
=in(-3,3,-3,3,+3,3,+3,3,)=0,
[32,9,]=[32,9,]+0+[32,3,]=9,[3,,3,]+[3,,3,]3,+3,[3,,3,]+[3,.3,]3,
=in(3,3,+3,9,-3,3,-33,)=0,
[32,3,]=[92,3,]+[32,3,]+0=13,[3,,9,]+[3,,3,]3,+3,[ 3,,3,]+[ 3,,3, ]9,
=in(-J,d,-3,3,+3,3,+3,3,)=0.
For (7.10c) we again just work it out:
[3,,9.]=[3,,3,]%1[ 3,3, |=ihd, Fi*hd, =+, +ikd = +h(J, £iRd ) =+R],.

And finally, for (7.10d), we expand the right side and show that it is equal to the
left side:

33, +32+0),=(3,F10,)(3, +19, )+ 37 +n), =32 +10,J 7,3, + 3] +I7 4],
= JF+ 37+ 40[3,,0, |2, =37+ 07+ 37 i), 1), =)

2. [10] For j =2, we will work out the explicit form for all of the matrices J.
(a) [S] Write out the expression for J; and J: as an appropriately sized matrix.

Since j = 2, the matrix will be of size 2-2+1=5. For J;, we will have a diagonal
matrix with elements running from 27 down to —27 . For J., we will have elements just

along the diagonal, where the value in the row labeled by m will be h\/j2 +j-m*+m,
and J. is just the Hermitian conjugate of J.. Hence we have

200 0 0 02 0 0 O 00 0 00
0100 O 00+6 0 0 2 0 0 00
3,=h|0 0 0 0 0 J.=hlg 0 0 6 0l J.=n|0 V6 0 0 0
000-10 00 0 0 2 0 0 6 00
0000 -2 00 0 0 O 00 0 20




(b) [2] Write out Jy and Jy.

This is just a matter of taking J, =(J, +J_)/2 and J,=(J, -J_)/2i
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J,=hl0 32 0 [32
0 0 32 o0
o 0 o0 1

0
0
0| 3,
1
0

0 i
i 0
0 i3/2
0 0
0 0

0 0
-if32 0

0 -iy32
iJ32 0

0 i

(¢) [3] Check explicitly that J* =J7 +J’ +J7 is a constant matrix with the

appropriate value.

1 0 32 0 0
0 52 0 32 0
=} J32 0 3 0 f32|+#
0 32 0 52 0
0 0 32 0 1
4 0 0 0O
01000
+7*{0 0 0 0 O|=A°
0 001O0
0 00 O 4
The appropriate value is #° ( iZ+ j) =6h°.
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3.

[S] Show that the Pauli matrices, given by (7.17), satisfy
(@) 2] (c-f‘)z =1 for any unit vector r

Let F=(X,Yy,z), with xX*+y?+2*=1. Then

(6-t) = (XaX +Yyo, + 10, )2

(7 x=iy)( 7z x=iy) (ZZ+X+Y 0 _q
x+iy -z \x+iy -z ) 0 X +y +2%)

(b) 3] exp(—%ife-F)=cos(30)—isin(£6)(s-T)



4. [10] Two particles have Hamiltonian H,, =P} /2m +P;/2m, +V (|R,-R,]),

where the P’s and R’s have commutation relations
|: ai ! :' Ih5 5|11 I:Rai'ij [ ai?’ :' O

(a) [4] Show that if we define the four new vector operators {R P, ,R,P} as

cm? = cm?

given in (7.38), they satisfy the commutation relations

[ Reni Pans |=[ R Py [ =183, [Ryis Py |=[ R Py |=0.

This is pretty straightforward, we simply write them down and work them out:

[ ] [ mR; + MR, P + P, }:ml[Rﬂ,Hj}mz[RZi,sz] m, +m

2iho,
m, +m, m, +m, m, +m,
=ins; ,
[R“ J] [ R Rzump j]:mZI:Rli1P1j:|+m2|:R2i’P2j:| m,+m, . hé‘,
m, +m, m, +m, m, +m,
=iho; ,

[R.Pus ]=[ Ry = Ra. By + Py | =Ry B ][ Ry Py | =188, i =0,
1R1|+mR2|’mP -mP ] I"Ifl1

[RenssPy = : 220 (R R-[RiPy )=

(m1+m2) (m, +m,)

(b) [6] Show that the Hamiltonian can then be written
H, =P /2M +P*/2+V (|R|) where M and 1 are given by (7.39).

tot

The potential term is trivial. For the kinetic term, we first note that
(m+m,)P+mP,_ =m,P—mP,+mP,+mP,=(m +m,)P, = P =mP_ /M+P,
m,P, —(m, +m,)P=m,P, +m,P, -m,P, +mP,=(m +m,)P, = P,=m,P, /M—-P.

We now substitute these in for each of the kinetic terms.

1 1 (m ’
( —Lp P] +R(V2P°m_l)j +V (|R])

2m1 2
mlz Pczm +iP P+LP2 22P02m _iP P+LP2+V(|R|)
"M M 2m, 2M M 2m,
2 2
T3 o P (R) =g V(R
MU

where in the last step we defined #* =m;* +m,*, equivalent to the given definition.



5. [15] It is often important to find expectations values of operators like R, which
when acting on a wave function i yields one of the quantities {X, Y, Z} .

(a) [3] Write each of the quantities {X, Y, Z} in spherical coordinates, and then

show how each of them can be written as r times some linear combination of
spherical harmonics. I recommend against trying to “derive” them, just try
looking for expressions similar to what you want.

Cartesian coordinates are related to spherical by
X=rsingdcosg, y=rsindsing, z=rcosé

Now, glancing at the spherical harmonics, we see that reasonable functions to try would
be the Y," ’s for which we have

Y2 (6,4)=ri2cos0 =122
Y2 (6,¢) =Fri 2 sin6e™ =Fri [Zsing(cosgtising) =12 (Fx—iy)

It is pretty easy to see how to write z in terms of Y,”. For the other two, we note

rY11(9,¢)+rY’1(0,¢):l\/z(—x—iy+x—iy)=—i Ly
Y, (6,4)-rY, (6,9) = \/7( —iy+Xx+iy) =X
So in summary, we have
=5V (6.6)-Y(0.9)]
y=y%ir[ Y (0.4)+Y,* (6.4)]
2=2,/2rY(6,¢)

(b) [12] Show that the six quantities {XZ, yz, 2%, XY, Xz, yZ} can similarly be written

as r” times various combinations of spherical harmonics. There should not
be any products or powers of spherical harmonics, so you can’t derive them
from part (a).

Inspired by our previous successes, this time we try using the Y,"’s times r’,
Writing them out, we have

Ot )
r*Y;1(6,4) =Fr* §\/5=sinfcosfe™’ =4/ zrsinf(cosg +ising) =33z(Fx~iy)
I’2Y2i2((9,¢)= rZ% L sin 2 gt2id _ \/E[rsmg COS¢+ISIn¢ } = \/g(xiiy)



The cross terms aren’t too hard to work out, for example
rz[Yl(9,¢)+Y’l(6’,¢)]:% Lz7(—x—iy+x—iy)=—i\2yz
r*[Y,*(6.9)-Y; (6.9) ]= 313
r*[Y7(0.0)-Y,(8.9)] =4 E | (x+iy) ~(x-iy) |=iExy

From these we see that

Lz(x+iy+x—iy)=£xz

Xy =i/2r? [ 2 (0.0)-Y, (0 ¢)]
xz=\J%r*[Y,"(0,4)-Y, (6.4)]
yz =i,/2r? [ ; (0,¢)+Y2’1(6’,¢)]
The problem is the other ones. We notice quickly that we can write
22% —x* —y? = 4J2r*Y 2 (6,4)
X*—y* =222 [ Y} (0.4)+Y,% (0.9) ]

Unfortunately, we can find none of the desired quantities using only these. Hunting
around through the other choices, we see that

rP=x2+y*+ 22 =272 (6,9)

At this point it doesn’t take a genius to see that we can get any combination we want by
taking combinations of these three expressions. We have

xzzl(x2+y2+22)—i(222— 2—y2)+%(x2—y2)
=2Jr®0 (6,4 —-[rzv 0.9)+ =1 [Y(6.4)+Y,7 (0.4)],

P4 )b )4y
=270} (0,4) 2202, (6.0) —20* [V (6.9)+Y,% (6
(0.4)+ f

2

z :§(x +y*+12 )+§(222_ X2 — ) z\/’rzYoo

)]
Y. (6.9)



6. [30] Consider the spherical harmonic oscillator, H = P?/2m+1ma’R?. This

potential is most easily solved by separation of variables, but it is very helpful to

take advantage of the spherical symmetry to find solutions.

(a) [3] Factor eigenstates of this Hamiltonian into the form
w(r,0,4)=R(r)Y,"(6,4). Find a differential equation satisfied by the radial

wave function R(r).

We are attempting to find eigenstates of the Hamiltonian, that is, solutions of
Hy = Ew . Since we have spherical symmetry, we expect their angular dependence to

take the form of spherical harmonics, so that v (r,8,4) = R(r)Y," (6,¢). Plugging into
Schrédinger’s equation, we see from the lecture notes (7.27) that we have

er(r) =2 9 TR+ R () +v (n)R(1),
2mr dr? 2mr?
I 2 _2

R(r)+ m® r’R(r).

hZ

|2

+
2

2ME R(r) =2 L TR (r)]+ -

hZ

(b) [S] At large r, which term besides the derivative term dominates? Show that
for large r, we can satisfy the differential equation if R(r) ~ exp(—% Ar? ) ,

and determine the factor A that will make this work.

For Hydrogen, the potential term vanished at infinity, but in this case, the
potential becomes large at infinity, and cannot be ignored. The leading terms will then
be the derivative term acting both times on R(r) and the potential term, so we are
approximately trying to satisfy the equation

d? m’ew’®
—R(r)~ r‘rR(r).
RN - rR(r)

Since two derivatives are supposed to bring down two factors of r, it makes sense to try
wave functions along the lines of R(r) ~ exp(—%ArZ) . Plugging this in, we have

2 2 2
(9

%exp(—%Arz) ~ mhz r2 exp(—% Arz),

(A’r* - A)exp(-1Ar?) ~ m;oz r*exp(-1Ar?).

At large r, we can ignore the second term on the left compared to the first, so we see this
will work if A=ma/h. It would also work if A=—-ma)/h, but this would be an
exponentially growing wave function, not a damped wave function.

(¢) [5] Write the radial wave function in the form R(r)= f (r)exp(—% Ar? ) , and

show that f must satisfy



2mE 1d? d 1% +1
hz fZ—FF(fr)'FZAE(fr)'FAf'F rz

f.

Plugging this into the differential equation we have, we need to simplify

d2 |2 I 2 2
27r1;2E fexp(—%Arz)z—%W[rf exp(—%Arz)}L( rer +mh—f)r2erxp(—%Ar2)

2

_ _ld—z( fr)exp(—%Ar2)+gdi( fr) Arexp(-4 Ar?)

rdr rdr
—f((Ar)Z—A)exp(—lAr2)+ "l +Ar? | fexp(—1Ar?)
2 r2 2 !
2mE 1 d? d 12+1
hz f :—FF( fr)+2AE(fr)+Af + r2 f .

(d) [4] Assume that at small r, the wave func tion goes like f (r) ~r“. What

value of k will make this equation work?

We simply plug this into our differential equation and keep only the lowest power
of r. We have
2mE
hz

r = —(K2+ k)2 + 2A(k + 1) r* + Art+ (17 1) r?,

Keeping only the terms that go as r*?, we see that we must have 12 +1 =k?+k . This has
two solutions, k =l and k = - | — 1, but the latter is unacceptable since it would lead to a
function that blows up at the origin.

(e) [6] Assume that the radial wave function can be written as a power series,
similar to what we did in class, f(r)= Zin:k f.r' . Substitute this into the

differential equation for f, and thereby discover a recursion relation on the
fi’s. Unlike the recursion relationship we found, you will get a recursion
relationship relating f; to fi;,. Hence the series actually requires only odd
power of I or even powers of I, not both.

If we substitute this into our equation, keeping in mind that k = I, we have

0

A S =S (i i) 2 23 (i+0) A AD £+ (1 41) 3 et

h i=l

We now gather all the terms together based on their powers of r, so we have

St (ZZ;E —2iA—3Aj -y fr 2 (12 +1-i% —i).
i i=I




Now we shift the sum on the right, by replacing the dummy index iby i+2 everywhere.
This leads to

3 firi(zg‘f —2A—2iAj: S o (P +1-i2—4i—4-i-2).
i=1-2

i=I
The only way these two sides can be equal is if the coefficients all match. We therefore
have
_ 2mE/n’ —3A-2iA ¢

" P42 -51-6
There are some details that need to be considered. The sum on the right seems to contain
two terms that do not appear on the left. However, the i = | — 2 term has a coefficient that
vanishes on the right. But the i =1 -1 term does not. The only way this can be made to
work is if we assume that fi.; vanishes, so that there are no terms on the right that do not
appear on the left. Hence when calculating the f;’s, we will find that every other one
vanishes, and only i = 1, [+2, I+4 etc. can actually exist.

(f) [4] Assume, as in class, that the series terminates, so that f, is the last term,
and hence that f., vanishes. Find a condition for the energy E in terms of n.

If the series does not terminate, we can show that for large i, the terms are
growing by a factor of 2iA for each increase by two for i. With some work, this can be
shown to lead to an exponentially growing radial function, not damped, so this is
unacceptable. Therefore, we need to terminate the series. Specifically, we must make
sure that for i = n, the expression just attained vanishes, so we have

2_ J—
O:fM:ZTE/h 23A 2nA .
1 +1-n?-5n—6
2;an ~3A+ 2nA=%(2n+3),

E=nro(n+%).

(g) [3] Given n, which describes the energy of the atom, what restrictions are
there on |, the total angular momentum quantum number?

If we want the series to be non-trivial, we must have n >1. However, also recall
that our series f(r) contains only every other power of r, starting at r' and terminating at
r". Therefore, n — | must be an even number.



