Physics 741 — Graduate Quantum Mechanics 1

Solutions to Chapter 4

1. [25] It is sometimes said that a watched kettle never boils. In some sense, this is
true in quantum mechanics. Consider a quantum system where the state space

is two dimensional, with basis states {|0),|1)}, the former representing the kettle

in the “not boiled” state, the latter the “boiled” state. In terms of these, the
Hamiltonian is given by
0 —i
H= ha)( J
(0]

(a) [6] Att, the quantum state is given by |¥(t =0))=|0) = (;]

Solve Schrodinger’s equation given the initial conditions, and determine the
ket of the kettle at later times.

Schrédinger’s equation says that
0l (28)

a(t)=-wp(t), B(t)=wa(t)

These equations aren’t that hard to solve by inspection, but one way to get it more
directly is by taking another time derivative of the first equation, which yields

i (t)=-wp(t)=-o’a(t)

Or,

which has general solution
a(t)= Acos(wt)+Bsin(wt)

The boundary conditions that «(0)=1 and ¢(0)=-®B(0)=0 tellsusA=1and B =0.
We then use ¢ (t)=-wB(t) to show that B(t)=—d(t)/w=sin(at), and we have

()| )

(b)[3] At time t = At, an observer checks whether the kettle has boiled yet. That
is, he measures the quantum system using the boiled operator B, defined by



B|0)=0|0) and B|1)=1|1). What is the probability P; that the kettle has

boiled at this time (i.e., that measuring B yields the eigenvalue 1)? If the
kettle is boiled at this time, the total time T = At is recorded.

To determine the probability that it has boiled, we calculate
cos(mt
sin(wt)

For future reference, we will note also that the probability it has not boiled is cos? (a)t)

2

P=P)=|t]¥) = =sin’ (at)

(c) [3] If the kettle is not boiled, what is the quantum state immediately after the
measurement has been made?

According to postulate 5, the quantum state after a measurement of not boiled is

“P(t+)> _ |0><O‘T(t)> _ |0)cos(wt) =|0)= (1]
JP(0) | Jcos’(at)

In other words, it is back in its original state. It might be noted that technically, the

correct answer is |0)sgn (cos(wt)), where sgn(cos(wt))=+1 depending on whether

cos(a)t) IS positive or negative, but since this is only an overall phase, it doesn’t make

any difference any way.

(d) [3] After a second interval of At, the kettle is measured again to see if it has
boiled. What is the probability P, that it is not boiled the first time, and it is
boiled the second? If this occurs, the total time T = 2At is recorded.

Since it ends up back in the original state, the probability after an equal interval
must be exactly the same. The probability that it did not boil the first time, and it did boil
the second, is

P, =(1-P,) P, =cos® (at)sin® (at)

(e)[5] The process is repeated until the kettle has actually boiled. What is the
general formula P, that it first boils on the n’th measurement? Write a

formula for the average time (T ) =(nAt) that it takes for the kettle to boil.
The formula below may be helpful.

The computation is similar. To first boil on the n’th trial, we must have n — 1
failures, followed by success, so

P, =(1-PR)"" P, =cos?(at)sin?(wt)



The average time is just the sum of the products of the probabilities and the time in each
case, SO

(T)= i P,nAt = Atsin® (coAt)incosz”‘2 (wt)
n=1 n=1
= Atsin? (coAt)[1+ 2cos? (wt)+3cos* (a)t)+]

The formula inside the square brackets is identical with the formula below if we set
x = cos’ (wAt), so we have

Atsin®(wAt)  Atsin®(wAt) At

[1—cosz(a)At)]2 sin®(wAt)  sin® (wAt)

(f) [2] Demonstrate that in the limit At — 0, it takes forever for the kettle to
boil.

= 0

_ _ . At
1!2“0<T>=1!L"{W}!!To o (ALY

(9)[3] Determine (numerically or otherwise) the optimal time At so that
(T)=(nAt) will be minimized, so the kettle boils as quickly as possible.

The function will be minimized when the derivative vanishes, that is, when
d(T) sin(wAt)-2(wAt)cos(wAt) 1-2(wAt)cot(wmAt)

dt sin® (wAt) sin? (wAt)

If we let x = wAt, we are trying to find a root of 1—2xcot(x).We can search for the
solution of this equation with the help of a calculator, or with the help of Maple
> fsolve(1-2*x*cot(x),x,0..2);
Maple tells us the solution is x = 1.16556, so
At =1.16556/w .

Helpful formula: 1+ 2x+3%* +4x% +--- :i(l+ X+ X2+ X0 4 X" o) = 5
dx (1-x)



2. [10] The commutation relations of the angular momentum operator L, with the
momentum operator P were to be worked out in chapter 3, problem 3.
(@) [3] Using these commutation relations, derive two non-trivial uncertainty
relationships.

The commutation relations were

[L.R]=i#P, [L,P,|=-iP, [L,R]=0

According to the generalized uncertainty relation, we therefore have
AL, AP, >1n\(R), AL AP, >3A|(R)|, AL AP, >0

Since the left side of each of these expressions is the product of two positive numbers,
the last inequality doesn’t give us any information, but the other two inequalities suffice.

(b) [3] Show that if you are in an eigenstate of any observable, the uncertainty in
that observable is zero.

Let A be any observable, and |a) a normalized eigenstate with A|a)=a|a).
Then

(AAY" = (A%)~(A)"=(a| A*|a) - (a] Ala)’ =a(a Ala)-(a(a]a)) =2 (a|a)-a’ =0

(c) [4] Show that if you are in an eigenstate of L, then you must have

(P)=(P,)=0.

According to our inequalities we found above, if we are in an eigenstate of L,
then we have AL, =0, and therefore

0=44|(R), 0=4n|(P

y

Since absolute values are never negative, it follows that KPy >‘ =|(R,)

(P)=(P,)=0.

=0, which implies



3. [10] We will eventually discover that particles have spin, which is described by
three operators S = (SX, S, SZ) with commutation relations

(S8, |=ins,, [S,.S,]=ins,, [S,.S,]=ins,

A particle in a magnetic field of magnitude B pointing in the z-direction will
have Hamiltonian H =-uBS, where g and B are constants.

(a) [5] Derive formulas for the time derivative of all three components of <S>

We use the standard formula for the time evolution of any operator, namely
i 1B iuB

(8= (H.8])=—* L= ([s,.5,]) =~ ‘; in(s,)=uB(S,),

d i B B

(s)={[Hs =2 o B (5.8, ) =—LB (-in)(s.)=-uB(s.),

d i [ B iuB
(8= (Hs]) - {[s.8.]) =+ F0=0

(b) [5] At time t = 0, the expectation values of (S) are given by

(S)o=a (S,) =0, (S,),=b

Determine the expectation value<S>t at later times.

Since the time derivative of (S, ) vanishes, this will just remain constant. The
expectation value of the other two operators, however, are related by

d(s,)/dt=uB(S ), d(s,)/dt=—uB(S,).
One way to proceed is to take another derivative of the first equation, which yields
d’(s,)/dt* = uBd (S, ) /dt =B (S,).
This suggests solutions along the lines of
(S,)=acos(uBt)+ Bsin(uBt)
Taking the derivative we can find
<Sy> =—asin(uBt)+ fcos(uBt)

Our boundary conditions at t = 0 then tell us that « =a and £ =0. In summary, we
have

(S,), =acos(uBt), <Sy>t =—asin(uBt), (S,) =b



4. [15] A particle of mass m lies in a one-dimensional infinite square well in the
region [0,a]. Att =0, the wave function in the allowed region is given by

(x|w (t=0)) =+/30/a" (ax - x*)

() [4] Write the wave function in the form|¥ (t=0))=>" c,|¢,)

where |¢n> are the energy eigenstates.

The integral we need is

¥(t=0))= J':z//: (X)¥ (x,t=0)dx =4/2/a,/30/a° Ioa(ax —X*)sin(znx/a)dx
This isn’t too hard to do ourselves, but let’s let Maple do the work.

> assume(n::integer);integrate((a*x-x"2)*sin(Pi*n*x/a),
x=0..a)/a**3;

¢, = (v,

n

_ 260 (1] :{@/fﬁns if n odd

7°n 0 if n even

(b) [2] Write the wave function |\¥(t)) at all times.

At arbitrary time, then the wave function is

W (t))= Zn:cn v, )exp(—iE t/h)= > (\/@/n3n3)|yxn>exp(—iﬂzhnzt/Zmaz)

n odd

(c) [4] Check that the wave function is properly normalized, both in the original
coordinate basis, and in the new basis, either analytically or numerically.

In the original basis, we have
| (t= O)>H2 = J'Oa ¥ (xt=0) dx= (30/a5)joa(ax —x? )2 dx

- (a0/a") (12 ~fax' +3a%x° ) =30(3 -

NI

+1)=1

In the final basis, we have

¥ (t=0) = Z i ea (v lv) = Tlerf 9607 3 n*

n odd

If you add these terms by hand, you will need to add five terms to get six digit accuracy,
or you can let Maple do it for you.

> sum((2*n+1)N(-6),n=0..1infinity);



960 7[
e =0l ==+ 65 -

(d) [5] Find the expectation value of the Hamiltonain H for this wave function at
t =0, both in the original coordinate basis and the eigenstate basis. Check
that they are the same, either analytically or numerically.

The potential in the allowed region is zero, so only the kinetic energy term
contributes. In the coordinate basis,

=(P?)/2m =—h_23_(5) Oa(ax—xz)g(ax—xz)dx: 30 Ia(ax—xz)dx

2m a ma® Jo
30/° (|, .3\ 5K
T oAb (?ax —3X )‘ T Al
ma o ma

In the eigenstate basis

(H)=(¥(t=0)|H|[¥(t=0))=>"c. > c,(Wn|H|w\) =2 cn D .C.E, (Wn|vy)
960 7°h°n*>  480#h* _
_Zczcnnmn_2|cn|zEn:Z 667[ 2~ _a 22”4

rrn” 2ma z'ma’ [Su

We let Maple do the work again
> sum((2*n+1)N(-4),n=0. .infinity);

(H)= 4800 ' _ 5n°
z'ma? 96 ma?



