Physics 741 — Graduate Quantum Mechanics 1

Solutions to Chapter 11

1. [5] An electron in an unknown spin state |a> is brought into proximity with a
second electron in a known spin state |b> . We wish to make the spin of the

second electron match the first. A quantum Xerox device will copy it onto the
second spin, so U, |a,b)=|a,a). A quantum teleporter will swap the two spin

Teleport |a’ b> = | b’ a> ‘
(a) [3] By considering the three initial spin states |a> = |+>, |a> = |—> , and

states, as U

|a> = %(| +> + | —>), show that the quantum Xerox device is impossible.

If the quantum Xerox device exists, it must change the state |+,b) into |+,+) and

|-b) into |-,—), in other words
Uyerox |+ D) =|++) and U, |- b)=|--)
is a linear operator, and it follows that
Une 35 (4.0} +1-0)) [ = ([ +.+) + =),
However, the quantum Xerox device is supposed to evolve this state into
Usioe| 351 +:8) +1=10)) | = J5 (1) +1 D@ ([4) + 1)) =3 (+-4) [+ =)+ =+)+|=-))

Obviously, these equations are inconsistent, and hence this is impossible.

However, U

Xerox

(b) [2] By considering the same three initial states, show that the same problem
does not apparently occur for the quantum teleport device.

The quantum teleport device should evolve the states according to

UTeIeport |+’ b> = | b’ +> and UTeIeport |_' b> = | b’ _>
and therefore by linearity,
U | 35 (1 +:0)+[ =) | = (| +)+[b.-))

But this is exactly what we would want it to do, so there is, in fact, no problem in this
case.



2.

[10] At t= 0, the wave function of a free particle is given by

¥ (x,t=0)=(A/7)" exp| - A(x=,)’ |

Find ¥ (x,t), using the propagator.

This is straightforward, though boring. The answer is

lP(x,t):.[dx’K(x,t;x’,O)‘I’(x’,O)
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The final form makes it clear at least that if t = 0, the wave function matches the initial
wave function. Though it is less obvious, the wave function will spread out over time.



3. [25] This problem should be worked entirely in the Heisenberg formulation of
quantum mechanics. A particle lies in the one-dimensional harmonic oscillator

potential, so H = P?/2m+1mo®X?.
(a) [5] Work outdX /dt and dP/dt.

According to the Heisenberg equations of motion,

dX | i i P
D LX) = = [P, X == (<inP —inP) = —,
dt h[ J 2mh[ ] th(I 1P) m

: i 2 i 2
P Lih,p) =T Iz p] 1M i 1 inx ) = —mart
dat # 21 2n

(b) [5] Define the operatorsa(t)=+/mw/2aX (t)+iP (t)/\/tha) and its
Hermitian conjugate a'(t). Show that these satisfy equations
da(t)/dtoca(t) and da’(t)/dtca’(t), and determine the proportionality

constant in each case.

da /ma)ax / 1 oP /ma;P / 1 )
— =, — i — = — i Ma* X
dt 2h ot 2fimo ot 2 m 2imw
——iw| |22X +i,| ! pl-liva,
2h 2hmo
da’ /ma)ax./l P moP [ 1 ,
— = — i — = [— — i ma* X
dt 2h ot 2himew ot 2 m 2himw
o] |22 i, | ! bloiea.
2h 2hmo

(¢) [5] Solve the differential equations for a(t) and a'(t) in terms of a(0) and

a'(0). As a check, confirm that the Hamiltonian H = ha)[aT (t)a(t) +ﬂ, is

independent of time.
The solutions of a(t)=—-iwa(t) and a'(t)=iwa'(t) are respectively
a(t)=e""a(0) and a'(t)=e""a’(0).
Plugging these into the Hamiltonian, we see that the time dependence goes away.

H =hola'(t)a(t)+3]=r0]e”a’ (0)e""a(0)++]|=nwo[a’(0)a(0)+4].



(d) [5] Rewrite X(t) and P(t) in terms of a(t) and a'(t), and rewrite a(0) and
a'(0) in terms of X(0) and P(0), so that X(t) and P(t) depend only on X(0)
and P(0). You may find the identities below useful.

X (t)=4/h/2me [a(t)+a* (t)} and P(t)=iame/2 [a* (t)—a(t)].

As a check, you should find X (T )= X (0), if T is the classical period.

These are fairly straightforward. We start with the position operator:

()= 5 [alt)+a' (1] \/7 a(0)+e™a’ (0)]
Aotz e fre]

= % X (0)(e™ +e‘“’t)+$ P(0)(e™ —e“')=X (0)cos(a)t)+%ao))sin (at).

We now do the momentum operator in exactly the same way.

P(t)= i\/@[aT (t)-a(t)]|= i\/m[e'”’taT (0)-e"a(0)]
\/m[ (\/E —i Zhrlnwp(o)]—e‘“t[\/%x(o)n\/ﬁp(o)ﬂ

=i % X (0)(e —e ™) +% P(0)(e" +e )= P(0)cos(at)—maX (0)sin(at).

It is now obvious that if we set T =27/, the classical period, then X (T )= X (0) and
P(T)=P(0).

(e) [S] Suppose the quantum state (which is independent of time) is chosen to be
an eigenstate of X (0), X (0)|y)=X,|w). Show that at each of the times

t=4T,t=4T,t=2T,and t=T,itis an eigenstate of either X (t) or P(t),

and determine its eigenvalue.

These times correspond to wt =%, 7, 2, and 2z respectively. We therefore
have, at these times

X(3T)=P(0)/me, X(3T)=-X(0), X(3T)=-P(0)/ma, X(T)=X(0),
P(:T)=-moX (0), P(T)=-P(0), P(3T)=mwX(0), P(T)=P(0).

From these it is easy to see that



PET)w)=—mox|w), X(ET)|w)=-%l|w),
$Dw)=mox|w), X(T)|w)=x|v).

4. [15] An electron is in the + state when measured in the direction
S, =S,c0s0+S,sind, so that S,|+,)=+17|+,) . However, the angle 0 is

uncertain. In each part, it is probably a good idea to check at each step that the
trace comes out correctly.

(a) [3] Suppose the angle is = +3 7, with equal probability for each angle.
What is the state operator in the conventional |J_rz> basis?

We have, from a variety of sources, the states in terms of this basis, which is
[+9) = cos(30)|+) +sin(36)|-)

The state vector is then simply taken by averaging the results for the two angles, so

1 1|(cos% ) COSZ .
p= 292”|+e>< 9|=§Hsin%6j(cos% sm%)+[_sin6%j(cos% —sm%)}

2 H 2 H 2
1 ( cos” £ cos%sm%]j{ cos’ £ —cos%sm%} :(cos Z 0 ]
- - 2 - - 2 - 2
2|{cosZsinZ  sin®Z —-cosZsinZ  sin’Z 0 sin®z

20
Sl

The result has trace one, so it’s probably right.

ENIT

(b) [4] Suppose the angle @ is randomly distributed in the range —17 <6 <37,

with all angles equally likely. What is the state operator in the conventlonal
iz> basis?

Instead of adding two angles, we need to integrate over all angles, and divide by
the range of angles, which is 7, so we have

1 in 1 pix (cos($0)
p=—|., +€><+9|d9=;j%”(_ 2 ](cos sin ( )de

sin(£0)

, 1 (16 i
:_rl{ cos?(16) cos(£8)sin(3 ] _ 1I (1+cos¢9 sin@ jd&’

cos(£0)sin($0) sin?(16) sing  1-cos@

1 (0+sind —cosd 2 1 27z+1
"2zl —cos® 6-sind) - 2x ir-1) —37r+1
2

2
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Once again, the trace is one, so it’s probably correct.

(c) [4] Suppose the angle € is randomly distributed in the range -7 <6< r,
with all angles equally likely. What is the state operator in the conventional
iz> basis?

This is identical to the previous part, except the range is twice as big and of
course the limits of integration change, so we have

1 ¢n 1 ¢r(1+cosé siné 1 (@+sind —cosé \'
p:_J.7 |+9><—|—'9|d0=---=—7 A de:— )
27 47 4?7\ sin@ 1-cosé 4z\ —cos@ 6H-sinf)

_1l|(m 1) (-m -1Y)| 0
CAr|\-1 & -1 —zJ| o 3
So this is a completely unpolarized state operator.

(d) [4] In each of the cases listed above, what is the expectation value of S,?
The expectation value can be found via

(S:)=Tr(pS,)=34Tr(po,)

In every case, this trace is easy to work out.

3
=42 _01]}%(%—%):%,

(S,), =%nTr
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Perhaps not surprisingly, the first two cases have a positive expectation value, while the
third vanishes. This is because in the first two cases, though the spin is random, it’s
definitely at an angle that is closer to +z than —z., but in the third it is equally likely at all
angles.



5. [20] A general Hermitian operator in a two-dimensional system, such as the state
vector for the spin of a spin-1/2 particle, takes the form p = %(al +r- 0') , where

o are the Pauli matrices, 1 is the unit matrix, and r is an arbitrary three-
dimensional vector.
(a) Find the eigenvalues of this matrix in general. It may be helpful to recall

that (r- 6)2 =r’.

It is not hard to use the hint to find the eigenvalues, but we can also do it directly.
Writing r =(X,y,z), we see that

1(a+z x-iy
=ilal+xo, + +20,)==
p=4 o, + Yoy +20,) 2(x+iy a—z]

Ignoring the overall factor of %2, we can find the eigenvalues of the remaining matrix A
by demanding

0=det[a:(rj;1 ai;?/ijz(a—/l)z—22—(x—iy)(x+iy):(/1—a)2—x2—y2—z2,

A—a=%x +y*+7° =£]r|
Putting back in the factor of two, we have

2=4(axlr])

(b) [4] What restrictions can be placed on a and r if this represents a state
operator?

State operators have two restrictions on their eigenvalues: they must have
eigenvalues that add to one, and they must be positive. In other words, we must have

1=4(a-|rl)+3(a+|r)=a
0<i(axr|).

The first restriction implies a = 1. For the second, we have two constraints, but only the
minus one yields any information, for which we see that 0 <a—|r|, which implies |r|<1.

a=1 and |r|<1

(c) [4] Show that all four components of a and r are determined if we know every
component of the expectation value of the spin <S> .

We already automatically know that a = 1. As for the spin expectation values,



(8,)=41Tr(poy) =4 ATr[(L+r-6)0, = 4ATr (0, + Y 1007
40Tt 0+ Y royo | =4[ Tr(e)+ X rTr (16, + 2 ieyor )|
=400+ X 1 (Tr(1) 8+ X, ieyTr(ey) | =41 3, 16,240 = 3.
This can easily be summarized as(S) =<7r, so we can get all three components of r
from (S).
(d) [3] Under what constraints will this density matrix be a pure state?

A pure state has eigenvalues 0 and 1 only, so we must have
A z%(ai|r|) :%i%|r| =0orl

Obviously, this will happen if |r|=1.

(e) [S] A particle with this density matrix is under the influence of a
Hamiltonian
0
_1
2

Find a formula for dr/dt and da/dt, technically four equations, one of which
will be trivial.

H=21hoo, = ha)(

O e

The state operator (or density matrix) evolves according to

dp 1
£ _—TH,p],
L]

l1d({a+z x—-iy) 1hawl|(l 0\ a+z x-ly a+z x-iy\(1 O

Ea(xﬂy a—zjzﬁ7§{[0 —1j(x+iy a—zj_(xﬂy a—z](O —1}’
d(a+z x-ly) wl|( a+z x-iy a+z —X+liy 0 —ix-y
a(xﬂy a—zjzz{—x—iy —a+zj_(x+iy —a+z]}:a)(ix—y 0 j

Equating component by component, we get four simultaneous equations:

a+2=0, a-2=0, X-ly=—lox-wy, X+Iy=IloXx—-oy.

We now need to solve these equations for each of the four time derivatives. If we add
and subtract the first two, we quickly determine that a and z are unchanging over time. If
we add and subtract the last two, we geta2x = —-2wy and 2iy = 2iox. Fortunately, these
turn into real equations, and our final answer is

a=7=0, Xx=-wy and y=awX



This can be more easily summarized as a =0 and r =-wz xr if we prefer.

6. [20] There is another version of the disproof of the “local hidden variables”
hypothesis that does not require a discussion of probabilities. Consider a system
consisting of three spins in the state

) =F(+++)-[---))

Each of these spins will be measured on either the X-axis or the y-axis, that is, we
will be measuring one of each of the following pairs:

{(axl, o, ) (Gx2’0y2)1(0x37 0'y3)} . The measurements will yield three eigenvalues,

which will be one each from the pairs (X,,Y,), (X,,¥,), (X, Y;). Each of these

eigenvalues can take only the values *1.
(a)[6] Consider each of the operators

Bl = O-><lo-y20-y3’ BZ = O-ylo-xzo-y:%' B3 = O-ylayzax:%'

Show that |z//> is an eigenstate of each of these operators, and calculate the
eigenvalue.

We recall that o, |+) =|F) and o, |+) =+i|F), s0

B,|) = 000,20y |+ ++) = |- =) = (00,0, [+ ++) = 0,40,,0,5| - =)
= ()Y ) = F () =) =),

B,|V) = 50,1005 |+ ++) === =) = (0,000, |+ ++) = 0,,0,00,[ - =)
=A(i == )= i) ) =+ )= =l

B,|) = 010,00, (| +++) = |- =) = F (040,06 [+ ++) = 0,100, - =)

S PO Y AR

In other words, it is an eigenstate of all three operators with eigenvalue +1 in each case.

(b) [3] According to quantum mechanics, suppose you happened to measure one
of the three combinations B, B, or B;. What is the prediction for the
product of the results of those measurements, X;Y,Y3, Y1X2Y3, OF Y1Y2X3?

Well, if you measure B,, for example, you would need to measure o,,, o, , and

y2

0,3, and you would get the three eigenvalues xi, y> and ys. But we know the product of
these operators has eigenvalue +1 when you multiply them. A similar argument goes for
the other two. So in summary,

XY,Ys = V1% Ys = Vi Yo% =1



Of course, it is probably wrong to write all these equations together, since you can’t
measure every one of these for a single particle, according to quantum mechanics.
(¢) [3] According to the philosophy of hidden variables, the values for the

products you found in part (b) must be true, even if you don’t make those
exact measurements. Based on the three formulas you found in part (b),
make a prediction for the product X;X;X3 (hint: consider the product of the
three possibilities in part (b)). This has nothing to do with quantum
mechanics!

The argument is simple. Each of the values that you measure on the three
particles clearly will equal +1. We have three products that equal one. If we multiply
these three things together, we must still get 1. Hence

2,,2,,2

1=(%Y,Y:) (YiXoYs ) (YiYoXs ) = XXX V5 Vs Vs

Now, since each variable is +1, it is clear that y’ =y = yZ =1. Therefore 1= X X,X,.

This conclusion doesn’t really mean anything in quantum mechanics. You can’t
talk about all these other variables unless you actually measure them, so no such a-priori
conclusion can be reached.

(d) [3] According to the philosophy of hidden variables, the product X;X>X3; must
be what you would get if you performed all three measurements in the x-
direction, and then multiplied them. Hence, the operator

A=0,0,,0,
will yield what value if you were to measure it, according to the philosophy of

hidden variables?

So if we set up the experiment to measure these three operators instead, the
philosophy of hidden variables demands that the product of the three measured quantities
X1, X2, and X3 must come out to x,x,X, =1.

(e) [5] Show that |1//> is, in fact, an eigenstate of A, but it has the wrong

eigenvalue according to the prediction of part (d).

Proving it is an eigenstate is easy:
A| l//> = %O-xlO-XZO-XS (| ++ +> _|_ - _>) = %(leo-xzo-xs | ++ +> —0,10,,0,3 | - _>)
= 5{|-=) -4+ 4)) =l

Hence quantum mechanics predicts that the result will be -1 if you perform this set of
three measurements. Since this experiment has not been done, we don’t know which of
the predictions is correct, but everyone assumes quantum mechanics is right.



7. [20] In lecture I showed how MWI can account for the results when you measure
a series of electrons with spin states |+X> . In this problem, we will instead

measure the spin of electrons with spin state |«9> , where

|6) =cos(10)[+)+sin(£6)|-).

(a) [4] According to the Copenhagen interpretation, if we measure the spin S; of
this particle, what results might we get, and what are the probabilities of
each of these results? What is the average value we would get for this result?

The eigenvalues of S, are +17, and the corresponding probabilities are simply
P(+4h)=(+]0) =cos?(36) and P (~1n)=|(-[6)|=sin"(20)
Therefore, the average value would be
(s,)=cos’(30)(3h)+sin* ($0)(~3h)=1h cos® ($0)—sin® (16) | =L hcos o

(b) [S] Now we start working on the Multiple Worlds calculation. Define the
state of N particles as |V, ) =|60)®|0) ®---®|6) . Define the average spin

operator S, = Z.N: Sz / N. Write out explicitly S, |‘PN > . You may find it

useful to use the state |-6) = cos($6)|+)—sin(£6)|-) in your answer.

It’s helpful to first work out
5,10)=5, [cos(20)|+) +sin(20)|-)]=3 [ cos(40)| #)~sin (30)|-) ] = 24 -0)
We therefore find

- 1 h
SZ|‘PN>:W;SE|9,6’---«9>:N(|—0,6’---9>+|(9,—0---0>+---+|0,9---—6’>).

(¢) [7] Work out the expectation values <l//| S_Z |l//> and <l//|§22 |l//> I strongly

recommend you first write out expressions for the four expressions <-_|r0| -_H9> .

We’ll take the hint, and find
(£0]20) =] cos & (+|+sinZ(-| ][ cos4|+) £si

(x0|30) = [cos%<+|isin |][cos 2|+)Fsi

2

—] cos?£+sin®2 =1,

2

[T N|Q§

Q
n3
Q
n3

—] cos® £ —sin® £ =cos#.

We therefore have



<l//|s_z|l//>=<(9,9---0|%(|—9,9---9>+|9,—0---0>+'--+|0,9---—0>)

:i(cos@-l---l+1-cos¢9---1+-~+1-1-~cos€) =——c0sf =
2N 2N

We also need

<¥/|§Z2|y/>:((-.9,9...9|+<9,_9...9|+...+<9,9,___0|)(%T
(|—0,¢9...¢9>+|¢9,_9...9>+...+|9'9..._9>).

If you multiply this out, there will be N? terms in total. For N of them, the “odd” one will
be in the same place, for which we have, for example

(-6,0---0|-0,6---0)=11.--1=1,
For the remaining N*—N of them, we have
(-6,6---0]6,-6---0) =cos§-cosf---1=cos’ 0.

Adding this all together, we have

2
(v|Stw)= (%) [N 1+(N? =N cos’ 9} =h7:{cosz 6?+%(1—cos2 9)}

:h—2 00320+Sin20
4 N

(d) [4] Show that(AS_Z )2 = 7?sin? /4N and show that therefore, in the limit N >

o, the wave function becomes an eigenstate of S, with the eigenvalue found
in part (a).

The uncertainty in S, is

SV oy 2N o a2 I ., sin®d _[hcos@}z_hzsinze
(05 (IS¢l {018, )" =2 cost o 0 2[R0 _IESHEE

In the limit N - oo, this vanishes, so we are in an eigenstate, and note that the expectation
value we found in part (c) matches the value in part (a).



