Physics 741 — Graduate Quantum Mechanics 1

Solutions to Chapter 1
1. [10] A particle of mass m lies in one-dimension in a potential of the form V(x) =
Fx, where F is constant. The wave function at time t is given by

Y(xt)= ()exp[—iA x*+B(t ]

where N, A, and B are all complex functions of time. Use Schrddinger’s equation
to derive equations for the time derivative of the three functions A, B, and N.
You do not need to solve these equations.

We first work out the time derivative and two space derivatives.
%w(x) = (N - NAX® + NBx)exp(—4 AX® + Bx),

%w(x) = N (-Ax+B)exp(-3Ax* + Bx),
a_zw(x) =N [—A+ (—Ax+ B)Z}exp(_l AX® + Bx)
Ox? ? ’
Now we simply plug these results into Schrddinger’s equation:
ih—y/———— +V (X)y,
L , . 2
i7n(N £ NAX? + NBx )exp(~4 Ax® + Bx) = —% N[ -A+(~Ax+B)" |exp(~% AX" +Bx)
+FxN exp (-4 Ax + Bx).

Canceling the common exponential and dividing by izN , this simplifies to
E—%sz + Bx :E(Azx2 ~2ABx +B? - A)—Ex.
N 2m h

This expression must be true at all positions x. The only way this can happen is if the

coefficients of x, x, and the constant terms all match on the two sides of the equation.
This implies
A=——A2, B—_"pg_IF N:iNi(BZ—A).
m m h 2m
The first of these is, in fact, pretty easy to solve, but the others are a bit trickier.
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. [10] For each of the wave functions in one dimension given below, N and a are
positive real numbers. Determine the normalization constant N in terms of a,
and determine the probability that a measurement of the position of the particle

will yield x > a.
(@) [4] w(x)=N/(x+ia)

2. % N 2dx T NZdx N2 x|~ N2
1= dx = - - ant 2] =
[OW (x)w (x)dx ~L(x+ia)(x—ia) J;x2+a2 a an (ajw a
N =.a/z
w Lgp_ir
P(x>a)=(N*/a)tan"(x/a) =2—==1=25%

(b) [3] w(x) = N exp(-|x|/a)

1=N? Ie‘z‘x‘/adx 2N je’zx/adx N ae’zx/a =N?a,

Nl/f

P(x>a)=N*["e ™ dx=4Nae™"|  =te” =6.767%.

x?(x—2a) for0<x<2a,
0 otherwise.

© [3] w () = {N

1= NZT[XZ(X—Za)]Z dx = szf(x6 — 4ax® +4a2x4)dx
0

0
N2 (1T 2av6 , 42205)° _ 128
=N?(4x"—2ax® + a’x )‘ =18 N2
N = 10 a—7/2
— 2 (17 2 6 4 n2y5 _ 105 A7 (128 29
(x>a)=N? j (x—2a)] dx=N?(2x" ~2ax +§aX)L =157 (22" -2a)

=77.34%

128



3. An electron in the ground state of hydrogen has, in spherical coordinates, the
wave function y/(r,e,¢) = Ne "* where N and a are positive constants.

Determine the normalization constant N and the probability that a measurement
of the position will yield r > a. Don’t forget you are working in three
dimensions!

In three dimensions, when working in spherical coordinates, the normalization
condition is

) 1 2z
1= Hﬂyx(r)‘z d’r = J'o rzerd (cos G)IO d¢‘z//(r)‘2
In this case, the wave function depends only on r, so the inner two integrals are trivial.
1=4zN ZI: rle?’*dr =4zN*(-4r’a—ira’-1a’)e ™"
N :]/\/ﬁas

o 5 4 _
P(r>a) :47zN2I rle?/%dr =—(-4r’a-4ra’ —la?’)e 2r/a
a a

=za’N?
0

C _5e?—67.67%
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4. [10] For each of the normalized wave functions given below, find the Fourier
transform z,ﬁ(k), and check that it satisfies the normalization condition

[l () =1
@) [5] w(x)=(A/z)" exp (iKx -1 Ax*)

This turns into a Gaussian of the type you can find in Appendix A:

( jMT ——exp(iKx—1 Ax* ) exp (—ikx)

(i fomtiencn-(2] & ol

= (zA) " exp| (K -k)"/2A]|

We check this by simply seeing if the normalization works out:

Dw(k)\zdk_rjexp[ K—k)ﬁA}dk:ﬁie—kz/Adk:ﬁ 7a~l

(b) [5] v (x) = Ve exp(-a|])

I find absolute value problems easiest to deal with by dividing the integral into
two pieces, then letting x — —x on half of it. It is helpful to know J':e*axdx =1/aifa

has a real positive part.

\/7J. Xﬂ- —a\x\ —ikx — \/%(]:e—ax—ikxdx_{_ j)' eax_ikXdX] — %[Te—ax—ikxdx_'_Ie—axﬂkdeJ
1

—o0 0

1)_0{20{

et 1) [a 20
27[(0¢+|k a—ik 27 o’ +k?

Once again, we check it, using the trig substitution k = « tan 8 to complete the integral.
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5. [10] For each of the wave functions in question 4, find X, Ax, p, Ap, and check
that the uncertainty relationship (Ax)(Ap) > 47 is satisfied.

We simply work out each case in a straightforward manner. For part (a), we have

X= ,T;Xl//*(x)'//(x)dxz\/é_];XEXp(—iKX—%sz)exp(iKX_%sz)dX

_'i

=

ﬁz%]ikt/?*(k)z//(k)dkz 7’? ]ikexp{—( —K) }dk
J_j (k+K )exp(- k?/A)dk:%[MKﬂ]:hK,

(ApY’ FL (k —1K)* i7" (K )y (K ) dk = J_j_w K’ exp| ~(k—K)" /A]dk

—_— h h2
v[OOKZGXD(—kZ/A)dkz\/ﬁr( )A3/2 \/—;\/—AS/Z l 2p

In summary, AX = ]/\/ A, Ap=nA/2,and (Ax)(Ap)=47, so the inequality is just

barely satisfied. For part (b), we have

X = aﬁo xe 2Mdx = a( j xe 2 dx + jo er“de) = a( j " xe 2 dx — jw xe‘zaxdx) =0

(Ax)2=a.[7 x%e2Mdx = a(I x’e” 2”‘de+j xzeZ“de) ZaJ x2e 2 dx

B 1
a2 20’

p:ha(Za)zT kdk _ZhaJ- atan fasec’ 040 _ 2ha

> = j singcosddd =0
2z _w(k2+a2) a (a tan’ 0 +a )

2 2 2.3 & 2,02 2 2 2
a(2a) I (nk) dk  2n’a _[2 a’tan’ Oasec’ 0d0  2n’a Izﬂsinzede
2r

Ap) = - -
(&) (Kra?) 7 5 (@uniora’) | 7

2ha’ T 120
T 2




In summary, AX=1/a~/2 , Ap =ha, and (Ax)(Ap) = 1/~/2 , which also works.

6. [10] A particle of mass m lies in the harmonic oscillator potential, given by
\Y (x) =1mw’x’. Later we will solve this problem exactly, but for now, we only

want an approximate solution.
(a) [4] Let the uncertainty in the position be Ax=a. What is the corresponding
minimum uncertainty in the momentum Ap? Write an expression for the

total energy (Kinetic plus potential) as a function of a.

By the uncertainty principle, (Ax)(Ap)>4#,soif Ax=a, then Ap>7/2a. The
formula for the energy is
2 2
E=P 4v (x) :p—+%ma)2x2

2m 2m
Now, the minimum energy classically would occur when p =0 and x = 0, but this is
impossible quantum mechanically because we cannot know them exactly. Assuming x
and p actually take on values approximately equal to their uncertainties, the
corresponding energy would be

2

E~
8ma

1 2,2
2+5m60a

(b) [6] Find the minimum of the energy function you found in (a), and thereby
estimate the minimum energy (called zero point energy) for a particle in a
harmonic oscillator. Your answer should be very simple.

To find the minimum energy, we simply take the derivative of the function we
just found and set it to zero

2
o GE__n

= =-— +mo’a,
da  4ma®
W =4m’w’a’
L
T 2me

You now simply plug this energy back in to find

2
E :h—zm—w+£ma)zizﬁhw+%ha} =+ho
8m n 2 2Me
This answer is, in fact, exactly correct, and the derivation can be shown to be exact as
well, but this is a coincidence special to the harmonic oscillator.



