Physics 741 — Graduate Quantum Mechanics 1

Solution Set V

1. [15] This problem has nothing to do with quantum mechanics. In the presence
of a charged plasma, it is possible to create electromagnetic waves that are
longitudinal, having electric polarization parallel to the direction of propagation.
The fields take the form

E(r,t)= Eoﬁcos(kz—wt) ,  B(r,t)=0.

(a) [S] Show that this electric field (and lack of magnetic field) can be written
purely in terms of a vector potential, without the use of the scalar potential;

that
A, (rt)=KkA(r,t) and U, (r,t)=0

and determine the function A (r,t) that makes this work.

We need to find a vector field such thatE = —JA, /ot , since there is no scalar

potential. Since we want E to come out looking like a cosine, it makes sense to try
letting A1 look like a sine. Clearly, the time derivative isn’t gong to change the direction

of A, s0 it makes sense to try expressions like ksin (kz—wt). Fiddling a bit, we quickly
find the correct solution:
A, (r,t)=Egksin(kz-at)/o and U, (r,t)=0

We now simply check that this works

B, (r,t) = VxA,(r,t) = ;[ Vxksin(ke—at) | [0 =0,

E, (r.t) == 9 [ksin (ke - t) |-V (0) = E,k cos(kz - at).

w ot
So it works.
(b) [S] Show that the same electric fields (and lack of magnetic field) can also be
written purely in terms of a scalar potential,

A,(rt)=0 and U,(rt)

and determine the scalar potential U, (r, t) that makes this work.

This time, we need to get E=-VU,. To make the gradient not vanish in the z-

direction, we need U; to vary in the z-direction. Since we are taking a derivative, it again
makes sense to try a sine function, something like sin (kz - a)t). A bit of experimenting

then tells you that the correct answer is



A,(rt)=0 and U,(rt)=—E,sin(kz-at)/k
That this is correct is demonstrated simply by testing it:
B, (r,t)=Vx(0)=0,

E (rt)= —§O+%Vsin(kz —at) = Ejk cos(kz - at).

() [5] Show that these two sets of potential, (A,,U,) and (A,,U,), are related

by a gauge transformation, and determine explicitly the form of the gauge
function y(r,t)that relates them.

We need to find a single function ;((r,t) such that
A, (rt)=A,(rt)+Vy(rt)
U, (r.t)=U,(r,t)-0x(r.t)/ct
Plugging in our specific values for each of these, we need
Vy(rt)=—Exksin(kz—at)/w
8)((r,t)/8t =E,sin(kz —a)t)/k
From the first expression, we see that we want something that varies in the z-direction,
and whose derivative is a sine function, which suggests a cosine. From the second, we

see that we want something whose derivative is a sine, which again suggests a cosine. A
bit of trial and error will then yield

z(r,t) :kE—;’)cos(kz — ot)

Simple substitution will demonstrate that this works in both equations.

Vr(r.t) = 2 k2 cos(ke - o) =~k —2sin (k2 - o)
%;{(r,t) :E—a")gcos(kz — ot) :%sin(kz — ot)



2. [20] In chapter three, we defined the probability density o and probability
current j as

p=Y"¥ and j=h(-IVY+iIPVY)/2m=(¥PY-¥PY")/2m
and then derived the conservation of probability formula
op/ot+V-j=0

from Schrodinger’s equation (3.1b). However, Schrodinger’s equation has just
changed into (10.23), and our proof is no longer valid.
(a) [3] Which of the quantities p and j is invariant under a gauge

transformation?

Under a gauge transformation, ¥ — ¥’ =W exp[—iey/h], so
P =YY" =¥ exp(iey/n)exp(—iey/n)¥ =YY = p,
j=h(-iVe i Ve f2m
n |-V exp(iey/n) V| Wexp(—iey/h)]
%{H‘Pexp(—ie;(/h)v[‘l’*exp(ie;(/h)]}
1 | W exp(iey/n)| -in(V¥)exp(—iey/h)-eWexp(-iey/h)(Vy)]
“2m +‘I’exp(—ie;(/h)[ih(V‘P*)exp(ie;(/h)—e‘P*exp(ie;(/h)(V;g)]
1

=—(—ih‘I’*V‘I’ +iHPVY —2e¥ PV ;() = j—E‘I"P*V 7
2m m

Obviously, the probability density is gauge invariant, but the current is not.

(b) [3] Show that the derivation of the conservation law is no longer valid.

There is a sign error in the original derivation, so | suppose it was never valid in
the first place. We start with Schroédinger’s equation.
in?r L (prea)w_euw

ot  2m
We now take the complex conjugate of this expression. The momentum P has a factor of
i hidden in it, so this changes sign, but A stays the same.

in L poeayw —eUw
o 2m

Multiply the first equation by ¥~ and the second by ¥, then subtract the results.



ih(\y*a_‘PJr\Pal] :i{\y*(meA)z ¥ (P-eA) W —eU (WY -¥Y),
ot ot 2m

V' (P°—eA-P—eP-A+e’A%)¥
ihﬁ(\{f*\y) 1 [ )
ot
0 1 [YP¥Y+e¥ (A-P+P-A)Y
Ih—p=—-
P ~VYP¥ +e¥(A-P+P-A)Y

“2m —‘P(Pz—eA-P—eP-A+e2A2)‘P*

ot 2m

The terms with A-P+P- A are new terms that we didn’t have before. Rewriting the
derivatives as gradients, this becomes

2 ior | VA VY +¥'V-(AY
il p = (wvey _yryay) LR . ( )* ,
ot”  2m 2m| +PA VY + PV (AYT)
6 ih * *, e * * *
ap:—%(\wh{f ~y vzw)—a[\y A-VY+A- VI +YW(V-A)].

The first term on the right, through the usual trick, can be rewritten as
VA (¥VY -WVY) = (V) (V) VY (V) (V) - PV
=PV -¥VY
The remaining terms are a total divergence of the expression ¥ AW, so we have
0 in

* * e .«
a,o:—v-{%(lw\y —y V‘P)+E‘P A‘P}

_ —v-{i(\{f*w —‘I’P‘I’*)+£‘I’*A‘I’}
2m m

Okay, we went through a lot of work, but the good news is that when we get to part (d),
we see that we are nearly done. If the last term weren’t there, then we could complete
this part and show that the proof does still work, but the extra term doesn’t vanish, nor
would we expect it to have no divergence.

(¢) [5] Redefine the probability current j by replacing P — &, defined by
a¥=(P+eA)¥ and n¥ =(P-eA)¥"

Show that the new probability current j iS gauge invariant.

The new probability current j is

I S * 1 /. N, €y
Jzﬂ[w (P+eA)P—¥(P—eA)¥ ]zﬁ(w PY - PPY )+E‘P AY



Under a gauge transformation, we already have worked out in part (a) that this gets an

added term of —e‘I"P*V;(/m . When working with the new j, there will also be a new
term coming from the change of A

(‘P’*P‘P'—‘P'P\P’*)+£A"P’*‘P'

m
(¥PY-wPY )—%vz\y Y= (A+V;()‘P exp( Zj‘}’exp(—le_lj
(

WP WP ) - SV AP+ AW VP
m m m

'§’ I %’\H %’\H %’\

—(¥'PY - VPV )+%A‘P*‘I’=j

Ugly, but in the end it wasn’t too bad.

(d) [9] Show that with this definition of the current j, conservation of probability
works.
We start where we left off in part (b), which was
92 vt —(YPY - WPY )+ — AW |=0,
ot 2m m
0
—p+V.j=0.
P P J
This was easy only because we did all the hard work in part (b).



