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1. [20] Suppose that U and V are vector operators with respect to some angular 

momentum operator J; that is, 

,i j ijk k
k

J U i Uε⎡ ⎤ =⎣ ⎦ ∑ = ,  and  ,i j ijk k
k

J V i Vε⎡ ⎤ =⎣ ⎦ ∑ =  

Show that 
(a) [4] S = ⋅U V  is a scalar operator. 

 
 We need to prove that S commutes with J.   
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Now, rename the dummy indices j and k as k and j in the last term, and then use the fact 
that ijkε  is anti-symmetric under the interchange of its last two indices. 
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J i U V ε ε⋅ = + =∑U V =  

 
(b) [18] = ×W U V  is a vector operator 

 
 Although this can be done with the Levi-Civita symbol, it isn’t that much harder 
just to work out all nine cases by hand. 
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2. [10] Suppose that U is a vector operator with respect to some angular 
momentum operator J; that is, 

,i j ijk k
k

J U i Uε⎡ ⎤ =⎣ ⎦ ∑ = . 

 Define the operators qU  as 

0 zU U= , 1 1
1 2 2x yU U i U± = −∓  

Show explicitly that this is a spherical tensor with k = 1, so that 
2

1, and , 2z q q q qJ U qU J U q qU± ±⎡ ⎤ ⎡ ⎤= = −⎣ ⎦ ⎣ ⎦= = ∓  

 
 We’ll simply work them all out 
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They all worked out as they should. 


