Physics 741 — Graduate Quantum Mechanics 1

Solution Set Q

1. [10] In chapter nine, section A, we were searching for matrices D(R) which
satisfy

D(R,)D(R;)=D(RR,)

One easy way to make this equation work out is to define
D(R)=R

Our goal in this problem is to identify the spin.
(a) [4] Using the equations (7.26) and the definition of the spin matrices (9.6),
work out the three spin matrices S.

Equations (7.26) give the rotation matrices around each of the three axes for
arbitrary angle 6. 1f we write these to order 6, we see that they give
1 0 0 1 0 O
R(,6)=|0 cos® -sing|~|0 1 -0
0 sin@d cosé 0 6 1
cosé 0 siné 1 0
’R( j,H) =l 0 1 0 |~ 0 1
—sing 0 cosé -0 0
cosgé -singd 0 1 -0
R(k,&): sind cosd O0|=|6 1
0 0 1 0 0
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We now match this to the formula (9.6), which says to linear order
R(F,0)=1-i6F-S/h so F-S=in[R(F,0)-1]

We can now read off the three spin matrices pretty easily.

0 0 O 0 0 i 0 -1 0
S,=n{0 0 -i|, S,=n 0 0 0|, S,=n/i 0 O]
0 i O -i 00 0 0 O



(b) [3] Find the eigenvalues of S,. This should be enough for you to conjecture
what value of s this representation.

The grammar of the problem leaves something to be desired, but the easiest way
to find these is to use the characteristic equation, which is

-1 —ih 0
O=det(S,—Al)=det| in -4 0 |=-2°+n°A=-A(A-h)(1+h)
0 0 -4

The three solutions of this are 4 =0,%,—%, which are the three values we would expect
for spin 1. So we suspect s = 1. We don’t recognize it in this form, because we have not
written it in the basis where S; is diagonalized.

(c) [3] Check explicitly that S? is a constant matrix with the appropriate value.

(000 0V (0 0 iy (0 - oY
S?=m*[|0 O —i|+/0 0 O|+|i 0 O

0i O -i 0 0 0 0 0

(0 0 0) (1 0 0 (1 0O 2 00
=h*||{0 1 0|+/|0 0 O[+|0 1 0||=r%[0 2 O

l0oo1)loo1)loo0o0 00 2

The result is supposed to be S* =(s*+s)h” =27, so it worked out.

2. [10] Suppose that L and S are two sets of commuting angular momentum-like
operators, so that

[L.L]=inL,,  [L,.L|=inL,  [L,.L]=inL,

X!y

d L,S. |=0.
[S.S,]=irs,,  [S,.5,]=irs,,  [S..S,]=inS,, and  [L,S;]

In this problem, you may assume from the commutation relations that it follows
that

[, L]=0=[s"5]

(@) [2] Define J=L+S. Show that J is also an angular momentum-like
operator. It follows automatically that [JZ,J} =0.

We simply have to work out the commutator of each component of J with each
other. We’ll take advantage of the Levi-Civita tensor to show that



[3.3;]=[L+s.L+8; ] =[ L. L |+[S.8; ] = mZg,JkL +lh28.,k3 _mZg,Jka

This saved us the work of doing it three times.

(b) [2] Show that [LZ,J]=0=[SZ,J].

This is really pretty trivial.
[LZ,J]=[|_2,|_+5]=[|_2,|_]+[|_2,s]=0+0=0,
[SZ,J]:[SZ,LJrS]:[SZ,L]+[SZ,S]:0+O:0.

(¢) [3] Convince yourself (and me) that the four operators J*, L*, S?, and J, all
commute with each other (this is six commutators in all).

Since L* and S* commute with J, it follows automatically that they commute
with J? and J, (that’s four commutators so far). Since all the L’s and S’s commute with
each other, it follows that L? and S commute with each other. Finally, as mentioned in
part (a), since [ J%,J|=0, J* commutes with J,.

(d) [3] Convince yourself that L, and S, do not commute with J?.

We simply try to do the commutation relations and see if it works.

(%L ]=[(L+s) L |=[Lrar-s+s?, L, ] =[ L2 L, ]+2[L-s, L]+ L, ]
=2[L,.L,]s,+2[ L, L, |s,+2[L,,L,]S, =-2iAL S, +2iAL,S,
[JZ,SJ:[(L+S) ,sz}z[l_z+2L-5+52,SZ]=[|_2,sz]+2[|_-s,sz]+[32,32]
=2L,[S,.8,]+2L,[S,.S, |+2L,[S,,S,] = -2iAL,S, + 2iAL,S,

Not surprisingly, the sum of these two expressions is zero, which follows from

[J%,9]=0.



