Physics 741 — Graduate Quantum Mechanics 1
Homework Set O

Due Wednesday, October 15

1. [10] Two particles interacting via a spherically symmetric relative potential have
Hamiltonian
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Define new operators

P=P +P, QE(lel"'szz)/(ml"'mz)
pE(mzpl_mlpz)/(nH"'mz) q=Q,-Q,

(a) [4] Find the commutation relations for these operators with each other, i.e.,
find

[Q.P] [Q.p ] [a.R] and [g.p]

This is pretty straightforward, we simply write down each of the commutators and
work them out:

I:Q“pj]:[leli +m,Qy P+ Py | m[ QR [+m,[QuoPy | m+m, 6, =1
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(b) [6] Write the Hamiltonian in terms of these new operators, and in terms of
the constants

mm,
m, +m,

M=m+m, and u=
The potential term is trivial. For the kinetic term, we first note that
(m1+m2)p+m1P:mzpl—m1P2+mlPl+m1P2:(m1+m2)Pl = Plz%P+p

mZP_(m1+m2)p:m2P1+m2P2_m2P1+m1Pz :(m1+m2)P2 = P, =%P—p



We now substitute these in for each of the kinetic terms.
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where in the last step we defined £ =m;* +m,*, which is equivalent to the given
definition.

2. [15] Itis often important to find expectations values of operators like Q,, which
when acting on a wave function y yields one of the quantities {x, Y, z} :

(@) [3] Write each of the quantities {x, Y, z} in spherical coordinates, and then

show how each of them can be written as r times some linear combination of
spherical harmonics. | recommend against trying to “derive” them, just try
looking for expressions similar to what you want.

Warning: Several of the spherical harmonics were incorrectly given in the notes, which
could be problematic. For this reason, your answers will probably differ from mine.

These are given in many sources in spherical coordinates, where we have
X=rsindcos¢, y=rsindsing, z=rcosd

Now, glancing at the spherical harmonics, we see that reasonable functions to try would
be the Y,"’s for which we have

Y2 (6,4)=r12cos0=1,22
Y2 (6,¢)=Fri 2 sin6e™ =Fr [2sing(cosgxising) =1/ (Fx—iy)
It is pretty easy to see how to write z in terms of Y,. For the other two, we note
Y (6,¢)+1Y, " (6,4) = \/7(— X—iy+x—iy)=—i 2y
Y, (6,4)-rY, (6,4) = \/7( —iy+Xx+iy) =£X
So in summary, we have
x=E Y7 (0.0)-Y (0.9)]
y =\Zir[Y(0.9)+Y," (6,4)]
2=2,/2r"(6,¢)



(b) [12] Show that the six quantities {xz, Y2, 2%, Xy, Xz, yz} can similarly be written
as r’ times various combinations of spherical harmonics.

Inspired by our previous successes, this time we try using the Y,"’s times r,
Writing them out, we have

r2Y2°(¢9,¢):rziﬁ(scoszﬁ—l):i\/g(szz—rz):%\/%(zf—xz—yz)
r’Y,(0,¢) =Fr’1 /£ singcosde™ =x1,/Lzrsind(cosgtising) =1/ Lz(Fx—iy)
rY,2(0,4) = r* 1, [E sin? 0™ =1 [I5[ rsinO(cosgxising)| =1 /1= (xiy)’
The cross terms aren’t too hard to work out, for example
r?[Y;(0.4)+Y,*(6.4)]=
SANCORACOIE
r*[Y7 (0.0)-Y,(6.6) ] = 4VE| (x+iy) - (x-iy) |=iExy

From these we see that

1 /15 i i — 1 /15

LB z(—x—iy+x—iy)=—i\2yz
1 /15 i i — |15

LB z(x+iy+x—iy)=£xz

Xy =iy22rt[Y,2(0.4)-Y; (0.4)]
xz=\J%r*[Y,"(0,4)-Y, (6.4)]
yz =i,/2r? [ ; (0,¢)+Y2’1(6’,¢)]
The problem is the other ones. We notice quickly that we can write
22% —x* —y? = 4[2r*Y 2 (6,4)
X* =yt =222 [V} (0.4)+Y,% (0.9) ]

Unfortunately, we can find none of the desired quantities using only these. Hunting
around through the other choices, we see that

rP=x’+y*+ 22 =2zr’Y2(6,9)

At this point it doesn’t take a genius to see that we can get any combination we want by
taking combinations of these three expressions. We have

X =1(x*+y?+2°)-1(22° - X —y* )+ 1 (X -y
=270 (0,4)- 250, (0,0) + 20 [ Y,
' =1(x*+yt+2°)-1(22° - - y?) -1 (X -y
=270 (0.0) - 220, (0.0) - JZr* [V}



22 =4 +yr+27)+1(22 - X - y?) = 2Jrr¥(6,9)+4/2r Y2 (6,9)



