Physics 741 — Graduate Quantum Mechanics 1

Solution Set A

1. [10] A particle of mass m lies in one-dimension in a potential of the form V(x) =
Fx, where F is constant. The wave function at time t is given by

¥(x,t)=N (t)exp[—%A(t)x2 + B(t)x]

where N, A, and B are all complex functions of time. Use Schrédinger’s equation
to derive equations for the time derivative of the three functions A, B, and N.
You do not need to solve these equations.

We first work out the time derivative and two space derivatives.
%w(x) = (N =% NAx* + NBx ) exp(—+ Ax’ + Bx),

0
&y/(x) = N (—Ax+B)exp(-3Ax* + Bx),

2

%W(X) =N [—A+ (-Ax+ B)z}exp(—%AX2 +Bx),

Now we simply plug these results into Schrédinger’s equation:
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Canceling the common exponential and dividing by izN , this simplifies to
N 3 Ax+Bx= L (A5 —2ABX+ B - A)— T x
N 2m h
This expression must be true at all positions x. The only way this can happen is if the
coefficients of X2, x, and the constant terms all match on the two sides of the equation.
This implies
A=t e PN S L N=iNi(BZ—A).
m m h 2m
The first of these is, in fact, pretty easy to solve, but the others are a bit trickier.

1 1 in

A A m



2. [10] For each of the wave functions in one dimension given below, N and a are
positive real numbers. Determine the normalization constant N (in terms of a),
and determine the probability that a measurement of the position of the particle
will yield a result x > a.

For each of these parts, we will use the normalization condition J:w ‘l//(X)‘Z dx=1

to get the normalization constraint, then we’ll simply change the lower limit of
integration to a to get the probability. If any integrals get tricky, we can ask Maple to do
them for us.
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(b) [3] w(x) =N exp(-|x|/a)

1= sz e Mgy = 2N? .f:e’“/adx — N2ae 22 : = N?%a,

N =1/Va
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0 otherwise

© [3] w(x) = {N

1= NZJ.Oza[xz(x—Za)]2 dx = szoza(x6 —4ax’ +4a2x4)dx
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3. [5] An electron in the ground state of hydrogen has, in spherical coordinates, the
wave function

w(r,0,4)=Ne "

where N and a are positive constants. Determine the normalization constant N
and the probability that a measurement of the position will yield r > a. Don’t
forget you are working in three dimensions!

In three dimensions, when working in spherical coordinates, the normalization
condition is

1= [[fly (e} d'r=J; v d c0s0) [, "dg ()]

In this case, the wave function depends only on r, so the inner two integrals are trivial.
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