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Test 3 Solutions
November 12, 2007

This test consists of three parts. Please note that in parts 1l and 111, you can skip one
guestion of those offered. Some possibly useful formulas can be found below.
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Part I: Multiple Choice [20 points]
For each question, choose the best answer (2 points each)

1. Under what conditions can you solve Schrodinger’s time independent equation, rather
than his time dependent equation?
A) When the potential V is spherically symmetric
B) When the potential V is independent of time
C) When the potential V is independent of space
D) When you are working on problems in 1D, but not in 3D
E) On Sundays and holidays

2. The formula for the wave functions of the 1D square well has a factor of /2/L iniit.

What is the purpose of this factor?

A) Schrodinger’s equation will not be satisfied for any energy if this “normalization”
factor isn’t included

B) Schrodinger’s equation works, but gives the wrong energy if you leave out this
factor

C) This “normalization factor” assures that the probability that the particle is
somewhere must be one.

D) This factor is included to make sure the boundary conditions are satisfied

E) This factor makes the computation of the derivatives easier; it isn’t really
necessary.

3. If 1 tell you I have a 7p electron, | am telling you the values of
A) landm B) landms C) mandms D) mandn E) nandl



If an electron in a harmonic oscillator with angular frequency o fell from level 3 to
level 1, what would be the energy of the photon that came out?
A) 1heo B) 2o C) 2he D) fhw E) 5hw

. Suppose at three points, the value of the wave function is y(a)= A, y(b)=—A, and
w(c)=1iA, where A is a real number and, of course, i’ = -1. At which of these points

is the particle most likely to be found?

A) Point a is more likely than the other two

B) Point b is more likely than the other two

C) Point c is more likely than the other two

D) Points a and b are equally likely, but point c is less likely
E) All three points are equally likely

. Which of the following expressions would be used to calculate the expectation value
of the momentum p?

A) <p>:?fw*%—i/dx

B) <p>:?jy/%—l/;dx

C) <p>z?jy/%dx
heo

D) (p)="[ (v *v)dx

- he .0

) <p>=TIW w&dx

. To calculate the probability that a particle lies in a region a < x < b in one dimension
when we know the wave function y, we should

A) Integrate |y’ fromatob

B) Integratey fromatob

C) Integrate the derivative of  fromatob

D) Take the difference of |y{* between a and b

E) Take the difference of y between a and b

. What is the difference between a bound state and an unbound state?

A) Bound states have E > V(0), unbound states have E < V(0)

B) Bound states have E < V(0), unbound states have E > V(0)

C) Bound states have E > V(zo0), unbound states have E < V(+o0)

D) Bound states have E < V(x), unbound states have E > V(z)

E) In quantum mechanics, because the position of a particle is uncertain, the
distinction is meaningless



9. Why does the method of separation of variables work better for problems like the
hydrogen atom when done in spherical coordinates (r,8,¢) than it does when you
work in Cartesian coordinate (x,y,z)?

A) Because Schrodinger’s equation treats the three directions (X,y,z) completely
differently, while it treats (r,d,¢) all the same

B) Because the derivative terms are much simpler in spherical coordinates

C) Because the energy term only gets simpler in spherical, not Cartesian coordinates

D) Because the potential is a simple function of the spherical, but not the
Cartesian coordinates

E) Because Schrodinger’s equation is naturally written in spherical coordinates

10. In class we divided up the hydrogen atom into a radial function R (r) and an angular
function Y(6,¢). Under what circumstances can we reuse these functions Y(&,¢) on
another problem?

A) They can be used on any problem in 3D, and they are always exactly the same

B) They can be used on any problem in 3D, though their functional form will change

C) They can be used on any spherically symmetric problem, and they are always
exactly the same

D) They can be used on any spherically symmetric problem, though their functional
form will change

E) They are worked out and can only be used for hydrogen-like atoms



Part I1: Short answer [20 points]
Choose two of the following questions and give a short answer (1-3 sentences)
(10 points each).

11.A particle with kinetic energy E is incident off of a barrier with height V. Under
what conditions, if any, will the particle be (i) completely reflected, or (ii)
completely transmitted. Consider the possibility that V, < 0, if necessary.

When the energy is less than the barrier, it was shown in class that you get total
reflection (as can be seen from the formula). When the barrier is zero, you get total
transmission. For all other values, including a negative barrier, you get partial reflection
and partial transmission.

12. Suppose that, through an oversight, | gave you the formula for the wave
functions for the infinite 1D square well, but I forgot to give you the energy
formula E,,. How could you get the energy? Give any relevant formulas.

The wave functions should be solutions of Schrodinger’s time independent
equation, and therefore, we should have
n 0’y
Ey =—— +V (X
nlr//n 2m aXZ ( )W
In fact, in this case the potential inside the well is just zero, so the second term can be
dropped. Indeed, it is clear that when you take the derivative, you will get a factor of
zn/L each time, and the sin function will become first cos and then —sin, so we have

E, = 7°h*n?/2mL? , which agrees with the given formula.

13. Explain, qualitatively, why it is possible in quantum physics for a particle with
energy E <V, to penetrate to the other side of a barrier of height V, and
arbitrary thickness L.

Classically, a particle cannot go into a region where the potential energy is greater
than the total energy, but quantum mechanically, this just represents a place where there
IS a transition from an oscillating to an exponentially damped wave function. Hence the
wave will grow ever smaller as it goes into the barrier, but if the barrier is finite in width,
there will always be a small probability of leakage through the barrier.



Part I11: Calculation: [60 points]
Choose three of the following four questions and perform the indicated
calculations (20 points each).

14. We are attempting to find solutions of Schrodinger’s Equation

for the one-dimensional semi-infinite square well, with potential Vo f‘_V(x) S
0 ifx<0
V(x)=<0 ifO0<x<L X
V, ifx>L L

and energy 0 < E <V,. This potential is sketched at right. So far, someone
solving this has decided that the wave function must look like the following

0 ifx<0
w(x)=< Acos(kx)+Bsin(kx) ifO0<x<L
Ce™ + De ™ ifx>L

(a) What constraint(s), if any, can be imposed on the coefficients A-D by
considering the boundary conditions at x = 0?

The wave function must always be continuous at the boundaries, so since it
vanishes for x< 0, it must vanish at x = 0. This can only happen if we choose sin(kx), not
cos(kx), so we have A =0.

Since the potential is infinite at this point, there is no constraint on the derivative
of the wave function

(b) What constraint(s), if any, can be imposed on the coefficients A-D by
considering the behavior of the wave function at X = o?

The wave function must be normalizable, and this is impossible if the function
blows up to infinity. Therefore, the C term is unacceptable, and we have C = 0.

(c) What constraint(s), if any, can be imposed on the coefficients A-D by
considering the boundary conditions at x = L?

The potential is finite, and hence the wave function must both be continuous and
have a continuous derivative at x = L. Taking advantage of the fact that A = C = 0, this
simplifies to

w(L)=Bsin(kL)=De™ and  y'(L)=Bkcos(kL)=-aDe ™"

These equation can be combined to show that tan (kL )/k =1/, but this was not asked
for.



15. At t =0, a particle has a wave function ¥(x) with the following expectation
values:

-5a° <x4> =10a’

(x)=-2a <x2>=3a2 <x3>

I N e

where a is a constant with units of length.
(a) What is the uncertainty in position Ax? What is the uncertainty in
momentum Ap?

The uncertainty in position is given by
(Ax)" =(x*)-(x)’ =3a’~(3a)’ =2a’, so  Ax=%a

Similarly

32 (nY h
(Ap)2:<p2>_<p>zzg—(gj T o SO Ap=—p=

(b) Check that the uncertainty relationship is satisfied.

()(4p) =20

3p>1in

N~

Zl

Yes, this certainly is true.

(c) If the particle has mass m and is in a potential V(x) = Ax® + Bx*, what would
be the average value of the energy E if you measured it?

The average value of the energy is the expectation value of the Hamiltonian. The
Hamiltonian is given by

2 2

H=ttv(x)=2 4+ Ac+Bx
2m 2m
The average energy, therefore, is

E=<H>=<;—;>+ A(X*)+B(x*) =:’m—i?—5Aa3+1OBa4



16. A doubly ionized Lithium atom (Li*?, Z = 3 with one electron) is found to be in a
bound state with energy E = -3.40 eV.
(a) What is the principal quantum number n for this electron?

The energy of a hydrogen-like atom is given by
13.6 eV)Z?
. __(136ev)

n nz

We therefore have

(13.6 eV)Z? =(3.40 eV)n?
or, rearranging a little, we have

n’ =4.00Z2° =4.00-9=36.0
Son=6.

(b) What are the possible quantum numbers for I, m, and ms for this electron?
Just give me the range for each one.

The quantum number | runs from 0 to n — 1, so in this case, our choices are | = 0,
1,2, 3,4,5. The quantum number m runs from -1 to I, so depending on the value of I,
this could be anywhere from -5 to +5, or explicitly, | =-5, -4, -3,-2,-1,0, 1, 2, 3, 4, 5.
As always, the quantum number ms = +% or — % .

(c) What possible values could occur if you measured L? Lz, S? and S; for this
electron?

L2 = #2(I*+1), so plugging in our values for I, the possible values are 0, 242, 67,
12#%, 20K, and 304%. The values for L, are m#, which works out to -5%, -4, -3k, -2, -A,
0, 4, 2h, 3h, 4k, and 5h. The value for S* is always 272, no matter what, and the values
for S, are £%h.

(d) Lz is actually measured, and found to have a value of Lz = -34. How, if at all,

would your answers change for part (c) (other than, obviously, your answer
for Ly).

Lz is m#A, so we must have m = -3. Since m runs from —I to |, we must therefore
have | at least as big as 3, which narrows it down to | = 3, 4, or 5, and therefore L? will be
one of 12/42, 2042, and 3042, S?and S, remain the same, and of course Ly is -37.



17. A particle in one dimension has wave function given by

(x)— Ne ™ ifx>0
VT N ifx<0

where o and Sare positive real constants. Some useful integrals can be found
below.

(a) What is the normalization constant N? Assume N is positive.

For all parts of this problem, we will have to break the integral up into the two
regions. For example, for the normalization, we have

o0

1= Hw(x)\zdx=szeZﬂXdHN?Te2‘“dx=N2( L2 ]:NZM
—0 0

28 2a 2af
N — /205,6’
a+pf

(b) Find the expectation values (x), <x2>, and (p).

—0

This equation is satisfied if

We perform the same computation as before, but we stick an extra x or x® into the
integral.

<x>:N2ﬁxe2ﬂxdx+TxeZaxdx]:Nz(—( 1 1 J_ 208 ' -a’ _p-a

) : 26 (2a) ) a+p 4a’B 2af
<x2>=N2Uxzezﬁxdx;fxze‘zc‘xdxj=N2 2 7+ 2 3 |= 2ap .a%;ﬂ:
b ; (28) (2a) ) a+p 4a'p
_a’—af+p
O 2a28%

Because the wave function is real, we automatically have{ p) =0, or explicitly,

npe QW (X) o AN (e s Tow gy | AN (B @
<p>=TLo'//(X) ™ dx = : [J.eﬁﬂe/’dx—!e ae de: : [ﬁ_ﬁjzo

—00

(c) What is the probability that the particle lies in the region x> 0?

To calculate this, we redo the original integral but restrict it to the relevant region.

_ 20O 2ax _N_z_ 2ap _ Y
P(x>0)_NZ|;e dx_Za_Za(aJrﬂ)_aJrﬂ'



