Solutions to Problems 1-5

1. Define a dot product for 1-forms &' -&' = g"
(a) Show that -V =(01,V) implies u' = g"u,

This problem is a bit confusing as worded, since in the “definition” &' -&' = g",
neither side is defined. In part (a), we can treat 0-V = <G,\7> as a definition, in the sense

that if a vector V has a corresponding 1-form (which I would call a covector) Vv, this
allows us to define a dot product between another 1-form and that 1-form.

Now we can try to figure out what the “definition” &' -®’ = g” means. First, it
may be that there is a vector @; such that when it is turned into a 1-form, it yields @'

Then we treat the first statement as the definition of g'.
Now, we want to show that u' = g"u; must follow from the previous two

definitions. To show this, we simply start with the right hand side of this equation, and
try to turn it into the left-hand side of the equation.

glu; =@ -@'u; = -0 =(d,0)=(a,u'e)) =5’ =’

That wasn’t too bad!

(b) Show that if we think of g; as a matrix, then the matrix g" =(g; )_l.
hint: M*-M =1

To prove this, consider an arbitrary vector with components u'. We know that
u; =g;u’ and u' = g"u;, so we have

ui — gijuj — gijgjkuk
Now, it is also obvious that u' = 5;u*, so we have for any vector
gijgjkuk :5kiuk

The only way this can be true for any vector is if g”gjk =6, , which in matrix notation
means gj; and g” are inverses of each other.



2. Consider a 2d skew Cartesian coordinates, related to conventional coordinates
by

(a) Express dx' in terms of dx'.
This is most easily done simply by letting the differential act on each equation,
which yields
dx=dx +dysiné
dy =dycosé

Since @is a constant, the differential doesn’t affect them. Solving these for the other
side of the equation, we have

dx =dx—dytané
dy =dysecd

(b) Express 0, intermsof 0,

This is most easily found by thinking of them as partial derivatives:
0 OX o0 oy o

0y i—giJrgizsin 0, +Cos €0, .

"oy yox oy oy
(c) Find the components of g;; and g".
We know the metric in Cartesian coordinates; it is
ds? = (dx +dysin )’ +(dycosd)” = dx? + 2dxdysin 0 + dy

This lets us pick out the coefficients of the metric. Keeping in mind that we must divide
by two for the off-diagonal elements, we have

1 sin@
sing 1 )

Ox =1 Oy =0x=sin6, g,=1 or gij:(

This can be written as a two by two matrix. The inverse matrix can be found by a variety
of techniques. The result is

g 1 1 -sing) ( sec’d —secOtan @
1-sin?6|-sing 1 —secOtand®  sec’d |



(d) Find the lengths of 6, and 0, and the angle between them.

|8Y|:\/8Y.6Y :\/ax'ax =1
ERENCEES :\/(sin 00, +cos 60, )-(sin 60, +cos 6o, ) ='sin? @ +cos’ 6 =1

00y O, -(sinH@X +c0598y)

CoOSa = =sind =cos(%-4),
|ai| ay‘ 1 ( 2 )
a=%5-0 y
A y
(€) Draw the vectors 9,, 8,,0, and &, ona 0, 9,
diagram of the coordinate system at one point. ’/
0y10x
The diagram appears at right. The vectors
requested are parallel to the coordinate axes, and all have R

unit length. X, X



3. Spherical coordinates are defined by
X =rsin@dcos ¢

y=rsinésing
Z=rcosé
1 0 0
(a) Show that g; =| 0 r? 0
0 0 r?sin®@

The appropriate differentials are simply

dx =sin @cos@dr + r cos & cos¢dd —r sin dsin ¢d ¢,
dy =sin @sin gdr +r cos dsin ¢dd + r sin € cos ¢d ¢,
dz =cos@dr —rsin6dé.

Now we take the 3D Cartesian metric formula and substitute in all these
differentials:

ds® = dx® +dy® + dz?
=[ cos4(sin @dr +r cos#de ) - rsin Psin ¢d¢]2 +
[ sing(sin@dr +rcos6de )+ rsindcos gdg ]2 +(cosdr —rsingdo )’
=cos” ¢(sin &dr +r cos 0d o )2 —2rsin@sin gcosg(sinddr +rcosfdd )dg
+r?sin? gsin’ gd¢* +sin® ¢(sin dr + r cos 9d 9 )2
+2rsin @sin gcosg(sin Adr +rcosddo )dg+r?sin® O cos’ ¢ d g
+(cos@dr —rsin <9d<9)2
=sin”@dr’® + 2rsin #cos @drd 8 + r* cos® 8d6” + r’ sin’ 6d ¢
+cos” @dr® —2rsin @ cos @drd @ + r* sin® 9d 6
=dr? +r?d&” +r’sin® d ¢*
The metric is then just
Oy =1 Qp=r? 9, =r’sin’é, 9,=0,=9,,=0, =04 =0, =0.

Or, written as a matrix, as given in the problem.
(b) What is the volume element d*V in spherical coordinates?

The volume element is

dv :drd9d¢‘/det(gij) =r?sinodr dodg.



4. Show that V.o, = 6,ar; I, . Use Leibnitz’s rule, V,(AB)

(V,A)B+AV,B.

As discussed in class, we wish to have V, (ajvj ) =0, (ajvi ) We therefore have
0, ((sz.v")=vi (a.vi)

(01 V! + ;00! =(Vig V! + Vv = (Vi

(Vi v =0, (T = (2

In the last step, note that j and k are “dummy indices,” indices that are summed over and
therefore we can change their name with impunity. Hence we simply swapped the names

j < k in the last term. The only way this can be true for any vector field v’ is if the
coefficients match, so that V,a; = d,a; - the desired relationship.

)V +a8v +aF‘
i,

k i
aiji)v :

J"

5. Use the fact that V,v’ transforms as a tensor to prove one of the following two
relationships:

Fo_pa KX O X X L. KX K XXX

bc A a j PR iAok T bc Aua j K~ Aol kK AylAym
ox* ox! ox*  ox" ox'ox ox* ox! ox*  oOx! OX* Ox'ox

The fact that this expression is a tensor means that

_ 2 oy
Tyl = X XKy
X' OX
Expanding out each of the covariant derivatives, we find
) j
o0 +vtT) = XX (0,° +vT%,)
X' ox
Since v is a vector, we already know that
oox
v!= v
ox*
We also know that
P 0 _x 0
i 67i 67i 6Xa

We therefore have

: : oV +V°TY ),
X' ox* | ox° ot M ax ox b( )

oxt o°x! S X! ov° +6Yk IS ox) oV’ S Xy
ox' ox2ox’ XKoo o "o ook ©

oxt o [671 vbj ox" PR ox

)



X" = OXTOX) oo oxt o)
Vi =5 T Avaaun V
OX oX' OX OX' OX“OX
To understand the meaning of this formula, change the indices so that v always has the
same index.

I R -
X e X oxPox®
This is only true if the coefficients of v* match on both sides of the equation, so
Kim XX L, X X
axt X et * X axPox®

We need to solve for T')., which can be done by multiplying by the inverse matrix of
ax*/ox* . To do so, multiply by 6x*/6x". So we have

ox* ox* pi Xt ox ox' _,  ox'ox’ o'
ox oxd M ax'ox ox° * ox’ ox oxPox®’
Skl XX x' _,  ox*ox’ o%x!
] 67({ 67i axb ac 675‘ 67i axbé‘xa’
- oxroaxax! , ox*ox’ 9!

li = ayﬂ ayi axb ac ayf, ayi axbaxa )
The final expression is identical to one of the ones we were asked to prove.




