
Generating Initial Data for Interacting Compact Binaries

Gregory B. Cook

Wake Forest University

May 13, 2003

Abstract
We will look at some of the general formalisms used to construct initial data and review the

approaches that have been used in generating black-hole and neutron-star initial data. We will

conclude with a brief look at some recent work in generating quasi-equilibrium black-hole binary

initial data.

A related review article is online at Living Review in Relativity[18]
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The 3 + 1 Decomposition

nµ

αnµδt

βµ βµδt

tµδt

t

t+ δt

Lapse : α Spatial metric : γij

Shift vector : βi Extrinsic Curvature : Kij

Time vector : tµ = αnµ + βµ

ds
2

= −α2
dt

2
+ γij(dx

i
+ β

i
dt)(dx

j
+ β

j
dt)

γµν = gµν + nµnν Kµν = −1
2γ

α
µγ

β
νLngαβ

Constraint equations

R̄ +K
2 −KijK

ij
= 16πρ

∇̄j
(
K
ij − γijK

)
= 8πj

i

Sµν ≡ γ
α
µγ

β
νTαβ

jµ ≡ −γνµn
α
Tνα

ρ ≡ n
µ
n
ν
Tµν

Tµν = Sµν + 2n(µjν) + nµnνρ

Evolution equations

∂tγij = −2αKij + ∇̄iβj + ∇̄jβi

∂tKij = −∇̄i∇̄jα+ α
[
R̄ij − 2Ki`K

`
j +KKij

− 8πSij + 4πγij(S − ρ)
]

+ β
`∇̄̀Kij +Ki`∇̄jβ` +Kj`∇̄iβ`

1



Generalized Conformal/TT Initial-Data Decomposition[46]

γij = ψ
4
γ̃ij : K

ij
= ψ

−10
Ã
ij

+ 1
3ψ

−4
γ̃
ij
K : Ã

ij ≡
1

σ̃
(L̃V )

ij
+ M̃

ij

σ̃ ≡ ψ
−6
σ : ∇̃2

ψ − 1
8ψR̃−

1
12ψ

5
K

2
+ 1

8ψ
−7
ÃijÃ

ij
= −2πψ

5
ρ

∇̃j(L̃V )
ij − (L̃V )

ij∇̃j ln σ̃ − 2
3σ̃ψ

6∇̃i
K = −σ̃∇̃jM̃ ij

+ 8πσ̃ψ
10
j
i

M̃ ij is symmetric-tracefree, but not divergenceless. The variable V i incorporates the

solution of the constraints and the decomposition of M̃ ij into M̃ ij
TT .

σ̃ = 1 ⇒ Conf-TT Method (Method A)

σ = 1 ⇒ Phys-TT Method (Method B)
M̃ ij ⇒ − 1

2α̃ũ
ij

σ̃ ⇒ 2α̃
Conf. Thin Sandwich

Conformal Thin Sandwich(TS)[59] [ũij ≡ −∂tγ̃ij]

γij = ψ
4
γ̃ij : K

ij
= ψ

−10
Ã
ij

+ 1
3ψ

−4
γ̃
ij
K : Ã

ij ≡
1

2α̃

(
(L̃β)

ij − ũij
)

α̃ ≡ ψ
−6
α : ∇̃2

ψ − 1
8ψR̃−

1
12ψ

5
K

2
+ 1

8ψ
−7
ÃijÃ

ij
= −2πψ

5
ρ

∇̃j(L̃β)
ij − (L̃β)

ij∇̃j ln α̃− 4
3α̃ψ

6∇̃i
K = α̃∇̃j

(
1

α̃
ũ
ij

)
+ 16πα̃ψ

10
j
i

∇̃2
(ψ

7
α̃)− 1

8ψ
7
α̃R̃− 5

12ψ
11
α̃K

2 − 7
8ψ

−1
α̃ÃijÃ

ij − ψ5
β
i∇̃iK

= −2πψ
11
α̃K(ρ+ 2S)− ψ5

∂tK

α and βi are the lapse and shift. ũij is symmetric-tracefree.
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Degrees of Freedom

Kinematical variables

• Lapse α : 1 degree of freedom

• Shift βi : 3 degrees of freedom

Initial-data variables

• Metric γij : 6 degrees of freedom

• Extrinsic curvature Kij : 6 degrees of freedom

Decomposition of initial-data variables

γij = ψ
4
γ̃ij


ψ : 1 constrained DOF

γ̃ij :

〈
3 spatial gauge DOF

2 dynamical DOF

 Freely Specifiable

K
ij

= ψ
−10

[
1

σ̃
(L̃V )

ij
+ M̃

ij

]
+1

3ψ
−4
γ̃
ij
K



V i :

〈
(L̃V )ij ≡ ∇̃iV j + ∇̃iV j − 1

3γ̃
ij∇̃kV

k

3 constrained DOF

M̃ ij :

〈
∇̃jM̃ ij = ∇̃j

(
1
σ̃(L̃X)ij

)
2 dynamical DOF

K : 1 temporal gauge DOF

σ̃ : Defn. of TT decomp.


Freely Specifiable
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“Traditional” Black-Hole Data

Conformal flatness and maximal slicing

γ̃ij = fij (flat)

M̃ ij = 0

K = 0

σ̃ = 1


⇒


∇̃i(L̃V )ij = 0 ⇒ Bowen-York solution[11]

Analytic solutions for Ãij

∇̃2ψ + 1
8ψ

−7ÃijÃ
ij = 0

Three general solution schemes
Conformal Imaging-[21]

Inversion

symmetry

inner-BC

Apparent Horizon BC-[51]

Apparent

horizon

inner-BC

Puncture Method-[12]

No inner-BC:

singular

behavior

factored out

All methods can produce very general

configurations of multiple black holes,

but are fundamentally limited by choices

for γ̃ij and Bowen-York Ãij.
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Early work with BH and NS ID

• The “traditional” BH initial data approach was motivated by computational
convenience, not by any strong physical arguments. Research focused on:

– methods for solving the Hamiltonian constraint for one or two holes.
[60, 15, 16, 21, 1, 37, 45, 27]

– understanding the physical content (and limitations) of initial data
containing one or two holes.[60, 25, 16, 20]

– finding solutions that represented two black holes in nearly circular
orbits.[17, 2, 45]

• Boosted Kerr — Use a superposition of analytic black hole metrics and
extrinsic curvatures as trial data and solve the constraints to correct.[43, 42]

– This approach lacks well motivated boundary conditions

• Single, stationary neutron stars have been studied extensively. The matter is
assumed to be in hydrostatic equilibrium. Research has focused on:

– various numerical methods.[10, 14, 13, 38, 22, 24, 48, 9, 32, 5, 7]
– rigid and differential rotation.[56, 39, 22]
– studies with various equations of state.[29, 23]

5



Recent Issues

• Current initial data schemes do not represent, with sufficient detail, the physical
configurations we are most interested in — astrophysical compact binary
inspiral.

– The conformal-flatness assumption does not represent rapidly spinning
objects well. It also contributes to unphysical gravity waves in orbiting
binaries.[30, 45]

– The Bowen-York analytic extrinsic curvature does not model the physics of
binary inspiral well.[36, 44, 26]

– Boosted Kerr extrinsic curvature does not do significantly better than the
Bowen-York extrinsic curvature.[44]

? Quasi-equilibrium — For sufficiently separated binaries, the timescale for orbital
decay is much larger than the orbital period.

– Binaries in quasi-circular orbits allow for the notion of an approximate hellical
Killing vector.
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Compact Binary ID

• NS binaries were explored first. Research has focused on:

– various numerical methods.[57, 58, 6, 3, 34, 35]
– corotating (tidally locked) binaries.[6, 3, 4, 55, 52, 40, 55, 49]
– irrotational binaries.[50, 47, 31, 8, 41, 52, 53, 49]
– no conformal flatness assumption.[54]

• For black holes, use topology and quasi-equilibrium to fix boundary conditions
on the constrained data.[33, 36] Leads to overdetermined boundary conditions — only

satisfied in true equilibrium.

? For black holes, use the principle of quasi-equilibrium to derive boundary
conditions for the constrained data.[19, 28]
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Conformal Thin-Sandwich Decomposition

nµ

αnµδt

βµ βµδt

tµδt

t

t+ δt γij = ψ
4
γ̃ij

K
ij

=
ψ−10

2α̃

[
(L̃β)

ij − ũij
]

+ 1
3ψ

−4
γ̃
ij
K

Hamiltonian Const. ∇̃2
ψ − 1

8ψR̃−
1
12ψ

5
K

2
+ 1

8ψ
−7
ÃijÃ

ij
= −2πψ

5
ρ

Momentum Const. ∇̃j(L̃β)
ij − (L̃β)

ij∇̃jα̃ = 4
3α̃ψ

6∇̃iK + α̃∇̃j
(

1
α̃ũ

ij
)

+ 16πα̃ψ
10
j
i

Const. Tr(K) eqn. ∇̃2
(ψ

7
α̃)− (ψ

7
α̃)

[
1
8ψR̃ + 5

12ψ
5
K

2
+ 7

8ψ
−7
ÃijÃ

ij − ψ5
β
i∇̃iK

]
= −2πψ

5
K(ρ+ 2S)− ψ5

∂tK

Ãij ≡
1

2α̃

[
(L̃β)ij − ũij

]
Constrained vars : ψ and βi

Freely specified : γ̃ij, ũ
ij, K, and ∂tK

ũij and βi have a simple physical interpretation,

unlike M̃ ij and V i.

Quasi-equilibrium ⇒

ũ
ij = −∂tγ̃ij = 0

∂tK = 0
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Equations of Quasi-Equilibrium

Ham. & Mom. const.

eqns., & Const Tr(K)

eqn. from Conf. TS

+ ũij = ∂tK = 0

 ⇒ Eqns. of
Quasi-Equilibrium

With γ̃ij = fij and K = 0, these

equations have been widely used to

construct binary neutron star initial

data[3, 40, 8, 52].

Binary neutron star initial data require:
• boundary conditions at infinity compatible with asymptotic flatness and

corotation.
ψ|r→∞ = 1 β

i|r→∞ = Ω

(
∂

∂φ

)i
α|r→∞ = 1

• compatible solution of the equations of hydrostatic equilibrium. (⇒ Ω)

Binary black hole initial data require:

• a means for choosing the angular velocity of the orbit Ω.

? with excision, inner boundary conditions are needed for ψ, βi, and α̃.

Gourgoulhon, Grandclément, & Bonazzola[33, 36]: Black-hole

binaries with γ̃ij = fij & K = 0, “inversion-symmetry”, and

“Killing-horizon” conditions on the excision boundaries.

“Solutions” require constraint violating regularity condition

imposed on inner boundaries!
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AH and QE Conditions on the Inner Boundary

The quasi-equilibrium inner boundary conditions start with the following
assumptions:

1. The inner boundary S is a (MOTS):
marginally outer-trapped surface

→ θ = 0

2. The inner boundary S doesn’t move:
→ Lζτ = 0 and DiLζτ ≡ hji∇̄jLζτ = 0

t
µ

= αn
µ

+ β
µ ζµ ≡ αnµ + β⊥s

µ

β⊥ ≡ βisi

3. The inner boundary S remains a MOTS:
→ Lζθ = 0

4. The horizons are in quasi-equilibrium:
→ σij = 0 and no matter is on S

βµ
sµ

nµtµ ζµ

βµ

sµ

β⊥s
µ
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AH/Quasi-Equilibrium Boundary Conditions

θ =
ψ−2

√
2

[
h̃
ij∇̃is̃j + 4s̃

k∇̃k lnψ − ψ2
J

]
Lζθ = − 1√

2

[
θ(θ + 1

2θ́ + 1√
2
K) + E

]
(β⊥ + α)

− 1√
2

[
θ(1

2θ −
1
2θ́ + 1√

2
K) +D + 8πTµνk

µ
ḱ
ν
]
(β⊥ − α)

+ θs
i∇̄iα D ≡ h

ij
(Di + Ji)(Dj + Jj)− 1

2
2
R

E ≡ σijσ
ij

+ 8πTµνk
µ
k
ν

σij =
1
√

2
(Hij − 1

2hijH)

(
1−

β⊥

α

)
−

1
√

2

ψ4

α

{
h̃k(iD̃j)β‖

k − 1
2h̃ijD̃kβ‖

k − 1
2[h̃ikh̃j`ũ

k` − 1
2h̃ijh̃k`ũ

k`
]
}

s̃
k∇̃k lnψ = −1

4(h̃
ij∇̃is̃j − ψ2

J)

β
i

= αψ
−2
s̃
i
+ β

i
‖

0 = D̃
(i
β‖

j) − 1
2h̃

ij
D̃kβ‖

k
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Summary of BH QE Formalism

γij = ψ
4
γ̃ij K

ij
= ψ

−10
Ã
ij
+ 1

3γ
ij
K Ã

ij
= ψ6

2α(L̃β)
ij

∂tγ̃ij = 0

∇̃2
ψ − 1

8ψR̃−
1
12ψ

5
K

2
+ 1

8ψ
−7
ÃijÃ

ij
= 0

∇̃j(L̃β)
ij − (L̃β)

ij∇̃jlnαψ−6
= 4

3α∇̃
i
K

∇̃2
(αψ)− (αψ)

[
1
8R̃ + 5

12ψ
4
K

2
+ 7

8ψ
−8
AijA

ij
]

= ψ
5
β
i∇̃iK ∂tK = 0

s̃
k∇̃k lnψ|S = −1

4(h̃
ij∇̃is̃j − ψ2

J)|S θ = 0

β
i|S =

 αψ−2s̃i|S corotation

αψ−2s̃i|S + Ωξi|S irrotation

Lζθ = 0

σij = 0

α|S = unspecified by QE !?

ψ|r→∞ = 1

β
i|r→∞ = Ω

(
∂

∂φ

)i
α|r→∞ = 1

The only remaining freedom in the system is the

choice of the lapse boundary condition, the initial

spatial and temporal gauge, and the initial

dynamical(“wave”) content found in

α|S, γ̃ij and K.
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New Results

with H. Pfeiffer

Corotation
γ̃ij = fij : Maximal Slicing:

• ∂(αψ)
∂r = 0

• αψ = 1
2

• ∂(αψ)
∂r = αψ

2r

γ̃ij = fij : Eddington-Finkelstein Slicing:

• ∂(αψ)
∂r = 0

• αψ = 1
2

• ∂(αψ)
∂r = αψ

Irrotation
γ̃ij = fij : Maximal Slicing:

• ∂(αψ)
∂r = 0

• αψ = 1
2

• ∂(αψ)
∂r = αψ

2r

γ̃ij = fij : Eddington-Finkelstein Slicing:

• ∂(αψ)
∂r = 0

• αψ = 1
2

• ∂(αψ)
∂r = αψ

Compared with

• Effective-One-Body PN[26]

• Inversion-Symmetric HKV[36]

Compared with

• Effective-One-Body PN[26]

• Conformal Imaging[17]

• Puncture Method[2]
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Results: Eb/µ vs J/µm
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CO: MS - d(αψ)/dr = 0
CO: MS - αψ = 1/2
CO: MS - d(αψ)/dr = (αψ)/2r
IR: MS - d(αψ)/dr = 0
IR: MS - αψ = 1/2
IR: MS - d(αψ)/dr = (αψ)/2r
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Results: Eb/µ vs `/m
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Results: Eb/µ vs mΩ
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Results: J/µm vs mΩ
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Results: J/µm vs `/m
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Results: mΩ vs `/m
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Results: ISCO — Eb/Mirr vs ΩMirr
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Ω M
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)
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IR: EF - d(αψ)/dr = 0 (E
b
)

IR: EF -  αψ = 1/2 (E
ADM

)

IR: EF- αψ = 1/2 (E
b
)

IR: EF - d(αψ)/dr = αψ (E
ADM

)

IR: EF - d(αψ)/dr = αψ (E
b
)

IR: MS - d(αψ)/dr=0

IR: MS - αψ = 1/2

IR: MS - d(αψ)/dr = αψ/2r
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Results: ISCO — Eb/Mirr vs J/M2
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Results: ISCO — J/M2
irr vs ΩMirr
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)
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b
)

IR: MS - d(αψ/dr=0

IR: MS - αψ = 1/2

IR: MS - d(αψ)/dr = αψ/2r
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Future Issues

• How do we choose γ̃ij?[55, 44, 54]

– Can we use post-Newtonian metrics to improve the choice of γ̃ij?
– Can we use a perturbative evolution to iteratively improve the choice of γ̃ij?

• How do we incorporate non-vanishing radial motion for close binaries?

• What can we do for elliptical orbits?

• . . . ?
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