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Abstract

The first initial data for black-hole binaries were derived from analytic time-symmetric multi-
hole solutions of Misner and Lindquist in the early 1960s. These served as a test-bed for all of
the pioneering efforts to evolve black-hole binaries to collision. The first major revolution in this
field was introduced by Bowen and York in 1980, allowed for time-asymmetric data representing
boosted and spinning holes, and required the numerical solution of a single scalar boundary-value
problem. Initial-data methods based on the Bowen-York extrinsic curvature were developed and
explored over the last 25 years and initial data based on these methods are still widely used for
black-hole binary evolutions. However, in the past 5 years, a second major revolution has taken
place that promises to yield initial data that is much more astrophysically realistic. These new
initial-data sets are more computationally expensive to construct and their full physical content is
still being explored. In this talk, we will look at this new method for constructing black-hole binary
initial data, see what it does well, and where it needs further improvement.
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The 3 + 1 Decomposition

Lapse : « Spatial metric : 7;;
Shift vector : 3' Extrinsic Curvature : Kj;

Time vector : t¥ = ant + B*
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Degrees of Freedom

Kinematical variables Initial-data variables

e Lapse « : 1 degree of freedom e Metric ;; : 6 degrees of freedom

e Shift 5i . 3 degrees of freedom e Extrinsic curvature K;; : 6 degrees of freedom

Decomposition of initial-data variables

.

v : 1 constrained DOF
Yij = U Fij < ~ <3 spatial gauge DOF
Yij
2 dynamical DOF

Freely Specifiable

\
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vi < (LV)Y = V'V 4 V'V — 239V, V¥
3 constrained DOF
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o : Defn. of TT decomp.
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15t_Generation Binary Black-Hole 1D
1963

Conformal flatness and time symmetry
S/ij = fij (flat)
Kij — O

= V% =0

Two general solution schemes: Both yield analytic expressions for ).

Misner Data-[16] Lindquist/Brill-Lindquist Data-[14, 5]

Inversion symmetry,
“Two-sheeted” /

\ “Three-sheeted”

|

Both methods can model instantaneously
stationary black holes of various sizes and
separations.




2"d_Generation Binary Black-Hole ID
1980’s-1990’s

Conformal flatness and maximal slicing
A

T = dig {8 ( B -York sol [3] 1980
- (V) — owen-York solution
MY =0 L 4 ( V) = Analytic solutions for A%
K = ~ ~ o~ e
0 V3 + %¢_7A¢jA” =3 Numerical solution for 1) ‘
g =1 ‘ e
/

Three general solution schemes
Conformal Imaging-[8] 1990 (2D), 1993 (3D) Puncture Method-[4] 1997 (3D)

. No inner-BC:
Inversion .
)\{ >/< ) ( [ singular
_symmetry behavior
inner-BC factored out

|

Apparent Horizon BC-[18] 1987 (2D)

All methods can produce very general
Apparent configurations of multiple black holes,
horizon but are fundamentally limited by choices

] U inner-BC for 4;; and Bowen-York A".




3'd_Generation Binary Black-Hole ID
2000-

Methods that incorporate numerical solution of the momentum
constraints but use fixed choices for 4;; and M.

e Kerr background
— Conformal TT/Boundary Conditions?: 2000[15, 17]

— Conformal Thin-Sandwich/Boundary Conditions?: 2002[17]

e Helical Killing vector/Quasi-equilibrium
— Conformal Thin-Sandwich /Inversion Symmetry: 2002[11, 12]
x Conformal Thin-Sandwich/AH: 2002[7, 9]
— Conformal Thin-Sandwich/Puncture: 2005[1 3]
— Conformal Thin-Sandwich/Excision: 2004[21]
— Conformal TT!/Puncture: 2004[19]

e PN background
— Conformal TT/Puncture: 2003[20]

'Uses analytic B-Y vector potential instead of numerically solving momentum constraints,
but also constructs lapse and shift through elliptic equations..




Conformal Thin-Sandwich Decomposition

4~
Yij = (0 Yij
¢—10
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AH and QE Conditions on the Inner Boundary

The quasiequilibrium inner boundary conditions start with the following
assumptions:

1. The inner boundary S is a (MOTS):

marginally outer-trapped surface

— 0=0 (expansion)

2. The horizons are in quasiequilibrium:
— 037 = 0 and no matter is on S (shear)

Raychaudhuri's equation implies that MOTS initially evolves along k"

1 n2 % nv M v o
Ly =30 — oo’ —wuw™ — Ruk"k" =0

3. The time evolution vector lies in outgoing null surface through S:
— t”ku‘g =0

§k@k lnw — _i(ﬁij@igj — ¢2J)
a 7T k
0 = DBy, — zhiy Dby



Fixing the Orbital Angular Velocity

Komar-mass ansatz:

(o is chosen as the value for which the ADM energy
FE\pum equals the Komar mass M.

1 . . .
Komar My = _7{ NI (Vi — Bsz'k:)d2Sj Acceptable defmltlon of the. mass
Mmass 47 J o only for stationary spacetimes.

Acceptable definition of the mass

1 i
ADM B py = —7{ ¥ jvk(gf — 5fg)d25j for arbitrary spacetimes.
energy 167 Joo

Effective Potential Method:

(o is chosen so that the ADM energy Epy is a
minimum for a sequence of models along which the
total angular momentum remains fixed.



Measuring the Spin of a Black Hole

e Spin is only rigorously defined at spatial /null infinity.

e Must use quasi-local definition: e.g. Brown & York[0] or
Ashtekar & Krishnan|”]

1 .
S = — Kijglsj\/Ede
87T BH

1 ~ N~
= — Aijfzgj \/de.Q?
ST BH

¢ = { ¢t Killing vector of hi; = conformal Killing vector of h;

&+ Killing vector of h;



E /U

Equal Mass; Maximal Slice; E,/u vs J/um

Corotation Non-Spinning
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Corotation Spin
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Equal Mass; Maximal Slice; J/um vs mS2

Corotation Non-Spinning
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Open Questions

e Arbitrary Spins.
e Unequal masses.

e Can we use this approach to construct binaries in elliptical
orbits?

* Can we incorporate a non-flat conformal metric that is
consistent with quasiequilibrium?
— Will this reduce the initial wave transient?

— Can we build in the initial outgoing wave?

* Can we build in an appropriate initial radial velocity?
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