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Abstract
A formalism for constructing initial data representing black-hole binaries in quasi-equilibrium is
developed. If each black hole is assumed to be in quasi-equilibrium, then conditions on the shear
and expansion of the outgoing null rays at each black hole yield a set of boundary conditions for
the initial data variables. This formalism should allow for the construction of completely general
quasi-equilibrium black hole binary initial data. Initial numerical results using this approach will be
examined and compared with previous numerical and post-Newtonian results.
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e If the orbit is nearly circular (quasi-circular) then there is a corotating reference
frame in which the binary appears to be at rest.
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Quasi-Equilibrium Binary Data

e Black hole binaries are among the most
likely sources for early detection with

LIGO, VIRGO, GEO,. ..

e Available computed waveforms should
increase chance of detecting collision
events.

e General Relativity doesn't permit true equilibrium for astrophysical binary
systems.

e When the bodies are sufficiently far apart, the timescale for orbital decay is
much larger than the orbital period.

e If the orbit is nearly circular (quasi-circular) then there is a corotating reference
frame in which the binary appears to be at rest.

*  Quasi-equilibrium gives us a physical condition to guide us in fixing boundary
conditions and data that is not otherwise constrained.



The 3 + 1 Decomposition

Lapse : « Spatial metric : y;;
Shift vector : 3 Extrinsic Curvature : Kj;

Time vector : tV = an” + B*

ds® = —a’dt® + v, (dz' + g'dt)(dz’ + B7dt)

Yur = YGuv + n,ny K;u/ — —%73755719@[3



The 3 + 1 Decomposition

Lapse : « Spatial metric : y;;
Shift vector : 3 Extrinsic Curvature : Kj;

Time vector : tV = an” + B*

ds® = —a’dt® + v, (dz' + g'dt)(dz’ + B7dt)

Yur = YGuv + n,ny K;u/ — —%7375571904/8

Constraint equations Evolution equations
R+ K’ — K ;K" = 16mp Oryi; = —2aK;; + Vif; + V;5;
?j(Kij — ’yin) = 87‘(’]1 8tKij = —@63'0{ —I— (8% Rij — QKwa -+ KKZJ

— 8w Sy + 4wy (S — P)]

+ BViK iy + KV 8° + K, Vi 8°



Generalized Conformal/TT Initial-Data Decomposition|! “]
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MY s symmetric-tracefree, but not divergenceless. The variable V' incorporates the
solution of the constraints and the decomposition of M" into M;?T.
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Generalized Conformal/TT Initial-Data Decomposition|! “]
.. - . ~ 1 -

vii =9 « KY =y A 4+ WpTYE s AV &

o= 1&_60 : 621& —

R — H° K + g Ay AY = —2my’p
Vi(LV)Y —

(LV)'V;Iné — 26¢9°V'K = —6V;M" + 8r5¢'"5’
MY s symmetric-tracefree, but not divergenceless. The variable V' incorporates the

solution of the constraints and the decomposition of M% into MY

~ .
MY = ——u Conf Thin Sandwich

o = 2¢
Conformal Thin Sandwich(TS)[16] (@ = —0y"]
~ i _ oy A . 1 _ y L
vy =9ty o KT =9 A7 14T R 0 AY = — ((@8)7 - ")
a=vy e VY- WR- LYK+ T A AY = —21y°p

4+ 1671'051#10]Z
a

- - 1 _
V;(LB)Y — (LB)“V,Inéa — —on,b V'K = av, ( — )
Vi'a) - g aR -yt aK® — T @A AV — ¢ BVK

= —2mp " aK(p + 2S) — 9, K
o and 3" are the lapse and shift. @ is symmetric-tracefree



Degrees of Freedom

Kinematical variables Initial-data variables

e Lapse o : 1 degree of freedom e Metric ~y;; : 6 degrees of freedom

e Shift ﬁi . 3 degrees of freedom e Extrinsic curvature K;; : 6 degrees of freedom

Decomposition of initial-data variables

/

v : 1 constrained DOF
Yij = 1 7ij 4 5 < 3 spatial gauge DOF
Yij -
2 dynamical DOF

Freely Specifiable

\

p

\VA < (LV)Y = V'VI + V'VI — %’Y”%v’“
3 constrained DOF

g 1 - . y g
K" =4 | Z(LV)Y + M ] +30 7K | MY <
g 2 dynamical DOF »
> Freely Specifiable
K : 1 temporal gauge DOF
o : Defn. of TT decomp.

\ y,




“Traditional” Black-Hole Data

Conformal flatness and maximal slicing

)
Yij = Jfij (flat) r
- ST Bowen-York solution[4]
i — V(LV)¥ = 0 _ _ L
M 0 g (LV) Analytic solutions for A"
K =0 -, o
| 2+ 1Ay AT = 0
= _
g J
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Conformal flatness and maximal slicing
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M 0 g Vi(LV) 0 Analytic solutions for A"
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| V3 + by~ A AT = 0
= _
g V,

Three general solution schemes

Conformal Imaging-[7] Puncture Method-[5]
: No inner-BC:
Inversion .
)( ){ ) ( [ 1 singular
'_s,ymmetry behavior
inner-BC factored out

Apparent Horizon BC-[14]

All methods can produce very general
Apparent configurations of multiple black holes,
horizon but are fundamentally limited by choices
v w inner-BC for ;; and Bowen-York A




“Better’” Black-Hole Data

What is wrong with “traditional” BH initial data?

e Results disagree with PN predictions for black holes in quasi-circular orbits.
e There is no control of the initial “wave” content.

e Spinning holes are not represented well.
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How do we construct improved BH initial data?
We must carefully choose the

initial dynamical degrees of freedom [in 7;; and M¥]

°
e initial temporal and spatial gauge degrees of freedom [in 7;; and K]

e boundary conditions on the constrained degrees of freedom [in ¢ and V']
°

TT decomposition weight function [7]

so as to conform to the desired physical content of the initial data.



“Better’” Black-Hole Data

What is wrong with “traditional” BH initial data?

e Results disagree with PN predictions for black holes in quasi-circular orbits.
e There is no control of the initial “wave” content.

e Spinning holes are not represented well.

How do we construct improved BH initial data?

We must carefully choose the

e initial dynamical degrees of freedom [in 5,; and M "]

e initial temporal and spatial gauge degrees of freedom [in 7;; and K]

e boundary conditions on the constrained degrees of freedom [in ¢ and V']
°

TT decomposition weight function [7]

so as to conform to the desired physical content of the initial data.

- For black holes in quasi-circular orbits, we can use the principle of quasi-equilibrium to
guide our choices.

- Quasi-equilibrium is a dynamical concept and we can simplify our task by choosing a
decomposition of the initial-data variables that has connections to dynamics.



Conformal Thin-Sandwich Decomposition

4.~
Yij = (I Yij
w—lo

A
[

(L)Y — | + 5 K

Hamiltonian Const. @21& — YR — iw‘r’KQ + %¢_7Aijﬁij —27T¢ o)

Momentum Const.  V;(LB)"7 — (LB)“V,a& = a6y’ V'K + &V, (1 ~”) + 16ma'’s
= 2 7 ~ 7 ~ 1 - 5 .5 1-2 7 =T X A1J 5 v

Const. Tr(K) eqn. V2(7&) — (¢ a)[§¢R+ 3 K + Ly T A AT — 53 ViK]

= —21°K (p + 25) — "9, K

A= — (LB)” — &”} @ and B° have a simple physical interpretation,
unlike M* and V.
Constrained vars : % and 8° 4 =
Quasi-equilibrium =

iad A
Freely specified : 4;;, @/, K, and 0; K 0K =0



Equations of Quasi-Equilibrium

Ham. & Mom. const. ) With 4;; = fi; and K = 0, these

eqns., & Const Tr(K) Eqgns. of equations have been widely used to
eqn. from Conf. TS Quasi-Equilibrium construct binary neutron star initial
+ 49 =9, K =0 data[2, 12, 3, 15].

/

Binary neutron star initial data require:
e boundary conditions at infinity compatible with asymptotic flatness and
corotation. ; o\
’(p|r—>oo =1 /B |I'—>OO — Q a— a'r—>oo =1
¢

e compatible solution of the equations of hydrostatic equilibrium. (= ()
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eqns., & Const Tr(K) Eqgns. of equations have been widely used to
eqn. from Conf. TS Quasi-Equilibrium construct binary neutron star initial
+ 49 =9, K =0 data[2, 12, 3, 15].

/

Binary neutron star initial data require:
e boundary conditions at infinity compatible with asymptotic flatness and
corotation. ; o\
’(p|1‘—>00 =1 B |r—>oo = i) — a'r—>oo =1
O

e compatible solution of the equations of hydrostatic equilibrium. (= ()

Binary black hole initial data require:
e a means for choosing the angular velocity of the orbit €2.

x with excision, inner boundary conditions are needed for v, 3%, and a.

Gourgoulhon, Grandclément, & Bonazzola[10, 11]: Black-hole
binaries with v;; = fi; & K = 0, “inversion-symmetry”, and
“Killing-horizon” conditions on the excision boundaries.
“Solutions” require constraint violating regularity condition
iImposed on inner boundaries!



Constructing Regular Binary Black Hole QE ID

Why does the GGB approach have problems?

e |nversion-symmetry demands & = 0 on the inner boundaries.

Inversion-symmetry BC's are not compatible [ -
e with (LB)Y =0 and 4 = 0, unless J; is a AV = %{(Lﬁ)ij
true Killing vector. [conjecture]
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* Eliminate dependence on inversion symmetry by letting the physical
condition of quasi-equilibrium dictate the boundary conditions.

e Find a method that allows for general choices of 7;; & K.



Constructing Regular Binary Black Hole QE ID

Why does the GGB approach have problems?

e |nversion-symmetry demands & = 0 on the inner boundaries.
Inversion-symmetry BC's are not compatible [ -

e with (LB)Y =0 and 4 = 0, unless J; is a AV = %{(Lﬁ)ij — ﬂ”}
true Killing vector. [conjecture]

How do we proceed?

* Eliminate dependence on inversion symmetry by letting the physical
condition of quasi-equilibrium dictate the boundary conditions.

e Find a method that allows for general choices of 7;; & K.

Approach

e Demand that the excision(inner) boundary be an apparent horizon.

e Demand that the apparent horizon be in quasi-equilibrium.



The Inner Boundary NiT

S; = =
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The Inner Boundary NiT

S; = =

| V|
Bas = s = 565;
EF = %(n“—I—s”)
= %(n“ s™)

Extrinsic curvature of S embedded in

spacetime
Suw = ShORDLigag
3 — l1poyp
uy = §h’uhyﬁéga5

Extrinsic curvature of S embedded in X2

H;; = %hfhﬁﬁs’me

Projections of K;; onto S

Jij = hih K

JZ' = h{;SeKkg

J = I’LwJZ’j = h”Kij



The Inner Boundary NiT

(V)

.
Il
|

| V|
Bas = s = 565;
EF = %(n“—I—s”)
= %(n“ s™)

Extrinsic curvature of S embedded in

spacetime

1 B
§hzhy£k9a6

Py

z 1 B
Z,W/ — §h3hu£’l%gaﬁ

Extrinsic curvature of S embedded in X2

Hij = 3hih;Lovee Sij = 5 (Hij — Jij)
Projections of K;; onto S Sij = _% (Hij + Jij)
Ty = hPhiK, Bzl i ol e
Ji = hs'Ky 6 = h%y = %(H —J) Grg = Dy = 500
J = h'J; = WK 6 = V3 = -2 (H+J) Gij = 3ij — 3hisf

10



AH and QE Conditions on the Inner Boundary

The quasi-equilibrium inner boundary conditions start with the following

assumptions:

1. The inner boundary S is a (MOTS):

marginally outer-trapped surface

— 9 — O 5¢3M$ B

2. The inner boundary S doesn’t move:
— EcT = 0 and DZ'LCT = h‘ZVjECT =0

= ant + 38"

BL = BiSi

th = an” + g*

3. The inner boundary S remains a MOTS: < >
_

— LCQZO

4. The horizons are in quasi-equilibrium:
— 04; = 0 and no matter is on S

11



AH /Quasi-Equilibrium Boundary Conditions
. P e ke 2
= RINLE 4+ 455V In ey — J]

:9(9 + 10 + 5K) + 8} (BL + «)

1
V2
- 2030 -+ LK)+ D+ 87rTWk“I%"] (8L — )

+ 05"V« D = K9(D;+ J)(D;+J;) - 5°R
E = Jijaij + SWTMVkMk‘V
1 BL
= E(Hw — zhi; H) (1 — ;)
Yt (= ~ _ ke



AH /Quasi-Equilibrium Boundary Conditions
. P e ke 2
= RINLE 4+ 455V In ey — J]

:9(9 + 10 + 5K) + 8} (BL + «)

1
V2
- 2030 -+ LK)+ D+ 87rTWk“I%"] (8L — )

+0s" Vi D = h9(D;+J)(D;+J;) - R
E = Jijaij + SWTMVkMk‘V
1 BL
= —=(Hy — zhyH) (1 ——
V2 : o
1 "704 ~ 17 1 ~ Kkl 17 1 ~k¢
T~ e {Duﬂll]) — 5hiDifB)” — glhinhjet — ghijhyea ]}
3"Vilny = —L(hV5; — °J)



Defining the Spin of the Black Hole

The spin parameters B”i can be defined by demanding that the time vector
associated with quasi-equilibrium in the corotating frame must be null, forming
the null generators of the horizon.

o< (n" 4+ s") — k' = [1,ozsi—ﬁz}

In the frame where a black hole is not spinning, the null time vector has

components t* = [1, 0].
Corotating Holes I[rrotational Holes
Corotating holes are at rest in the I[rrotational holes are at rest in the inertial
corotating frame, where we must pose frame. With the time vectors in the inertial
boundary conditions. So, and corotating frames related by
i ' ~ 2 — a - Q-2
k= [1,053 — ﬁz} = [1, 0] ot o
k= |1,a8' - 6} = [1, —Q(9/09)’

Thus we find

B'=as = BHZ =0 Thus we find

ﬁ = QS +Q(a¢) == ﬁ” = Q&

¢~ (2) & D) — shiyDig" =0



The Orbital Angular Velocity

e For a given choice of the Lapse BC, 7;; and K, we are still left with a family
of solutions parameterized by the orbital angular velocity 2.

e Except for the case of a single spinning black hole, it is not reasonable
to expect more than one value of €2 to correspond to a system in quasi-

equilibrium.

GGBJ10, 11] have suggested a way to pick the quasi-equilibrium value of €2:
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e For a given choice of the Lapse BC, 7;; and K, we are still left with a family
of solutions parameterized by the orbital angular velocity 2.

e Except for the case of a single spinning black hole, it is not reasonable
to expect more than one value of €2 to correspond to a system in quasi-

equilibrium.

GGBJ10, 11] have suggested a way to pick the quasi-equilibrium value of €2:

() is chosen as the value for which the ADM energy
FE\pum equals the Komar mass M.

Acceptable definition of the mass

1 ij (= k 2
Komar Mg = — v (Vi — B K;x)d" S, . .
47 J only for stationary spacetimes.

mass

1 L 5 N , Acceptable definition of the mass
ADM  Expy = — YV (G — 6,G)d"S, for arbitrary spacetimes.
energy 167 J o



The Lapse BC & QE

So far, nothing has fixed a boundary condition on the lapse a. One
possibility[”] is to recall that A6 is a Lorentz invariant and so to
consider L0 = 0 as a quasi-equilibrium condition.

LhH=0 = J§'Viae = —p*(J> — JK + D)

D = R (Ds — J)(D; — J;) — 2R+ 2D% In ]
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consider L0 = 0 as a quasi-equilibrium condition.
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This conditions is satisfied for stationary solutions, but seems to be
degenerate with the other QE boundary conditions. To see this, note
that the stationary maximal slicings of Schwarzschild form a 1-parameter
family:
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The Lapse BC & QE

So far, nothing has fixed a boundary condition on the lapse a. One
possibility[”] is to recall that A6 is a Lorentz invariant and so to
consider L0 = 0 as a quasi-equilibrium condition.

LhH=0 = J§'Viae = —p*(J> — JK + D)

D = R (Ds — J)(D; — J;) — 2R+ 2D% In ]

This conditions is satisfied for stationary solutions, but seems to be
degenerate with the other QE boundary conditions. To see this, note
that the stationary maximal slicings of Schwarzschild form a 1-parameter
family:

dR? [ ]

ds® = + R?d’Q 2 0 0
1] —2M 4 ¢ .
R0 RS Ki=— 1|0 -1 0
J RB
2M  C2
R = R* - -

A ' oM (2 C
BT = —4/1—-— s
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Summary of QE Formalism
~ ij —10 7ij ij Tij 6 = \ij -
Yij = V¥ 7 KY =4 A T4+ K AY = ;p—a(]Lﬁ) T 8 =0

Vi — IR — 5y K’ + 2T TAGAY = 0
V,(LB)Y — (LB)"Vilnayp™® = 2aV'K

Vi(a) — (a)| iR + S K + T A, AY | = ¢°B'ViK 8K =0

"ViInepls = —L(hViE; — P T)|s =0
— 23 .

5i|5 _ a”“8'|s corotation L6 =0

arp 25| s + QE'|s irrotation o5 =0

«|s = unspecified by QE

The only remaining freedom in the system is the

Plisoo = 1 9\ choice of the lapse boundary condition, the initial
5i|r_>oo = O <_> spatial and temporal gauge, and the initial
a| _ 1 O dynamical content found in

r—oo

Oé‘g, ’%J and K.

16



Yi; = fij : Maximal Slicing:

[ ] w:()

[ ) aw:%
(o) __ ay

¢ or — 2r

~i; = fi; : Eddington-Finkelstein Slicing:

P a(gqu) —0

.O(’QD:%

P 8(5“;?) — Oélp

Compared with
e Effective-One-Body PN[?]

e Inversion-Symmetric HKV[11]

Results

~i; = fij : Maximal Slicing:

o 2ot =

o Q{’lp:%
O(ayy) __ ap

¢ or ~—  2r

~i; = fi; : Eddington-Finkelstein Slicing:

P 8((;47}0) —0

.aw:%

P a(g:ﬁ) — aw

Compared with
e Effective-One-Body PN[?]

e Conformal Imaging|[©]
e Puncture Method[!]

17



Constructing Evolutionary Sequences

Given quasi-equilibrium data for binary black holes at various separations,
how do we connect them together to form an evolutionary sequence?

* There is the freedom to set the overall mass scale for each solution.
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Given quasi-equilibrium data for binary black holes at various separations,
how do we connect them together to form an evolutionary sequence?

* There is the freedom to set the overall mass scale for each solution.

o Let e(s), j(s), and w(s) denote the numerical solutions along a sequence
parameterized by some measure of the separation s.

e Let x(s) define a mass scaling along the same sequence.

Eupu(s) = x(s)m(s)
o Define J(s) x2(5)j(s)

X~ (z)w(s)

-,
—~
V)
~—
Il



Constructing Evolutionary Sequences

Given quasi-equilibrium data for binary black holes at various separations,
how do we connect them together to form an evolutionary sequence?

* There is the freedom to set the overall mass scale for each solution.

o Let e(s), j(s), and w(s) denote the numerical solutions along a sequence
parameterized by some measure of the separation s.

e Let x(s) define a mass scaling along the same sequence.

Eupu(s) = x(s)m(s)
o Define J(s) = x%(s)j(s)
Qs) = xHz)w(s)

— Choose the mass scale to preserve dEpy = Q2dJ.

e Integrating from s; to so gives: x(s2) = x(s1) exp {— [2 Mds}

s1 m—2wy

18



Results: E,/p vs J/um

-0.02 R
[N
[N
L 1 _
[
[
-0.03 I -
i
[
L
il ]
il
il
'004_ || |
' CO: EF - d(ay)/dr=0
i |l': — CO.EF-ap =12
= 0 — CO: EF - d(ay)/dr = ay
ul® i — — IR EF - d(ay)/dr=0
P
005 —— IREF-ap=1/2
,'ll' | — — IR EF - d(aw)/dr = ay
! 0 — CO: MS-d(ay)/dr=0
i I: \\ CO:MS-ayp =12
-0.06 H i J// — CO: MS- d(aw)/dr = (ap)/2r
" |‘l / —— IR:MS-d(ay)/dr=0
L W IR:MS-ay = 1/2
I \7/’ — — IR: MS-d(a)/dr = (ag)/2r
1/
-0.07 + —
\//
| | | | | | |
3 35 4 45 5

— Greg Cook — (WFU Physics)
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-0.02

Results: Ey/u vs £/m

-0.03—

-0.04 —

EJn

-0.05

-0.06 —

-0.07 —

CO: EF - d(ay)/dr=0
CO.EF-ay =12

CO: EF - d(aW)/dr = ay

IR: EF - d(a)/dr=0

IR: EF - oy =1/2

IR: EF - d(ay)/dr = ay

CO: MS-d(ay)/dr=0

CO: MS-ayp =1/2

CO: MS - d(ay)/dr = (ay)/2r
IR: MS-d(ay)/dr=0

IR: MS-ay =1/2

IR: MS - d(ay)/dr = (ag)/2r

Physics)

[/m
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Results: E,/u vs mS2

-0.02 . . |

— CO: EF - d(ay)/dr=0
— CO:EF-ay =12
— CO: EF - d(ag)/dr = ay
— - IR: EF - d(ay)/dr=0
——= IR EF-ay =12
— — IR EF-d(ag)/dr = ay
A\ — CO: MS-d(ay)/dr=0
-0.04— W CO: MS-ay =1/2
\ — CO: MS-d(ag)/dr = (ay)/2r

- A\ —— IR:MS-d(ay)/dr=0

AN IR: MS-ay = 1/2
005 AN — — IR MS-d(ay)/dr = (ag)/2r

-0.03—

E/u
Y

-0.06 {— AN TT———- —

-0.07 |~ RN =

— Greg Cook — (WFU Physics)



Results: J/um vs mS2

CO: MS- d(ay)/dr = (awp)/2r

IR: MS - d(ay)/dr = (ag)/2r

5 I I
CO: EF - d(ay)/dr=0
CO.EF-ap=1/2
45~ CO: EF - d(a)/dr = ay
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Results: J/um vs ¢/m
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Results: m) vs ¢//m
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Results: ISCO — FE,/M,, vs Expn/M,, — 1
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0015

E/M.

Results: ISCO — E,/M,, vs QM,,
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Results: ISCO — E,/M,, vs J/M?
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Results: ISCO — J/M?2 vs QM,,
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