a, = sp—1exp(2"~1) for n > 1, then sn:%. The seridpa,f( §-1) is di vergent,
byour t heorem, [§filf{ celog z) dxis di ver gent S Hpffesyelre have s M ke
and thereforeis convergent. However, in thesieci tli € dsrend(tah otz
Sanf( ) = ay,/sk does di verge.

It suffices to Dragpse di verges %Vgizl;é—:efor all sufficientl] y,lacmge ni f s
as n—ooand p< 1. By the companri son test, Jlfe Wowled gdemeiapl y
the di vergeXag/dffor all p< 1. There are two cases to,coqsyi der. Eit]
for all sufficiently large nor otherwise there exi st,i>sfini.tel y many

Inthe former case, we have for all sufficiently large n
ay ay ay

- 2 (2a0)

Sn (%—l‘l'an)
But we kndwi,/s,—1is divergent, and hence, by thedtwmhmparsi abaotest,
divergent. Inthe second case, we have for infinitely many n

ap ay, S a, 1
Sn (’%—1‘|’an)_(27@) 2

Thus 17%_;[&)(%’;) Z0and a,/s,is divergent in this case, too. This com
proof .

El mer K. Hayashi
Department of Mathematics

Wake Forest Uni versity
Wnston-Salem, N. C. 27109



SOLUTI ON OF ELEMENTARY PROBLEM

E 2558 Proposed by A. Torchinsky, Cornell University

Suppose tHliati s a di vergent series of posi tj=ve,ter mhsa, amd 1 et s
n=1,2,...For which values of pdo¥f/ffecomrvieege?

Solutionby El mer K. Hayashi. W prove a more general theoremfro
tha¥ a,/s? converges if and only if p>1.

Theorem. Let f(z), for 2 >0, be any nonnegative, continuous, m
creasing, real -val ue¥ duine i dinvelgent series of posifpi=ve terms a
a1+ +a,for n=1,2, .then

Zanf(gL) converge/(xi)f(x) dr < oo,

and

o0

Zanf(gL_l) divergej:/if(x) dx = oc.

1

Proof: Intuitively we reasqgnt hbatdiifsuamal ogguss,tp=sa,.
Hencd a,f(s) probably behaves sonfefflupdul itlue t hermore, if F(2) is an
antiderivative of the continuous fufatduon Ff(b)) + Flhdn Thus a
natural series with whi ¢hatff gpinpatrlee telescoping series

(1) S {H 5) — Hosn) )

(2) Zn:{ ) — Hasa) 3 = Foy — a9 I/Snf(w) dz.
k=2 51

Fromequation (2), it is apparent that the series (1) converges if
[ f(2) dv, is convergent. Now, by the mean val ue theorem,

Hos) — Fesa) = 0 G) (5~ 5-1) =af(e)

for somebet weepsand s Since fis monotonically decreasing, we ha
2,.3,.,.

H ) — Fus1) < gf( 8-1)

Hos) — Fus1) > gf(8) -

Using the Comparisontest, we arrive at the conclusion of the theor

If we take f(ajP=» @& 0, we concludega,fsftconverges for p>1 and
Sa,/sth _diverges for 0 < p< 1. Ingeneral, idd,f( got) it sukitvkatnt,
thed a,f(s) is also divergent. For exa%@,@i:f sf(=)l # e and



