ZAGIER DUALITY FOR THE EXPONENTS OF BORCHERDS
PRODUCTS FOR HILBERT MODULAR FORMS

JEREMY ROUSE

ABSTRACT. A certain sequence of weight 1/2 modular forms arises in the theory
of Borcherds products for modular forms for SLo(Z). Zagier proved a family of
identities between the coefficients of these weight 1/2 forms and a similar sequence
of weight 3/2 modular forms, which interpolate traces of singular moduli. We obtain
the analogous results for modular forms arising from Borcherds products for Hilbert
modular forms.

1. INTRODUCTION AND STATEMENT OF RESULTS

For an integer k > 0, let M," . . (To(4)) denote the vector space of nearly holomor-

k+1/2
phic modular forms f(z) of weight k + 1/2 for I'y(4) with the property that if
f(z) = c(n)g"
n=—h

is the Fourier expansion of f in the variable ¢ = ¢?™#  then c(n) = 0 if (=1)*n = 2,3
(mod 4). Here a modular form is called nearly holomorphic if it is holomorphic on
the upper half plane and meromorphic at the cusps. For d > 0, d = 0,3 (mod 4) let
fa(z) denote the unique form in M, (T'o(4)) with

[e.9]

fa(z) = ¢ "+ 0(q) = Z aq(n)q". (1)
n=—d
The f4(2) form a basis for the space M;;Z(Fo(él)). As proven by Borcherds in [1] (The-

orem 14.1), the f;(z) have an interpretation in terms of infinite product expansions
of certain meromorphic modular forms for SLs(Z).

Theorem (Borcherds). Let f(z) =3 c(n)g" € M, (To(4)) with c(n) € Z. If
Y(z) =g "] — g,
n=1
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where h is the constant term of f(z)). H(n)q" (here H(n) is the Hurwitz class
number), then ¥ (z) has the following properties:

(1) The function ¥(z) is a meromorphic modular form of weight c¢(0) for some
character of SLy(7Z), with leading coefficient 1 and integer coefficients.

(2) All zeroes and poles of 1 are at imaginary quadratic irrationals. Moreover,
the multiplicity of zero or pole at an imaginary quadratic irrationality T of

discriminant D < 0 is
> (D).

d>0
Conversely, any meromorphic modular form 1 (z) for SLy(Z) with zeroes and poles
at imaginary quadratic irrationals has a product representation of the above form.

Here, if 7 is the root in the upper half plane H of az?+bz+c = 0 with ged(a, b, ¢) = 1,
then we say the discriminant of 7 is b* — 4ac. For d > 1, d = 0,1 (mod 4), let g4(2)

denote the unique form in My, (T'o(4)) with

g9a(z) =g+ 0(1) = Y ba(n)g". (2)
n=—d
In [5] (Theorem 4), Zagier proves the “duality” theorem relating the forms fy(2)
and gq(z).

Theorem (Zagier). If d is a non-negative integer, n > 1 with d = 0,3 (mod 4) and
n=0,1 (mod 4), then
aq(n) = —b,(d).

Our goal is to provide analogues of this duality for forms that arise in the theory
of Borcherds products for Hilbert modular forms. To make this precise, suppose that
p =1 (mod 4) is prime and let y, denote the Dirichlet character (5) For an integer
k>0 and e = 1 let A5 (I'o(p), ) denote the space of nearly holomorphic modular
forms F'(z) of weight k and character x,, such that if F'(2) = > ¢(n)q", then ¢(n) =0
for x,(n) = —e. Finally, let

)2 n=0 (mod p)
S<n)_{1 n#0 (mod p). )

In [3], Bruinier and Bundschuh explicitly work out, in terms of classical elliptic
modular forms, the Borcherds theory for Hilbert modular forms in the special case of
the real quadratic fields Q(,/p) for primes p = 1 (mod 4). They show that the coeffi-
cients of such an F'(z) have an interpretation in terms of infinite product expansions
for certain Hilbert modular forms.

Let K = Q(\/p) and let O = Z [H‘/ﬁ} be the ring of algebraic integers in K. We

2
denote conjugation in K by x +— Z. For x € K, we write tr(z) = x4+ and N(z) = 27T
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for the trace and norm functions. Let 0 = (,/p) denote the different of K. For z € C
we write z = z + yi for z,y € R. Also, for z € C, let e(z) = >,
The Hilbert modular group I'x = SLs(Of) acts on H x H as follows. If (21, 22) €

HXHansz(OCL Z)EFKthen

azy +b az+0b
M. = — .
(21, 22) (czl+d’622+d)

A Hilbert modular form of weight k is, roughly speaking, a meromorphic function
U(z1, 29) on H x H such that

U(M - (21,22)) = (cz1 + d)(ezg + d)F U (21, 22).

For basic facts about Hilbert modular forms, see [4].

For m > 0 define the Hirzebruch-Zagier divisor on the Hilbert modular surface
(H x H)/T'k to be the image of

T(m) = U {(z1,20) EH x H: az22 + A2y + Azo + b =0} . (4)
(a,b\)EZOZDO!
ab—N(N)=m/p

Here, we understand that all irreducible components of T'(m) have multiplicity one.
Let

S(m) = U {(z1,20) € H x H : A\y; + Ayo = 0} (5)

et
—N(A)=m/p

For W C Hx H and A € 0! we write (W, \) > 0 if Ay; + Ayz > 0 for all (21, 2) € W.
Finally, we state Bruinier and Bundschuh’s result (Theorem 9 of [3]).

Theorem (Bruinier and Bundschuh). Let F' = Y, a(n)q" € Ay (Lo(p), xp) and
assume that s(n)a(n) € Z for alln < 0. Then there is a function V(zy, z2) on H x H
with the following properties:

(1) The function ¥ is a meromorphic modular form for I'x with some unitary
character of finite order. The weight of V is equal to the constant coefficient
a(0) of F.

(2) The divisor of ¥ is determined by the principal part of F. It equals

> s(n)a(n)T(—n).
n<0

(3) Let W C HxH be a Weyl chamber attached to F, i.e., a connected component
of

HxH- ] S(-n),

n<0
a(n)#0
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and let N = min{n : a(n) # 0}. The function U has the Borcherds product

expansion
U (21, 22) = e(pw 21 + Pw 22) H (1 — e(vzy 4 Dzp))*@Pam?),
veo—l
(V,%VD)>O

Here py s the Weyl vector associated to W, an algebraic number in K that
can be explicitly computed. The product converges normally for (21, z2) with
y1y2 > |N|/p outside the set of poles.

Conversely, any meromorphic modular form with a divisor that is a linear combination
of Hirzebruch-Zagier divisors has an infinite product expansion of the above form.

For p = 5,13 and 17 and each m > 1 with x,(m) # —1, there is a unique F,, ,(z) €
A$(Do(p), x,p) such that

T - n
Fugle) = S+ O = 32 Amafo” ()
Similarly, there is a unique
1 —m _ S n
Gmp(2) = e O(q) = n:E_m B p(n)q (7)

in A3 (To(p), x,) (see the appendices for a construction of the F, ,(z) and the G, ,(2)).
The Zagier duality for the Borcherds exponents is given by the following theorem.

Theorem 1.1. Suppose that p = 5,13 or 17. If m is a non-negative integer and
d > 1 with x,(d) # —1 and x,(m) # —1, then

Aap(m) = =By, p(d).

Remark. The result stated above only holds for the primes p = 5, 13, and 17. Indeed
if p=1 (mod 4), it follows from Theorem 6 of [3] that there is a form

Fip(z) =q "+ 0(1) € Af (To(p), xp)

only when there are no weight 2 cusp forms in A3 (To(p), xp). A classical result of
Hecke implies that the dimension of the space of cusp forms in this space is V’z;fj.
Thus, such an Fj ,(z) exists only for p =5, 13 and 17.

For larger primes p, the forms in AJ (To(p), xp) correspond to Hilbert modular forms
whose divisor is a linear combination of Hirzebruch-Zagier divisors (there are no longer
any Hilbert modular forms whose divisor is a single Hirzebruch-Zagier divisor). It
may be possible to formulate many of these results in this more general context, but
there is no longer a natural choice of the £, ,(2) and G, ,(z) (of course, the G, ()
are no longer unique).
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Remark. The coetlicients B,, ,(d) are analogous to the coefficients by(m), which Zagier
interprets as traces of singular moduli. The coefficients B, ,(d) may also be inter-
preted as traces of singular moduli on the restriction of the corresponding function
W(z1, z9) to the diagonal z; = z5.

Acknowledgements. The author is grateful to Ken Ono for his assistance. The
author used Magma ([2]) version 2.10-22 for computations.

2. PROOF OF THEOREM 1.1

Let Ax(To(p), xp) denote the space of nearly holomorphic forms of weight k and
character ,. The key idea involved in the proof of Theorem 1.1 is to determine how
Hecke operators act on the space Ag(I'o(p), Xp)-

Let W, denote the Fricke involution on Ag(I'o(p), xp), namely

F(2)|W, = p 27 F -1
P 0z )
It is straightforward to see that if F'(2) € Ax(To(p), xp) then F(2)|W, € Ax(To(p), Xx»),
and it is easy to see that F'(z)|W,|W, = F(z). We define the Fourier expansion of
F(z) at zero to be the Fourier expansion of the form F(z)|W,,.

Proposition 2.1. If F(z) € Ao(T'o(p), xp), then F(z) is uniquely determined by the
principal parts of its Fourier expansions at oo and 0.

Proof. First note that the only cusps of I'y(p) are co and 0. If Fi(z), Fx(z) €
Ao(To(p), xp) have the same principal part in their Fourier expansions at co and
at 0, then F3(z) = Fi(2) — F»(2) is holomorphic at each cusp, and since F} and F, are
(by assumption) holomorphic on H, it follows that F3(z) is a holomorphic modular
form of weight 0, which implies that F3(z) = ¢ is a constant. Suppose that d € Z is
a quadratic non-residue modulo p. Then, d and p are relatively prime so there exist
a and b such that ad — bp = 1. Then,

R (250) = wdRe)

Since x,(d) = —1, this means that ¢ = —c and hence F5(z) = ¢ = 0. Thus, Fi(z) =

For F(z) € A(To(p), xp), there is a relationship between the Fourier expansion at
oo and at 0. Before we state this relationship, we need some notation. Let U, = T,
be the usual operator on A(Iy(p), xp) defined as follows. If

Fz) = Y At

nez
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then
F(2)|U, =) Alpn)q™ (8)

Now, Lemma 3 of [3] gives the relationship between the Fourier expansion at oo and 0.
Note that our normalization of U, is slightly different than Bruinier and Bundschuh’s.

Lemma 2.2. Let F(2) =), ., A(n)q" € Ar(To(p), xp) and € € {£1}. Then, F(z) €
A (To(p), xp) if and only if

plik/2<F‘Up) = ey/D(F|Wp).

Before we describe the action of Hecke operators on the space Ag(Io(p), xp), we
need some further definitions. For the remainder of this paper we make the following
restriction:

p=>5,13, or 17.

We extend our definitions of the F,, ,(z) to include forms in the space A, (Fo(p), X;)-
For x,(m) = —1, let F},, ,(2) be the unique form in Ay (I'o(p), x,) such that

Frp(z) = Y Anp(n)g" =q ™ +0(1). (9)

n=—m

Similarly, for m divisible by p, let F,; (z) be the unique form in Ay (I'o(p), x,) such
that

— - — n 1 —-m
Fo (2)= Y A, (n)qg" = 50 " +O(). (10)
For a method of constructing the F,,(z) for x,(m) = —1 and F, (z), see the

appendices.
Definition. For m > 1, let H,, ,(2) € Ao(Io(p), xp) be the unique form such that
Hyp(2) = O(1)
and
Hypp(2)[Wy = ¢~ + O(1).
Similarly, for m > 1 let I, ,(z) € Ao(Lo(p), xp) be the unique form such that
Imp(2) = ¢~ +0O(1)
and
L p(2)[Wp = O(1).

The following lemmas will provide a description of the action of the Hecke oper-
ators on the elements of Ay(I'o(p), xp). The existence of the H,, ,(z) and I, ,(2) is
established from these lemmas.



ZAGIER DUALITY FOR HILBERT MODULAR BORCHERDS PRODUCTS 7
Lemma 2.3. If gcd(m,p) =1 then
Xp(m)m(Fyp(2)[Tn) = Fnp(2)-
Proof. The action of the Hecke operator on F} , is given by

[e.e]

Fip|T = Z Z chgd)Al,p<mn/d2) q".

n=—oc0 \d|gcd(m,n)

Now, if n < 0, then mn/d* < 0. Hence, the principal part arises from the terms

where mn/d* = —1. Since d|m and d|n, it follows that we must have that m = n = d.
Thus,
m
FiylT, = 2 o),
m
Thus,

Xp(m)m(F1p|Tn) = (xp(m))?q~™ + O(1) = ¢ + O(1).

Now, if ged(n,p) = 1 and x,(n) # x,p(m) then x,(mn) = —1 and hence y,(mn/d*) =
—1 for all d| ged(m,n). Thus, the coefficient of ¢" in F} ,|1,, is zero. Thus,

Xo(m)m(Fip|Th) € A™ (To(p), x,). From Lemma 2.2, it follows that such a form
is unique and since F,,, satisfies the same conditions we have that

Xp(m)m(Fl,ple) = Finp,
as desired. O

Lemma 2.4. If m > 1 then

1
NG
Proof. From Proposition 2.1, it suffices to show that the two forms have the same
principal parts in their Fourier expansions at oo and at zero. Obviously

Fpmap(z) - Fp_m,p(z) = 0(1)

Hnp(2) = —= (Fpmp(2) = Fp p(2)) -

Also from Lemma 2.2

1 _ 1 1
%(Fpm,p<z) - Fpm,p(z))|WP = %Fpm,p(zﬂwp - ﬁFpm,p

= Fpm7p(2)|Up + Fp_m,p<z)|Up

1 1
= (5rm+0m) i+ (e +ow) 0,
=q¢ "+ 0(1).

(2)[Wp
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Thus, principal parts of the Fourier expansions of \%}(Fpm,p(z) —F (2))and H,, ,(2)

pm,p
agree and hence

as desired. 0
Lemma 2.5. If ged(m,p) =1 then

Hinp(2) = Xp(m)/P(Finp(2)|Up)-
Proof. Note that F,,(2)|U, = (¢-™ + O(1))|U, = O(1). Thus, F,,(2)|U, is holo-

morphic at co. However by Lemma 2.2,

B Fny (U)W = xp(m) /7 (Xﬁg‘)Fm,p(z)) W,

= Foy(2) =q¢ ™+ 0(1).

Thus, the two functions have the same principal parts of the Fourier expansions at
oo and zero and hence they agree. 0

Lemma 2.6. If p|m then
Hpmp(2) = p(Hmp(2)|Up).

Proof. Since H,, ,(z) is holomorphic at co so is Hy, »(2)|U,. Now, from Lemma 2.4,

Do (U)W, = p (%Fm,Az) - %Fp:n,p@)) U,

= (Fpm,p + Fp_m,p) |Wp|Wp
=Fpmp+F, . =q¢ " +0(1).

pm,p

The desired result follows since the principal parts of the two functions are the same
at both cusps. O

Lemma 2.7. Form > 1,
]m’P(Z) - (Fpm,p(z) + Fp_rn,p(z))|UP‘
Proof. Clearly,

o) 10, + (G o) 10,

(Fpm,p + Fp;n7p)|Up = <
2

1
2
(%qm + O(l)) =q "+ 0(1).
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Also,
1
(Fpmp+ pmp)|U |W - \@Fpm,P|WP|WP \/— pmp|W |W
1 1
= —Fpy— —F-  =0(1).

\/2—) pm,p \/2—) pm,p
Thus, the functions have the same Fourier expansion at each cusp, so they are equal.
0

Lemma 2.8. Form > 1,

I (Z) — Fm,p(’z) /Lf ng(map> = 17
mp Fnp(2) + F,p(2)  if plm.

Proof. Note that if ged(m,p) = 1 then the Fourier expansions of F,,, and I, at
infinity agree. The Fourier expansion of F}, , at zero is

Xp(m)
VP

_ Xp(m) —-m .

=" (" +O0)I|U, = 0(1).

Thus, F,,, and I,,, have the same Fourier expansions at each cusp provided m and
p are coprime, and hence for such m, F, , = I, .
If p|m, then

1 1
Fop+ Fn;p = (§q—m + O(l)) + (éq_m + 0(1)) =q¢ "+ 0(1).
At zero,
(Fmp+ )‘W Fm,P|Wp+Fn_7,,p‘WP
- \/ﬁFm,p|Up - \/ﬁF;,p|Up
= (Vg " + OMW)|Up + (=v/pg™™ + O(1))|U, = O(1).
Thus, F,, + F,,, and I, , have the same Fourier expansion at each cusp and hence

Iy =Fn,+F, ., as desired. O

m,p?

Fm,p|Wp: Fm,p|Up

Remark. The above lemmas give an expression for the coefficients of F,, ,(z) in terms
of the coefficients of F} ,(2).

We will now use the lemmas to work towards a proof of Theorem 1.1.

Lemma 2.9. Suppose that m and n are positive integers coprime to p. Then,

Xp(R)n A p(n) = xp(m)mA, ,(m).
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Proof. From Lemma 2.3, we know that
Enp = Xp(m)m(Fip|Trn)
Eop = Xp(n)n(F1,|T5).
Now, the nth coeflicient of (x,(n)n)F,,, is

Xo(
Xp (1)1 A p(n) = mmnx,(mn) > mn/d?).
d| ged(m,n)

Similarly, the mth coefficient of (x,(m)m)F,, is

Xpmpmd,ym) = mn(mn) 3 Dy, )

d| ged(m,n)
Thus,
Xp(M)n A p(n) = xp(m)mA, ,(m),
as desired. 0

Lemma 2.10. Suppose that plm and ged(n,p) = 1. Then,
Xp(m)n [App(n) — AL, ()] = mA, ,(m).
Proof. Write m = p’m’ with m/ coprime to p. From Lemma 2.3,

Xp (M) (FLp| Tr) = Fop .
From Lemma 2.5,

Xp (M) \/PE p|Up = H.
From a repeated application of Lemma 2.6,

P Hoy plUV™ = Hppot
Finally, from Lemma 2.4,

1 _
Hpb—lm/’p - %(prm’ - prm’)'

Putting all these equations together gives that
Foppr p — \/_H b=’ p \/ﬁpb_le/7p|U;;_1

F oot
= Xp(m )prm/,p|U£ = prm’,p‘Ug
= pbm'F1,p|prm/
Writing m = p’m’, multiplying by x,(n)n and considering the nth coefficient gives
Xp (M)A p(0) = xp(R)n AL, (0) = mxp(n)n Y xp(d)d " Ary(mn/d®). (1)

d| ged(m,n)
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Lemma 2.3 also implies that
Fop = Xp(n)n(F1,|T5).
Considering the mth coefficient and multiplying by m gives
mAnp(m) =myy(njn Y xp(d)d Ay y(mn/d®). (12)
d| ged(m,n)

Now, the right hand sides of equations (11) and (12) agree and hence the left hand

sides agree. This gives
mAnp(m) = Xp(n)nAmp(n) = xp(n)nA,, ,(n),

as desired. 0

The previous lemmas above imply the following lemma, which is the key to the
proof of Theorem 1.1.

Lemma 2.11. If m and n are positive integers with x,(m) # —1 and x,(n) # —1,
then mA,, ,(m) = nA,,,(n).

Proof. From Lemma 2.9 and Lemma 2.10, it suffices to prove the result when p|m
and p|n. Write m = pm’ and n = p’n’ with m/ and n’ coprime to p. Assume without
loss of generality that a > b.

First, suppose that a > b. From Lemmas 2.4 and 2.6

Fm,p - Fn;,p = \/]_me/ILp = pb\/]_me/pb+1,p|U£ = pb(Fm/p”,p - Fn:/pbp)lU;l))‘ (13>
From Lemmas 2.8 and 2.7, it follows that

(Funp + Fep) |02 = Ly = P + L

m/p®.p m/pb,p°

Taking the nth coefficient on both sides of equation (13) and the n/p’th coefficient
on both sides of equation (14) gives

Am,p(n) - A;Lp(n) = pbAm/pb,p(pbn) - pbA;l/pb’pQ)bn)
Am,p(“) + A’;’L,p(”) = Am/pb,p(n/pb> + A;/pbp(n/pb)

(14)

/pPp =

Adding and multiplying by n gives
2n Ay p(0) = P'nA gy, (0"0) = P'AL L (9°1) + 1A, (0/D°) + AL /pb,p(n/p(b)-)
15

pb,p(
Now, Lemmas 2.4, 2.5, and 2.6 imply that
Fop = Fop = VPHnppp = \/]_)pbilHn/p”,pleil

= V" X (0)/D(Fu p|U)US !
= xp(W)p" F |UL.



12 JEREMY ROUSE

Taking the mth coefficient of this equation yields
Anp(m) = Ay (m) = xp(n')p" A (). (16)
Now, Lemmas 2.7 and 2.8 imply that
(Fop + F ) |UL =Ly = Fu .
Taking the m /p®th coefficient of this equation yields

Anp(m) + AL, (m) = Awy(m/p"). (17)

Now, adding (16) and (17) and multiplying by m gives
2mAnp(m) = mxy(n)p" Aw p(p'm) + mAw ,(m/p"). (18)
Now, I will show that the right hand side of (15) is equal to the right hand side of

(18).
By Lemma 2.10, we have that
A p(m/8") = B0 A (/1) = DX (00 [ Ay 0) = AL ()]
Note that
prp(n/)n’ Am/pb,p(n/) — A;/pbp(n/)] =n |:Am/pb7p(n/) + Ar_n/pb’p<n/):|

since A,/ ,(n') = 0 if x,(n') = —1 and A;@/pbp(n’) = 0 if x,(n’) = 1. Thus, the
second term on the right hand side of (18) is equal to the sum of the third and fourth
terms on the right hand side of (15).

Again, by Lemma 2.10, we have that

o (1) A (') = X (0) (S (0') [ Ao () = Ap, )] ). (19)
Now, from Lemmas 2.4 and 2.6
Fopmp — Fp_bm,p = VPHyp-1mnp = \/Z_jp%Hm/pb“mle?b
_ ( Foypp— o /pb,p> U2,

Taking the n'th coefficient gives

Appn) = Ay () = p? [Am p(pPn) — A /pbvp(pbn)] .
Plugging this into (19) gives

o (1) A (') = 1 | Ay (r0) = A5, ()|

Hence, the first term on the right hand side of (18) equals the sum of the first two
terms on the right hand side of (15). Hence, the right hand side of (18) equals the
right hand side of (15) giving

nApp(n) =mA,,(m),
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as desired.
Second, suppose that a = b. This case is analogous to when a > b, but with simpler
identities. From Lemmas 2.4, 2.6, and 2.5,

Fop — Fn;,p = VPHupp = \/ﬁpbile/pb,p’Uzsil
= V"™ (o (/D" NP Erm i 1 Up) U™
= "X (M /D) Py | Uy
Taking the nth coefficient of both sides gives
Amp(n) = Ag (1) = p"xp (M) Ay (0°n). (20)
Also, Lemmas 2.8 and 2.7 imply that
Frvp = I p = [p”*lm’,p|U£71
= (Fup + F,,) UL
Taking the n'th coefficient of both sides gives
Amp(n) + Ay, ,(n) = A ().
Adding this equation to equation (20) and multiplying by n gives
2nAm p(n) = npbxp(m/)Am/,p(pbn) + nAme(n/)- (21)

Since the largest power of p dividing m and n is the same, analogous arguments show
that the same equation is true with n in place of m. Specifically,

2m A p(m) = mp"xp(n') Aw p(p'm) + mAw (). (22)
To complete the proof, it suffices to show that the right hand sides of (21) and (22)
agree.
First, note that if x,(n') # x,(m') then A,/ ,(m') = Ap,(n') = 0. On the other
hand, if x,(n") = xp(m') then x,(m'n") = 1. Lemma 2.9 implies in this case that
A (1) = P xp (M) Xp (0 )1 A (1)
= P"xp (M) xp(m)ym' A, (m)
= mAy ,(m),

as desired. Thus, the second term on the right hand side of equation (21) equals the
second term on the right hand side of equation (22).
Second, from Lemma 2.10, it follows that

np"xp(m') A, (p°n) = m/ [Apbmp(m’) - A;bn(m')] :
Now, from Lemmas 2.4, 2.5, and 2.6, it follows that
Fopnp — Fp_bn,p = VPHpn = \/ﬁp%_lHn/pbﬂU;b_l
= p"xp () Fow U
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Hence,

pbn,p

i [ Ay = A5, (m0)] = 5, (0 Fy o 3m) = m () A ).
Thus, combining all of the above equations, we have
"X (M) A (010) = 10" X (1) A (D" m0)

and hence the first term on the right hand side of equation (21) equals the first term
on the right hand side of equation (22). Thus, the left hand sides of equation (21)
and (22) are equal, giving nA,, ,(n) = mA, ,(m), as desired. O

Proof of Theorem 1.1. Note that if m = 0, then the result follows from Theorem 6 of
[3]. Assume therefore that m > 0.

Note that
d az+b az+b 9
—F =F d) .
dz <cz—|—d> (cz+d) (cz+d)

Hence, if F'(z) € Ag(Io(p), xp), then F'(2) transforms like a weight two modular form.

Also, since the Fourier expansion F'(z) = > 7 , ¢(n)¢"™ converges normally in H,

[e.o]

F'(z) = ) (2min)c(n)q". (23)

n=—h

Thus, F'(z) is meromorphic at co. Similarly, differentiating F'(z)|W,, shows that
F'(z)|W, is meromorphic at co and hence F'(z) € As(T'o(p), X,)-
Now, from (23), we see that if x,,(d) # —1 then F}; (z) € A3 (To(p), xp). Moreover,

1 !
_mFd,p(z) = Gap(2).

Hence,

d
Adp(WU::<—E;E%m(WO.

Thus, from Lemma 2.11

mAgp(m) = dA,, ,(d)

:d(%?)BmA@
= —mBy,(d).

Dividing by m gives Ay ,(m) = —B,,,(d), as desired. O
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3. APPENDIX 1. DATA FOR p =5

Let

Kas(e) = 1+ 70— 3 3 dldl” = n(2)* /(52

n=1 djn

Los( Z > dxs(n/d)g" = n(52)° /n(2)

n=1 d|n

be the two weight 2 Eisenstein series for My(To(5), x5), where n(z) = ¢"/> [0, (1 —
q") is the usual Dedekind n-function. Here, L(s, x,) denotes the analytic continuation
of the Dirichlet series
Xp(n)
n=1 ne ‘

Note that L(—1,x5) = —2/5. Let
Mas(2) =146 (0(n) = 50(n/5))q" € Ma(To(5))

be the usual weight 2 Eisenstein series for I'g(5) (no character). Then, the following

are formulas for Fy5(z),. .., F55(2), F55(2).
M2 5(2)
F — )
15(2) Los(2)
Ko 5(2
Fasle) = Fis(e) 23 + Fua(o
2,5

F3,5(Z) = F175(Z)3 15F2 5( ) - 108F175(Z>
F4,5(Z) = F275(Z)F17 ( ) - 10F3 5( ) 42F275(Z) - 60F1,5(Z)
(H2 5(2) - 5[2 5( ))E4(5Z)E6(5Z>

F55(2) = NG +5F, 5(2) + 15F1 5(2)
Fry(z) = H2sl&) 51;2((25)2;54(52)]56(52) —5Fy5(2) — 10Fys(2).

In the last equation, E,(z), Eg(z) are the usual weight 4 and 6 Eisenstein series,
respectively, and A(z) = ¢ []°2,(1 — ¢")** is the usual cusp form of weight 12. Note
that the linear combinations Hs5(2) F 5la5(2) is chosen so that Ha5(z) F 5la5(2) €
AE(To(3), x5).

The other F}, 5(z) can be computed inductively by multiplying F},,_5 5(2) by j(5z) =
E4(52)%/A(52) and subtracting off linear combinations of F, 5(z) for m’ < m. The
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following is a table of g-expansions for F, 5(z) for small m.

Fis(2)=q ' +5+11q — 54¢* + 55¢° + 44¢° + - --
Fys(2) = q > — 5+ 119¢> — 88¢° — 680¢° + 3672¢" + - --
Fy5(z) = 7% — 10 — 132¢% + 1196¢° — 4485¢° — 13032¢" + - - -
Fis(2) =q
1
(2)

1
Fy5(2) = §q_5 — 10 — 1700¢* — 7475¢" — 43882¢° — 685950¢" + - - -

The following are formulas for Go5(z), ..., Gy5(2) (here we define
Gomp(2) € A"™(To(p), x,) in an analogous way to the Fy, ,(2)). The other Gy, 5(2)
can be computed inductively in the same way as the F}, 5(2).

_ Kys(2) —5La5(2)

G075(Z) — 9
G&S(z) - KQ 5(2’) —; 5L2 5(2)
2
Gl 5(2) = 2275;((2)) + 1]_K275(Z)
G2’5(2) == 2G0 5(Z)F1’5(Z 2_ 72G075(2) + 178G(I5<Z)
G375(Z) = G175(Z)F175(Z)2 — 10G275(Z) - 36G175(Z)
G475(Z) = G275(2)F175(Z)2 — 10G375(Z) — 47G275(2’) — 110G175(2) — 2G075(2) — 2G675(Z)

The following is a table of the ¢g-expansions for G,, 5(2) for small m.

1
G0,5(2) = 5~ 5q — 15q4 — 15q5 — 10q6 4.

1
G0,5(Z)_ = 5 + 5(]2 + 10(]3 + 10q5 + 30q7 4+ ...

1 11q + 216¢* — 275¢° — 264¢° + - - -
~2 — 119¢” + 132¢° + 1700¢° — 12852¢" + - - -
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4. APPENDIX 2. TABLES FOR p = 13

As with p =5, let

Kyi3(2) =14+ ———— dx13(d)q",  Laas( dxi3(n/d)q"
L(—1,x13)

n=1 djn n=1 d|n
be the weight 2 Eisenstein series for My (I'g(13), x13). Here L(—1, x13) = —2. Let
Mys(z) =1+ 22 —130(n/13))¢" € My(To(13))

be the usual weight 2 Elsenstem series. The F} 13(z) and F;13(2) are given by

M z
Fua(:) = 7228
K z
Fyi3(2) = 2.13( )F1,13(Z) + Fy13(2).

L2,13(2’)

Formulas for F,3(z) for m > 3 not a multiple of 13 can be found by taking
F—213(2)F113(2)? and subtracting off multiples of F,, 13(z) for m’ < m. This is
similar to the formulas above for F35(z) and F,5(z). Formulas for Fi313(2) and
Fi3,13(2) can be found similar to above. Finally, as above, one can multiply F,13(2)
by j(13z) and subtract a linear combination of F,13(z) for m’ < m + 13 to get
Fot1313(2). By arguing as in the p = 5 case, one can easily construct the G, 13(2)
in terms of the above modular forms.

To prove the formulas above, note that Theorem 6 of [3] guarantees the existence of
F,.13(2) and that Proposition 2.1 and Lemma 2.2 guarantee the uniqueness. Therefore
Fi13(2)La3(2)™ must be holomorphic, and comparing coefficients gives the above
formulas.

5. APPENDIX 3. TABLES FOR p = 17

Let

K2’17(Z) = 1 +

ZZdXN qn, L217 ZZdXH Tl/d

—1
) i dln n=1 djn

be the weight 2 Eisenstein series for My (I'o(17), x17). Here, L(—1, x17) = —4. Let
My1r(z) =14 = Z — 170 (n/17))q" € M>(Lo(17))

be the usual weight 2 Elsensteln series. Let

Sorr(2)=q—¢" —q" —2¢"+4¢" + 3¢ —3¢" + - --
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be the weight 2 cusp form in S3(I'g(17)) associated to the elliptic curve Xo(17).
Then, the following are formulas for F} j7(z) and F17(2). They are more complicated
because the modular curve Xy(17) has genus 1 (while X4(5) and X(13) have genus
0).

K z

Fun(z) = 22
. 4M2717<2)2 — 4M2717(2)SQ’17(Z) — 2452’17(2)2 — 17L2717(2>2
F2,17(Z) = .

45217(2) La,17(2)
Formulas for the other F}, 17(z) can be determined as in the cases p = 5 and p = 13.
Again, one can easily construct the G,, 17(2) in terms of the above modular forms.
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