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This talk discusses an old topic with some new perspectives — focusing on the coupling of
long wavelength electromagnetic waves with lattice vibrations in ionic crystals.
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Figure 1. Phonon dispersion curves (w”(q)) for cubic BN. The Figure 2. Phonon dispersion curves (w”(q)) for hexagonal BN.
inset Brillouin zone diagram was reprinted from Setyawan ef al [7], The inset Brillouin zone diagram was reprinted from Setyawan er al
copyright (2010), with permission from Elsevier. [7], copyright (2010), with permission from Elsevier.
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This slide shows two examples of phonon dispersion curves for boron nitride which is an
ionic material. Figure 1 shows the phonon dispersion curves for boron nitride in the
zincblende structure which has a cubic unit cell. Figure 2 shows the phonon dispersion for
boron nitride in the hexagonal structure. In both cases, the k-point values of the plots
correspond to the lines and points illustrated in the inserted Brillouin zone diagrams.
These results were generated using the ABINIT code. Identical results were generated
using the QUANTUM ESPRESSO code.
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Figure 2. Phonon dispersion curves (w”(q)) for hexagonal BN.
The inset Brillouin zone diagram was reprinted from Setyawan er al
[7], copyright (2010), with permission from Elsevier.
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The red circles on this slide indicate the “discontinuities” at the Gamma point of the
phonon dispersion curves for hexagon boron nitride. We will show that these are not
really discontinuities; the complete dispersion curves for the coupled phonon-photon
system are continuous.




Basic physics -- WAKE FOREST

=K. Huang worked out the basic features of phonon-photon coupling in ionic lattices in
1951.1

New wrinkles —

= The parameters needed to analyze the phonon-photon coupling can be calculated
from first principles using density functional theory (DFT) and density functional
perturbation theory (DFPT), available in ABINIT and QUANTUM ESPRESSO, for example.
= Apparent ‘discontinuities’ or mode ‘disappearances’ in the phonon dispersion curves
of ionic materials for =0 in hexagonal and other anisotropic materials are caused by
the directional dependence of the Born effective charge tensor.

=>»The full dispersion curves of the phonon—photon system, including both longitudinal
and transverse modes, are continuous functions of wavevector.

1. K. Huang, Proc. Roy. Soc. A208 352-365 (1951)

This is also well explained in the textbook: M. Born and K. Huang, Dynamical Theory of
Crystal Lattices, Oxford University Press (1954).




Ingredients of analysis evaluated by DFT and DFPT WAKE FOREST

Matrix of second derivative displacements u,_, (q) of equilibrium static lattice energy U,
C (@)= o°Ug, a,b,.... atomic site labels
st U . (@du,, (@) o, B.... direction labels (v, . 7)
q wavevector of displacement vector u,,

Phonon normal mode equations for eigenfrequencies @"(q) and eigenvectors u, (q)

Z Covip (qQ)u, P (qQ=0"(q) M,u,, (q) M, atomic mass
bp

Born effective charge matrix elements
aZUSL
e :; =—— | E, B component of the electric field
ou,,(q=0)0E,

Uy =0,E5=0

Electronic component of the dielectric permittivity tensor &,
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These ideas were developed in a number of papers such as P. Giannozzi, S. De Gironcoli, P.
Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991) and X. Gonze, Phys. Rev. B 55, 10337
(1997). Density functional theory is generally used to determine the equilibrium energy of
the system U, within the Born-Oppenheimer approximation. Density functional
perturbation theory is used to determine the derivatives with respect to lattice
displacements and electric fields.
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Coupled equations for ion displacements near q=>0 and long UNIVERSITY

wavelength electromagnetic fields

62
Ma M(;t (q) Z Caa bp (q)wbﬂ (q) + Z eZaﬂ g (q) Waa (q)

V-D(q)=0

ion displacements

Vx(VxE(q))+ cl ﬁzzgq) 0

where D (‘1) Z %ﬁE B (q) + Z Zaﬁ' bp (q) Q unit cell volume
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Within the Born-Oppenheimer approximation and using a classical treatment of the ionic
motion, the first equation describes the coupling of the lattice displacements to an electric
field in the long wavelength range. The second two equations describe the relevant
Maxwell’s equations for the electric and displacements fields. The last equation
represents the relationship of the displacement field to the electric field including both the
electronic (“high frequency”) response and the dipolar contributions due to the ionic
displacements.
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Solution of coupled equations for ion displacements near q=>0 UNIVERSITY

and long wavelength electromagnetic fields

It is generally convenient to express the solutions in this long wavelength limit
in terms of plane waves: w_(q) —> w.e' 4" E(q) > E’e"
Further, the displacement amplitudes can be expressed as a linear combination

of normal mode eigenvectors at q=0:  w’ = Z U'u,

In this formulation, it is convenient to define two coupling parameters:

v _ *h v v _ v * *q
R =>Z and L= (u,) 2y
bp aa

*

Note that for highly symmetric materials R = (LZ)

Also note that for many modes v, R’ =0and L =0
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Here we use linear combinations of the eigenstate displacements of the q=0 phonon
modes to solve the coupled equations. Only a few of the modes have non-trivial coupling
to the electromagnetic waves.




Longitudinal solutions to the phonon-photon equations WAKE FOREST
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In this case, the wavevector q is in the same direction as the amplitude E°
and the displacement amplitudes w’ have non-trivial components in that direction.

The relevant component of the electronic dielectric permittivity tensor is denoted ¢,

The solution to the coupled equations can be written as an eigenvalue equation:
S KLU =(w,) U
2 1 4ré’ ,
where K, =(@") 68, +———— LR/ M ="M,
&y QM aa
Note that only the modes which have non-trivial values of L, and R/ are included so

that typically, the dimension of eigenvalue problem is a small fraction of the
dimension of the corresponding dynamical matrix.

v 2
uaa
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The coupled longitudinal modes can be determined from these eigenvalue equations.




Transverse solutions to the phonon-photon equations WAKE FOREST
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In this case, the wavevector q is perpendicular to the direction of the amplitude E’
and the displacement amplitudes w’ have non-trivial components in the perpendicular
to that direction. If the dielectric permittivity tensor is assumed to be block
diagonal in transverse and longitudinal modes.
The solution to the coupled equations can be written as an eigenvalue equation:
-1

, 4re’ c ,
K U =(w,)YU" where K, = wv25,+ P | I| LR
2: vv ( T) vV ( ) vv QMV ; (a)T )2 L

4,

Note that this is not a normal eigenvalue problem, but iterative methods can be used for
solution. Note that only the modes which have non-trivial values of L‘;_and R[Vare included
so that typically, the number of coupled equations is relatively small. !
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The equations for the transverse modes are more complicated. They can be written as an
eigenvalue problem which can be solved iteratively.




Example of hexagonal boron nitride WAKE FOREST
Of the 12 normal modes near q=0, only 3 couple with EM waves:

Mode 7 invol.ves displacements Modes 11 & 12 involve displacements
along z (c) axis along x,y (a,b) axes
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These diagrams represent ball and stick models of the hexagonal boron nitride unit cell
with arrows indicating the directions of the ion motions for the coupled modes.
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This diagram shows the relationship of the phonon modes in a typical Brillouin zone plot to

the expanded detail near q=0.
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Reference plot of uncoupled phonons. (In fact, the optical mode frequencies at exactly at
g=0 were corrected for their LO-TO splitting according to the method of P. Giannozzi, S. De
Gironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).)
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Phonon-photon coupling to mode #7 WAKE FOREST
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) Mode 7 involves
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For coupling mode #7, the displacements are along the z-direction. This affects the
longitudinal dispersion for g along z as plotted along Gamma—>A. In this limit, there is no
g dependence in the dispersion. This also affects the transverse dispersion along x as
plotted along Gamma—=>M. These results in two transverse modes as indicated with “+”
and “-” curves with the analytic g dependencies as shown.
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Reference plot of uncoupled phonons. (In fact the optical mode frequencies at exactly at
=0 were corrected for the LO-TO splitting according to the method of P. Giannozzi, S. De
Gironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).)
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Phonon-photon coupling to modes #11 & 12
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Modes 11 & 12 involve
displacements along x,y
(a,b) axes

Note that ... (®; ) curves
represent coupling to
mode 12 with transverse
contributions associated
with longitudinal mode
alongI'2>K

11|2

X

. S b
Forq>0: w;=w

XX 15

For coupling mode #11, the displacements are along the x-direction. This affects the
longitudinal dispersion for g along x as plotted along Gamma—>M. In this limit, there is no
g dependence in the dispersion. This also affects the transverse dispersion along z as
plotted along Gamma—>A. These results in two transverse modes as indicated with “+”
and “-” curves with the analytic g dependencies as shown. Mode #12 is degenerate with
#11 and can be represented with displacements along the y axis. The corresponding
longitudinal dispersion is not shown in this plot. The corresponding transverse dispersions

along Gamma—>M which are included in this plot.
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Summary and conclusions —

=»The parameters needed to analyze the phonon-photon coupling can be calculated
from first principles using density functional theory (DFT) and density functional
perturbation theory (DFPT), available in ABINIT and QUANTUM ESPRESSO, for
example. Particularly, the phonon eigenstates evaluated at q=0, the Born effective
charge tensors, and the electronic contributions the dielectric permittivity tensor.
=>» Apparent ‘discontinuities’ or mode ‘disappearances’ in the phonon dispersion
curves of ionic materials for =0 in hexagonal and other anisotropic materials are
caused by the directional dependence of the Born effective charge tensor.

=>»The full dispersion curves of the phonon—photon system, including both
longitudinal and transverse modes, are continuous functions of wavevector,
modifying both the longitudinal and transverse dispersions. This was illustrated for
hexagonal boron nitride.
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Summary and conclusions -

LO-TO splitting for mode #11 & 12
LO-TO splitting for mode #7
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The LO-TO splitting of the modes are shown in these diagrams are identical to those

discussed by P. Giannozzi, S. De Gironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231
(1991).



Final comment — WAKE FOREST
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Of course, phonon-photon coupling also occurs for cubic crystals as well
For example, boron nitride in the zincblende structure is illustrated below.
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While ionic crystals having a cubic structure do not typically show discontinuities in the
phonon dispersion plots, the coupling of the ions to long wavelength electromagnetic
waves still exists. The corresponding analysis of the coupled phonon-photon dispersion
curves for cubic boron nitride are shown in the right diagram.
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