Solutions to Problems 8b

9. WorkoutT,_, ‘ B*> for all nine states in eq. (8.45). Then copy Fig. 8-3, and draw an

arrow showmg what happens to each of these states. For example, since
T s > I‘Q > you would draw an arrow from ‘E°> to ‘Q‘>.

This is pretty straightforward. We have

Ts|AT) =T, 5|B,) =0,

T A%) = Tooo | Bl )+ Boo) # B )) = 5 (|B5c) #[Bre) +|B2)) =[7).

Too| A7) = Tooo | Bl ) + B #[Bou)) = (| Bc )+ B + B )+ B + | B ) # [ Bos))
=2[2%),

T [A7) =Toos [ Bu) =B ) +| Bl ) +{ Bl ) = VB[ ™),

T |=7) = 5o Bl +[B) +[Bi)) =0

T [£°) = Ta (| B [ B+ Bl [ o)+ Bl )+ B2
=35 ([Bin) +[Bn) +[Bn) +|Bn) +|Bio) +|Be)) = v2[=7),

T2 = 4T (| Bl +| Bl +[ ) = (| Bo) [ B +| B+ B+ B + [ Bro)
=2|=7),

Too|27) = 4T (| Bn) + | Bia) +[B5:)) = 5 (|B5s) + [ B )+ B5:)) = VB[ ),

T [57) = Toos | B B [Bi) = 0.

You can also easily see that T, , ‘Q‘> =0.

The relevant connections have been sketched at
right. The operation always moves you down and to
the left, and by exactly the same amount in every
case. | have also added in the relevant factor in
every case. Because there are no arrows on the
objects on the lower left edge, these states vanish
whenactedonby T, ,.




11. Assume the masses of the baryons in the octet are given by
(B/|H|B!)=X55] +Y (T,), 6] +Z6{(T,)’ .

where X, Y and Z are constants.
(a) Find formulas for my, m,, and m; and m_ in terms of X, Y, and Z.

Because isospin is a pretty good symmetry, we can use any member of an isospin
multiplet to get the corresponding mass. For the proton, for example, we have

m, =(p"|H|p7)=(B |H|BY) = X585 +Y (T, ), 6 + 268! (T,), = X +55%Y - % Z.

We similarly work out all the other combinations, though some of them are a little more
complicated. We note that because both & and Ts are diagonal, we never need to consider
“cross-terms” where the corresponding indices don’t match. For example, for m, , we write this
as

o= (A% A%) = (B2 ] B + (B2 |48+ 4(B2 || S
o )

X8 +Y (T,), 60 + 281 (T, ) |+ 3 X620% + (T,)2 67 + 282 (T, |

+

wln

| X557+ (T,), 65+ 263 (T,);

W~

[ X +54Y +2—3§z}+§[x —LY —%z}z X -5y =17,

By comparison, the other expressions are easy, since we can pick the particles to make the
expressions as simple as possible. We have

m, = <Z* H

2) = (B |H|BY) = X8/67 +Y (T,), 8, + 25, (T,), = X + 55 Y + 72,
=(2°|H|=°) = (B |H|B]) = X5367 +Y (T,), 05 + 285 (T,), = X —+Y + 2.

(b) Eliminate X, Y, and Z to show that 2m, +2m_ =3m, + m,. Demonstrate that this
works pretty well.

We have four equations in three unknowns, and hence should be able to eliminate all the
variables. It is easiest just to write out the two sides of this equation and check that they come
out the same. We have

2m,, +2m~—2(X+FY—ﬁZ)+2(X 1Y+FZ) 4X -+Y-+7,
3mA+mE:3(X—ﬁY—2—kZ)+(X+ﬁY+ﬁZ) AX —LY-17Z.

These expressions are obviously equal. Now, if we use the average mass of each particle in each
multiplet, we have



2m,, +2m, =2(939 MeV) +2(1318 MeV) = 4514 MeV,
3m, +m, =3(1116 MeV)+ (1193 MeV) = 4541 MeV .

These numbers are less than 1 percent apart, so this works pretty well.

(c) Since the mesons are also in an octet, we might think this implies 4m, =3m, +m_

(where we used the fact that the kaons have the same masses as their anti-particles).
Use this to “predict” the kaon mass, and show that this doesn’t work very well.
What went wrong? (hint — what do Hamiltonian matrix elements represent for
bosons?) Fix the formula and show that it now works better.

Naively substituting the numbers in, we would have
4m, =4(496 MeV)=1986 MeV ,
3m, +m_ =3(548 MeV)+(137 MeV) =1781 MeV .

These numbers differ by about 11%, not very impressive. But then we remember that matrix
elements for bosons represent the squares of their masses, so the correct relationship should be

4mg =3mZ+m?.
Substituting the numbers in, and switching to GeV to make the numbers less intense, we have
4mZ =4(0.496 GeV)’ =0.984 GeV?,
3m, +m, =3(0.548 GeV)’ +(0.137 GeV)’ =0.920 GeV?.

This is about 7% off, which is a little better. If we take the square root and treat it as a prediction
for the kaon mass, it is only about 3.5% off, which isn’t bad.



