Physics 712
Chapter 7 Solutions

3. Some material are birefringent: they have different indices of refraction in two
directions. Suppose a material has index of refraction nx for electric fields in the x-
direction and index of refraction ny in the y-direction, with ny > nx. Now imagine a
wave going through such a region of thickness d which has initial polarization

g= %(f( +y). Show there is a minimum distance d such that the wave will now be

circularly polarized. A device with this thickness is called a quarter wave plate. Then
tell me what happens if the same initial wave were passed through two, three, or four
quarter-wave plates. What would happen if the same initial wave were put through
two, three, or four quarter-wave plates?

The electric field would normally take the form E, exp(ikz - icot) , Where kc =nw, or
k =new/c. However, in this case, we have k, =n.e/c and k, =n w/c. Ifitstarts at z= 0 with

an electric field E = Ejge™" =1 E, (X+y)e™, then at arbitrary z the wave will look like

—ia ~ ik, z—iof ~ ik z-i 2 i(ky =Ky )z ~ ik, z—iof
E=E,zee :%EO (xe'kxz ! t+yeIkyZ '“’t):%EO (x+e'( v )Zy)e'kxz et

The final factor is just a phase factor. The polarization is now
£= %[i + ei(kykx)zﬂ.

Now, circularly polarized light (with positive helicity) would have & :%(fw i§r) , SO if we let

(ky —kx)d =17, we would have gllo )t gz _j , and we would get such light. The minimum
distance is therefore

_ T _ 7C
- 2(ky —kx) - 2a)(ny —nx) '

For two, three, or four quarter wave plates, we would now find

two: a:%_i+ei(ky'k*)2d§: =L(x+e"y)=%(x-y),
three: =%:A el A: =L(X+e"§) =L (X-iy),
four: o= Srel 1 =i (Ree ) = (549)

For two it is linearly polarized, but now the other way, for three it is negative helicity
polarization, and for four it is back to the original linear polarization.



4. A plane wave starts in a region with index of refraction n and

then is normally incident on a region with index n' of thickness n n’ n
d, after which it then exits to a region of index n. For what
thicknesses d will there be no reflected wave? Will the same —> » ——>

thickness d work for all frequencies? Explain why soap
bubbles often look colorful in reflected light.

Following the notes, we will have the wave propagating in the z-direction, and the index
n' region will go from z =0 to z = d. Then we will have waves going to the right on the right and
left, but waves going both directions in the middle, so we have

E= Eieikz—i(ut Er —-E ieik'z—i{ut +E ie—ik’z—i(ut Erl _ Enieikz—i(ut
- ! | 2 ’ - .
The magnetic field is found from E =nk x E/c, 50 as in the notes, these are given by
B= nEs}eikz—iwt /C , BI _ n!Elyeik’z—icot/C _ nIEzye—ik'z—iwt /C, B" _ nEnyeikz—ia)t /C
We must match both the electric and magnetic fields at the boundaries (normally, you
would match Dz, but there is no D;). We therefore have
E=E+E,, Ee“+Ee™ " =E"", nE=nE,-nE,, nEe""-nE,e™ =nE"",
Substituting the first equation in the third and the second in the fourth, we have
ik'd —ik'd

ik'd ikd

nE +nE,=nE —-n'E,, n'Ee"" —n'E,e™" =nEe"" +nE,e™".
Place E1 on one side of the equation and E2 on the other

(nN"+n)E,=(n"-n)E;, (n'-n)Ee"?=(n"+n)E,e™".
Substituting the first equation into the second to eliminate Ez, we have

(n"=n)Ee* =(n"=n)Ee™,

eik'd :e—ik'd ,
e2ik’d =1.
This works whenever 2k'd =2zn, or d = ”—r,] . This means that d must be an integer or half-

integer number of wavelengths thick.

Of course, in general, the wavelength will depend on frequency, and hence what works
for one wavelength will not work for others. This means that if you have polychromatic light
reflecting off a very thin layer with a different index of refraction (like the wall of a soap
bubble), some colors will interfere destructively, as we’ve found here, while others will not.
Hence some colors are reflected and some aren’t. Hence white light, when reflected from such a
thin layer, will look colorful.



